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1. INTRODUCTION

These lecture notes give a systematic development of the theory of monomi-
alization of morphisms in algebraic geometry.

Suppose that fi,..., f,, are polynomials in n variables z1, ... ,x, over a field
k (such as R or C).

yz':fi(ﬂcl,...,a:n) forl1 <i<m

defines a polynomial mapping (a morphism of affine varieties) ® : k™ — k™. The
morphism ® is dominant if the image of ® in £ is dense. This is equivalent

to the statement that the m x m minors of the m X n matrix (%) do not all
J

vanish identically.

The morphism & is monomial if each of the f; are monomials in coordinate
functions x1,... ,z, of k™. That is, there exists an m x n matrix (a;;) of natural
numbers such that

y; = x]t-xpin for 1 < i < m.
For such a monomial mapping, ® is a dominant morphism if and only if (a;;)
has rank m. Monomial morphisms are of course much easier to analyze. For
instance, it is easy to compute solutions of the x variables in terms of the y
variables, and it is easier to compute integrals and determine convergence of
integrals of monomial morphisms.

We consider the condition that there is a neighborhood U of the origin in £"
and coordinate functions Z1,... ,Z, on U such that the mapping ® is monomial
(in U) with respect to the coordinates Ty, ... ,Ty.

This notion works well when we allow U to be an open set in the Euclidean
topology. In algebraic geometry, open sets (in the Zariski topology) are the
complements of the vanishing locus of a set of polynomials. This topology is too
coarse for our notion of monomial on U. The correct notion to make this work
is to take U to be an étale neighborhood. This is an algebraic neighborhood
which lies between the concept of open in the Zariski topology and open in the
Euclidean topology.

Using the concept of monomial in the étale topology, we can define mono-
mial mappings for dominant morphisms of algebraic varieties. A morphism of
algebraic varieties is a mapping that can be represented locally by polynomial
mappings. A precise definition of a monomial morphism is given in Definition
1.1.

Most morphisms ® : X — Y are not monomial. Hence one can seek to
monomialize a morphism, by performing morphisms o : X; — X and 3 :Y; —
Y, so that there is an induced morphism X; — Y; which is monomial. Of
course, one can always remove from X the closed set where ® is not monomial to
produce a monomial morphism, but such a solution is useless for understanding
the mapping, and for applications. To be meaningful, we must insist that « and
B are birational (isomorphic on an open set) and are proper. The properness
condition rules out the trivial solution of removing from X the closed set where
® is not monomial. A precise definition of a monomialization of a morphism is
given in Definition 1.2.

S.D. Cutkosky: LNM 1786, pp. 1-8, 2002.
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2 STEVEN DALE CUTKOSKY

Consider the morphism C? — C given by

Yy = 931(331 — ZEQ)IQ.

This morphism is not monomial in any sense at the origin of C.
If we make a substitution

then
y=T175(T1 — 1)
which is monomial at all points of the domain of definition U; = C? of (Zy, T2).
However the mapping U; — C? is not proper as the only point of x5 = 0 in the
image of this mapping is the origin.
If we make the substitution

L1 = T1,T2 = T1T2

we have
y =23 (1 — Tg)is

This mapping is monomial (in the etale topology) on the domain of definition
Vo = C? of (Z1,72). We have a natural identification Z; = 5%2 and Ty = 179,
which allows us to patch Vi — {Z1 = 0} to Vo — {Z2 = 0} to obtain a variety
X, with a proper morphism o : X; — C? such that the resulting morphism
X1 — C is monomial. This morphism « is an isomorphism away from the origin
of C?, and a~!(0) is a 1 dimensional projective space (a Riemann sphere). In
the language of algebraic geometry, X; — C? is the blow-up of the origin.

The definition of monomialization (Definition 1.2) requires the mappings
X7 — X and Y7 — Y to be products of blow-ups of nonsingular subvarieties.
Blow-ups are very special proper morphisms. On a nonsingular surface we can
only blow up points (algebraically replace the point with a 1 dimensional projec-
tive space). On a nonsingular variety of dimension 3, we can blow up points to
replace a point with a 2 dimensional projective space, and blow up nonsingular
curves to replace them with a ruled surface, a family of 1 dimensional projective
spaces over the curve. A single blow-up is a particularly simple example of a
monomial morphism. In suitable local coordinates, it will have the form

Y1 = T1,Y2 = 12, -+« s Ypr = T1Tp, Yptl = Tpdly--- s Yn = Ty (1)

where y; = yo = --- = y,, = 0 are local equations of the nonsingular subvariety
which is blown up in the n-dimensional variety Y. A product of blow-ups can
be represented locally by a series of changes of variables and tranformations of
the form (1). A product of blow-ups will thus in general be far from a monomial
morphism.

We will now state the problem of monomialization precisely.

Suppose that & : X — Y is a dominant morphism from a nonsingular k-
variety X to a nonsingular k-variety Y, where k is a field of characteristic zero.
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The structure of @ is extremely complicated. However, we can hope to construct
a commutative diagram

X, % v
! l (2)
X 3 v

where the vertical maps are products of blow-ups of nonsingular subvarieties, to
obtain a morphism ¥ : X; — Y7 which has a relatively simple structure.

The most optimistic conclusion we can hope for is to construct a diagram (2)
such that ¥ is monomial.

Definition 1.1. (Definition 18.20) Suppose that ® : X — Y is a dominant
morphism of nonsingular k-varieties (where k is a field of characteristic zero).
® s monomial if for all p € X there exists an étale neighborhood U of p,
uniformizing parameters (x1,...,x,) on U, reqular parameters (y1,... ,Ym) in
Oy, a(p), and a matriz (a;;) of nonnegative integers (which necessarily has rank
m) such that

y1r = ayteagt

I Am1 Amn
Ym = Ty

Definition 1.2. Suppose that ® : X — Y 1is a dominant morphism of k-
varieties. A morphism V¥ : X7 — Y7 is a monomialization of ® if there are
sequences of blow-ups of nonsingular subvarieties a: X1 — X and 3 : Y7 — Y,
and a morphism ¥ : X1 — Yy such that the diagram

X, % v
1 1
X X v

commutes, and ¥ is a monomial morphism.

It is natural to ask the following question.

Question Suppose that ® : X — Y is a dominant morphism of k-varieties (over
a field k of characteristic zero). Does there exist a monomialization of ®?

By resolution of singularities and resolution of indeterminacy, we easily reduce
to the case where X and Y are nonsingular.

The characteristic of £ must be zero in the question. If char k = p > 0, a
monomialization may not exist even for curves.

t = aP + Pt

gives a simple example of a mapping of curves which cannot be monomialized,
since /1 + x is inseparable over k[z]. The obstruction to monomialization in
positive characteristic is thus wild ramification.
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In [14], we prove that a local analog of the question (if k& has characteristic
0) has a positive answer for generically finite morphisms. A discussion of these
results is given in chapter 2.

An extension of monomialization to morphisms of surfaces in characteristic
p > 0 is given in [18] when wild ramification is not present. Further local
extensions are given in [19].

In these lecture notes, we give a positive answer (Theorem 1.3) to the question
in the case of a dominant morphism from a 3 fold to a surface. Precise definitions
of a 3 fold and a surface are given in chapter 5, Notations.

Theorem 1.3. (Theorem 18.21) Suppose that ® : X — S is a dominant mor-
phism from a 3 fold X to a surface S (over an algebraically closed field k of
characteristic zero). Then there exist sequences of blow-ups of nonsingular sub-
varieties X1 — X and S1 — S such that the induced map ®1 : X1 — S1 is a
monomaial morphism.

From this we deduce that it is possible to toroidalize a dominant morphism
from a 3 fold to a surface. A toroidal morphism X — Y is a morphism which is
monomial with respect to fixed SNC divisors on X and Y ([24], [6], Definition
19.1).

Theorem 1.4. (Theorem 19.11) Suppose that ® : X — S is a dominant mor-
phism from a 3 fold X to a surface S (over an algebraically closed field k of char-
acteristic zero) and Dg is a reduced 1 cycle on S such that Ex = ® 1(Dg);eq
contains sing(X) and sing(®). Then there exist sequences of blow-ups of nonsin-
gular subvarieties w1 : X1 — X and w9 : S1 — S such that the induced morphism
X1 — 81 is a toroidal morphism with respect to 7T2_1(Ds>red and 7T1_1(E)(>Ted.

Suppose that ® : X — Y is a dominant morphism of nonsingular k-varieties,
and dim(Y) > 1.

To begin with, we point out that monomialization is not a direct consequence
of embedded resolution of singularities and principalization of ideals.

Suppose that p € X is a point where ® is not smooth, and ¢ = ®(p). Let
(y1,- .. ,Ym) be regular parameters in Oy ,. By standard theorems on resolution,
we have a sequence of blow-ups of nonsingular subvarieties w : X; — X such
that if p; € 7~ 1(p), then there exist regular parameters (z1,...,z,) in Ox, .,
a matrix (a;;) with nonnegative coeflicients and units d1, ... , 6, € Ox, p, such
that

yl — xilll . x%lnél

(3)

Ym = ajcllml e xzmn 5n

In general, p; will lie on a single exceptional component of 7, and p; will be
disjoint from the strict transforms of codimension 1 subschemes of X determined
by y; = 0, 1 < i < m, on a neighborhood of ®~1(¢q). In this case we will have
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a;; = 0 if 7 > 1, since the z; = 0 are either local equations of exceptional com-
ponents of X7 — X or are local equations of the strict transforms of irreducible
components of y; = 0. Thus (a;;) will have rank 1.

There thU.S cannot exist re ular arameters L1yeo. s ILp n OX SllCh that
9 Y 1,P1
__ /a11 =a
Y1 = LE’l ce ZL‘““’
— 7am1 ==a
ym xl tre xnmn

since this would imply that rank(a;;) = m > 1. rank(a;;) < m would imply, by
Zariski’s subspace theorem [3], that ® is not dominant.

In fact, in general it is necessary to blow up in both X and Y to construct a
monomialization. For instance, if we blow up a point p on a nonsingular surface
S, blow up a point on the exceptional curve E7, blow up the intersection point
of the new exceptional curve Fy with the strict transform of E7, then blow up
a general point on the new exceptional curve F3 with exceptional curve Fy, we
get a birational map 7 : S; — S such that if p; € E, is a general point we have
regular parameters (u,v) in Og, and regular parameters (z,y) in Og, ,, such
that

U = 332,1) = oz’ + x4y.
7 is not monomial at p; and further blow ups over S; will produce a morphism
which is further from being monomial.

Suppose that Y is a nonsingular surface. If 75 : Y7 — Y is a sequence of
blow-ups of points over ¢ € Y, and ¢; € m, '(q) is a point which only lies on a
single exceptional component F of my, then there exist regular parameters (u, v)

in Oy, and (z,7) in Oy, 4, such that

u =z

v =P@)+7Y (4)
where a,b € N and P(T) is a polynomial of degree < b. This follows since
Y1 — Y can be factored near p; by sequences of blow-ups of the form

a4 _ biga
Ty = X0 Yi = Tiygq (Tig1 + aiqr).

If we perform a sequence of blow-ups of nonsingular subvarieties 71 : X7 — X,
and if p; € (® omy)71(g) is such that Ox, ,, has regular parameters

(Elafgvfiﬂ? Tt 7En)
such that
u =27
v = P(T1) + 3T, (5)

of the form of (4), we will have a factorization X; — S; which is a morphism in
a neighborhood of p;, and X; — 57 will be monomial at p;.

A strategy for monomializing a dominant morphism from a nonsingular vari-
ety X to a nonsingular surface S is thus to first perform a sequence of blow-ups
of nonsingular subvarieties m; : X7 — X so that for all points p of X7, appropri-
ate regular parameters (u,v) in Og, 4 where ¢ = ® o (p) will have simple forms
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which we will call prepared, which include the form of (5). This is accomplished
(easily) in Lemma 3.3 when X is a surface, and (not so easily) in Chapter 17 of
this book when X has dimension 3.

An interesting case when the existence of a global monomialization is still open
is for birational morphisms of nonsingular, characteristic 0 varieties of dimension
> 3. Such birational maps are known to have a simple structure, since they
can be factored by alternating sequences of blow-ups and blow-downs (“weak
factorization”) [7]. A local form of “weak factorization” along a valuation was
proven earlier by us in Theorem 1.6 [14]. Our local proof of “strong factorization”
in dimension 3 appears in [13].

The results of these notes can be stated in terms of logarithmic differential
forms. The related problems of resolution of differential forms and vector fields
are still open in dimension 3, although there is a local proof, which implies
resolution of vector fields locally along a valuation in dimension 3 by Cano [10].

Suppose that & : X — Y is a dominant morphism from a nonsingular k-
variety X to a nonsingular k-variety Y, where k is an algebraically closed field
of characteristic zero.

We will give an interpretation, in terms of logarithmic differential forms, of
the concept of toroidal morphisms in Lemma 1.5. We will only give an outline
of the proof of this lemma, as it is included for motivation, and does not play a
role in the proofs of the results of these notes.

Suppose that there are simple normal crossing divisors Dy on Y and Dx on
X such that ®~Y(Dy ),eq = Dx and ®(sing(®)) C Dy-.

QL (log Dx) is the locally free sheaf on X which has the basis

dr dx
= = daey, . day
X1 Iy
at a point p € X if (x1,... ,x,) are regular parameters at p such that z; - - -z, =

0 is a local equation of Dx at p.
0% (log Dx) = A'Q (log Dx)
for ¢ > 1. We have a natural inclusion
" (Qy (log Dy)) C QY (log Dx).

Lemma 1.5. ® is toroidal if and only if ®*(Q3 (log Dy)) is a subbundle of
Q% (log Dx).

The proof follows easily from the implicit function theorem and formal prop-
erties of differentiation. We obtain from this the following interpretation of
embedded resolution of hypersurface singularities.

Theorem 1.6. Suppose that C' is a nonsingular curve. Then there exists a
sequence of blow-ups of nonsingular subvarieties X1 — X such that X1 — C s
a toroidal morphism.
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We give an outline of the proof here, and give a more detailed proof later in
Theorem 3.1. We need only consider the finite set of points ®(sing ®) = {p;} in
C, and blow up to make each ®~!(p;) a simple normal crossings divisor.

We observe that if dim Y > 1, it is in general necessary to blow up in Y as well
as in X to construct a monomialization or toroidalization. For instance, if we
blow up a point p on a nonsingular surface S, blow up a point on the exceptional
curve Fq, blow up the intersection point of the new exceptional curve F5 with
the strict transform of Ey, then blow up a general point on the new exceptional
curve F3 with exceptional curve F4, we get a birational map 7 : S; — S such
that if p; € Ey is a general point we have regular parameters (u,v) in Og, and

regular parameters (z,7) in Og, ,, such that

U = :UQ,’U = az® + :U4y.
7 is not monomial at p; and further blow-ups over S; will produce a morphism
which is further from being monomial.

Now we impose the further condition that Y is a surface S, but X has arbi-
trary dimension > 2.

If ¢ € Dg, we will say that u,v € Og, are permissible parameters at ¢ if
u =0 or uv = 0 is a local equation of Dg at q.

We will say that ® is strongly prepared at p € Dy if there exist permissible
parameters (u,v) at ¢ = ®(p) and regular parameters (z1,...,z,) in @X,p such
that 1 ---2; = 0 is a local equation of Dx at p and one of the following forms
holds:

1.
u o o= (zftea)™m
v =Pz}t £l
or
2.
u = (af "
v =P a4t ala,
or
3.
u = x?’l . o x?i&l
v o= a:gz . ~a:§”
where (a1,...,a;) =1 and P is a series. In Case (1) we must have
al o e a/l o
rank ( by - by ) =2
by Zariski’s subspace theorem [3]. Note that if uv = 0 is a local equation of Dg,
then we must have that uv = z7* --- 2;" unit for some c¢y,... ,¢.

The concept of strong preparation is connected to logarithmic differentiation
by the statement of Lemma 1.7. We will only give an outline of the proof of this
lemma, as it is included for motivation, and does not play a role in the proofs of
the results of these notes.
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Lemma 1.7. ® : X — S is strongly prepared if and only if
®*Q%(log Ds) = IM
where T C Ox is an ideal sheaf, and M is a subbundle of Q% (log Dx).

The proof is a straight forward calculation in formal differentiation.
The problem of toroidalization naturally breaks up into two steps.

1. Construct a sequence of blow-ups with nonsingular centers X; — X so
that X; — S is strongly prepared.

2. Construct a sequence of blow-ups with nonsingular centers Xo — X; and
S1 — S so that Xy — 57 is a toroidal morphism.

When X is itself a surface, Q% (log Dx) is an invertible sheaf. Thus & :
X — S is itself strongly prepared and step (1) is vacuous. Step (2) can then
be accomplished without tremendous difficulty, by considering the special local
forms we have for the equations of the mapping.

If dim X > 3, & : X — S is in general far from being strongly prepared. A
simple example is given in Example 6.3.

The main result of these notes is the realization of Step 1., the construction
of a strongly prepared morphism, if X has dimension 3. The bulk of these notes
is devoted to this proof.

The algorithms in these notes should extend with some work to the case where
X has arbitrary dimension and S has dimension 2.

The Author would like to thank Professor Seshadri and the Chennai Mathe-
matical Institute for their hospitality during the fall of 1999, and Professors Tony
[arrobino, Mark Levine and Northeastern University for their hospitality during
the Spring of 2000, while this manuscript was being prepared. This research was
partially supported by NSF.



2. LocAL MONOMIALIZATION

A local version of the problem of monomialization considered in these lecture
notes is completely proven in [14] for the case of generically finite morphisms.
These theorems are stated below without proof (Theorems 2.1 and 2.2). These
results show that the obstruction to monomialization (at least for generically
finite morphisms) is a global problem, coming from patching local solutions.

Suppose that R C S is a local homomorphism of local rings essentially of
finite type over a field k and that V is a valuation ring of the quotient field K of
S, such that V' dominates S. Then we can ask if there are sequences of monoidal
transforms R — R’ and S — S’ such that V dominates S’, S’ dominates R/,
and R’ — S’ is a monomial mapping.

R — S'cV
0 0 (6)
R — S

A monoidal transform of a local ring R is the local ring R’ of a point in the
blow up of a nonsingular subvariety of spec(R) such that R’ dominates R. If R
is a regular local ring, then R’ is a regular local ring.

Theorem 2.1. (Monomialization)(Theorem 1.1 [14]) Suppose that R C S are
reqular local Tings, essentially of finite type over a field k of characteristic zero,
such that the quotient field K of S is a finite extension of the quotient field J of
R.

Let V' be a valuation ring of K which dominates S. Then there exist sequences
of monoidal transforms R — R’ and S — S’ such that V dominates S’, S’
dominates R’ and there are reqular parameters (x1,....,x) in R, (y1,...,yn) in
S’, units 61,...,0n, € S" and a matriz (a;;) of nonnegative integers such that

Det(a;j) # 0 and

1 = Yyt yon gy
(7)

Ty = Y. Yannd,.

Thus (since char(k) = 0) there exists an etale extension S — S where S”
has regular parameters y,,...,y, such that x,,...,z, are pure monomials in
Yy s Up-

The standard theorems on resolution of singularities allow one to easily find
R’ and S’ such that (7) holds, but, in general, we will not have the essential
condition Det(a;;) # 0. The difficulty of the problem is to achieve this condition.

It is an interesting open problem to prove Theorem 2.1 in positive characteris-
tic, even in dimension 2. Theorem 2.1 implies local simultaneous resolution from
above in all dimensions (and characteristic 0) [15], which has been conjectured
to be true by Abhyankar [5]. Global simultaneous resolution is false even for
surfaces [16].

A quasi-complete variety over a field k is an integral finite type k-scheme which
satisfies the existence part of the valuative criterion for properness (c.f. Chapter

S.D. Cutkosky: LNM 1786, pp. 9—10, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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0 [23] where the notion is called complete). Quasi-complete and separated is
equivalent to proper.

The construction of a monomialization by quasi-complete varieties follows
from Theorem 2.1.

Theorem 2.2. (Theorem 1.2 [14]) Let k be a field of characteristic zero, ® :
X — 'Y a generically finite morphism of nonsingular proper k-varieties. Then
there are birational morphisms of nonsingular quasi-complete k-varieties o :
X1 —=>Xand B:Y1 =Y, and a locally monomial morphism ¥ : X1 — Y7 such
that the diagram

X ¥n
1 1
X % v

%
commutes and o and 3 are locally products of blow-ups of nonsingular subva-

rieties. That is, for every z € Xy, there exist affine neighborhoods Vi of z, V
of x = a(z), such that a : Vi — V is a finite product of monoidal transforms,
and there exist affine neighborhoods Wy of U(z), W of y = a(¥(2)), such that
B: Wi — W is a finite product of monoidal transforms.

In this theorem, a monoidal transform of a nonsingular k-scheme S is the map
T — S induced by an open subset T" of Proj(@®Z™), where Z is the ideal sheaf of
a nonsingular subvariety of S.

Theorems 1.1 and 1.2 of [14] are analogs for morphisms of the theorems on
local uniformization and local resolution of singularities of varieties of Zariski
[36], [37].



3. MONOMIALIZATION OF MORPHISMS IN LOw DIMENSIONS

We will outline proofs of monomialization in the previously known cases.
Suppose that k is an algebraically closed field of characteristic zero and ® :
X — Y is a dominant morphism of nonsingular k varieties.

Let sing(®) be the closed subset of X where ® is not smooth.

If @ is a dominant morphism from a variety to a curve, the existence of a global
monomialization follows immediately from resolution of singularities. In fact, it
is really a restatement of embedded resolution of hypersurface singularities.

Theorem 3.1. Suppose that ® : X — C' is a dominant morphism from a k-
variety to a curve. Then ® has a monomialization.

Proof. Suppose that ® : X — (' where C is a nonsingular curve, X is a non-
singular n fold. ®(sing(®)) is a finite number of points of C, so we may fix a
regular parameter ¢ at a point ¢ € ®(sing(®P)), and monomialize the mapping
above q.

By embedded resolution of hypersurfaces, there exists a sequence of blow-ups
of nonsingular subvarieties which dominate subvarieties of ®~1(q), 7 : X; — X
such that for all p € (® om)~1(q), there exist regular parameters (z1, ... ,z,) at
p such that

_ ail a
t=wuxy"---x,"
_
where a1 > 0, u € Ox, , is a unit. If x1 = T;u “1, we have

__al--. a
t =1, T,

0J

If®:T — S is a dominant morphism of surfaces, monomialization is not a
direct corollary of resolution of singularities. One proof of monomialization in
this case (over C) is given by Akbulut and King in [8].

In our paper [18] with Olivier Piltant, we show that if L is a perfect field and
® : T — S is a dominant morphism of L-surfaces, then ® can be monomialized
if ® is unramified. That is, no wild ramification occurs with respect to any
divisorial valuation of L(T) over L(S). This condition occurs, for instance, if
p VK : L(S)] where K is a Galois closure of L(T') over L(S).

We will now outline a simple proof of monomialization for morphisms of
surfaces (when k is algebraically closed of characteristic zero).

Theorem 3.2. Suppose that ® : T — S is a dominant morphism of surfaces
over k. Then ® has a monomialization.
If ® is a monomial mapping, then ® comes from an expression
u =z’
v =2y’

(8)

where ad — be # 0.
sing(®) must be contained in xy = 0. At a point p on z = 0 we have regular
parameters (Z,y) in O, such that

'@:x7:g:y_a

S.D. Cutkosky: LNM 1786, pp. 11-13, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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for some o« € k. If a > 0 and ¢ > 0 we have

where

cb

with g = % <.

If a = 0 or ¢ = 0 we also obtain a form (9) with respect to regular parameters
(ur,v1) in Og a(p)-

Thus ® is monomial at a point p if and only if there exist regular parameters
in O, such that one of the forms (8) or (9) hold.

We will say that ® is prepared at p € T if there exist regular parameters
(u,v) in Og a(p), regular parameters (z,y) in @TJ,, and a power series P such
that one of the following forms holds at p.

u =z
v = P(x)+z% (10)
or
u = (xayb)m (11)
v = P(z%°) + z°y?

where (a,b) =1 and ad — bc # 0.
We first observe that by resolution of singularities and elimination of indeter-
minacy, there exists a commutative diagram

T % os
1 {
T &% g

where the vertical maps are products of blow-ups of points, sing(®;) is a simple
normal crossings (SNC) divisor, and for all p € sing(®;), there exist regular
parameters (u,v) at ®1(p) such that u = 0 is a local equation of sing(®;) at p.

The essential observation is that ®; is now prepared. We give a simple proof
that appears in [8].

Lemma 3.3. ®; is prepared.

Proof. Suppose that p € Ty. With our assumptions, one of the following must
hold at p.

U =z
UgUy — UyUy = 02° (12)
where ¢ is a unit or
a, bym
U = (z%
UpVy — UyVyp — ((5336 f) (13)
z Uy yUz = Y

where a,b,e, f >0, (a,b) =1 and 0 is a unit.
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Write v = Y a;j2'y? with a;; € k. First suppose that (12) holds. Then
az® v, = §z¢ implies we have the form (10) (after making a change of param-
eters in Or, ,). Now suppose that (13) holds.

UpVy — UyVg = Z m(aj — bi)a;jz*m T ybm il = sty .

Thus
v = Z aijxiyj + E:L,e—i—l—amyf—ﬁ—l—bm
aj—bi=0
where € is a unit. After making a change of parameters, multiplying = by a unit,
and multiplying y by a unit, we get the form (11). O

It is now not difficult to construct a monomialization. We must blow up
points ¢ on S; over which the map is not monomial at some point over ¢, and
blow up points on T} to make m,O, principal. If we iterate this procedure, it
can be shown that we construct a commutative diagram

T %S,
1 {
7, B g

such that ®, is monomial.



4. AN OVERVIEW OF THE PROOF OF
MONOMIALIZATION OF MORPHISMS FROM 3 FOLDS TO SURFACES

Suppose that k is an algebraically closed field of characteristic zero, and ® :
X — Y is a dominant morphism of nonsingular k-varieties.

A natural first step in monomializing a morphism ® : X — Y is to use resolu-
tion of singularities and resolution of indeterminacy to construct a commutative
diagram

X, 3w
1 1
X X v

where the vertical maps are products of blow-ups of nonsingular subvarieties,
sing(®;) is a simple normal crossings (SNC) divisor, and for all p € sing(®,),
there exist regular parameters (uy, ... ,u,) at ®;1(p) such that u; = 0 is a local
equation of sing(®;) at p.

We observed that if X and Y are surfaces, then ®; is prepared (Lemma 3.3).
Unfortunately, even for morphisms from a 3 fold to a surface, ®; may be quite
complicated (Example 6.3).

A key step in the local proof of monomialization, Theorem 2.1, is to define
a new invariant, which measures how far the situation is from a specific form
which is close to being monomial. In this local valuation theoretic proof we
make use of special products of monoidal transforms defined by Zariski called
Perron transforms [37]. Under appropriate application of Perron transforms our
invariant does not increase, and we can in fact make the invariant decrease, by
an appropriate algorithm.

An essential difficulty globally is that our invariant can increase after a per-
missible monoidal transform (Example 7.2). This is a significant difference from
resolution of singularities, where a foundational result is that the multiplicity of
an ideal does not go up under permissible blow-ups.

We will give a brief overview of the proof of Theorem 18.21 (Monomialization
of morphisms from 3 folds to surfaces).

Step 1. (Preparation) First construct a diagram

(p/

X = 9
1 1
X 2 s

where the vertical maps are products of blow-ups of nonsingular subvarieties
such that X'/, S’ are nonsingular, there exist reduced SNCS divisors Dg: on S’,
Ex: = (®)71(Dg/)reqa on X' such that sing(®') C Ex, and components of Ex
on X’ dominating distinct components of Dg: are disjoint. Such a morphism @’
will be called weakly prepared (Definition 6.1 and Lemma 6.2). For the duration
of this section, we will suppose that ® : X — S is weakly prepared.

For all p € X there exist regular parameters (u,v) in Og,4 (¢ = ®(p)) and

regular parameters (z,y, z) in @X,p such that v = 0 is a local equation of Fx,

S.D. Cutkosky: LNM 1786, pp. 14-18, 2002.
(© Springer-Verlag Berlin Heidelberg 2002



MONOMIALIZATION OF MORPHISMS FROM 3 FOLDS TO SURFACES 15

u = 0 (or wv = 0) is a local equation of Dg and exactly one of the following
cases hold (Definition 6.4):

1. pis a 1 point:
u=x"v=P(x)+a2"F,
where z JF, F has no terms which are monomials in z.
2. pis a 2 point:
u=(z"y")" v = P(a"y’) + =Y F,
where (a,b) =1,z JF,,y JF,, °y?F, has no terms which are monomials
in 2%°.
3. pis a 3 point:
U= (xaybzc)m, v = P(xaybzc) + xdyeszp
where (a,b,¢) =1,z [ F,, y J Fp, z J Fp, 2%°27 F,, has no terms which
are monomials in z%y’z°.

(u,v) are called permissible parameters at ¢ and (x, y, z) are called permissible
parameters at p for (u,v) (Definition 6.4).

The structure of the singularities of F}, can be very complicated (Example
6.3). This is in sharp contrast to the case of a morphism of surfaces (Lemma
3.3).

We say that ® is prepared at p € Ex if there exist permissible parameters
(u,v) at ®(p) and permissible parameters (x,y,z) at p such that one of the
following four forms hold (Definition 6.5)
u=x%v = P(x)+ by,

U = (Iayb)mjv — P(I'ayb) + I‘Cyd,
u = (xayb)mjv — P(anyb> + ZEcde,
u = (z%°2°)" v = P(x%y’2°) + x%y°2/ with

a b c
rank{d . f}—2.

The main theorem of this article is Theorem 17.3, whose statement we repeat
here.

Ll

Theorem 4.1. (Theorem 17.3) Suppose that ® : X — S is a dominant mor-
phism from a 8 fold to a surface and Dg C S is a reduced 1 cycle such that
Ex = ®1(Dg)eq contains sing(X) and sing(®). Then there exist sequences of
monoidal transforms with nonsingular centers m :S1 — S and 3 : X7 — X
such that ®x, : X1 — S1 is prepared with respect to Dg, = 772_1(D5)red.

Sections 6 through 17 are devoted to the proof of Theorem 17.3. Sections
6 through 9 prove foundational results, and sections 10 through 17 achieve the
proof of the theorem.

Our main invariant is

v(p) = mult(Fy).
This invariant is independent of permissible parameters in the forms above (Def-
inition 6.8).
S(X)={peX|v(p) >r}
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is a constructible (but not Zariski closed) subset of X (Proposition 6.21 and
Example 6.12).

We construct a preparation by blowing up points and curves in the Zariski
closure S, (X) of S.(X). Much of the complexity of the proof arises from the
analysis at closure points of S,.(X). The difficulty occurs when passing from 3
points to 1 points or 2 points (or from 3 points to 2 points).

Other important local invariants are 7(p) and v(p) (Definition 6.8). We ob-
serve that (by Definition 6.9 and Remark 6.10) we have preparation at p € Ex
if

)
)
)

The method of proof of the main theorem, Theorem 17.3, is to construct
a series of reductions involving the invariants v, v and 7 to eventually get a
reduction, after enough permissible monoidal transforms.

Let By(X) be the (possibly not closed) curve of 2 points in X, B3(X) be the
(finite) set of 3 points in X, Ba(X) = By(X) U B3(X) be the Zariski closure of
By (X) in X.

Suppose that C' € S,(X) is a curve and p € C. The relationship between

1. If pis a 1 point then v(p
2. If p is a 2 point then y(p
3. If p is a 3 point then v(p

I IAIA

1.
1.
0.

the series F}, (of Definition 6.4) and the ideal Z¢, is very subtle (c.f. Examples
6.15 and 6.12). The general idea is that if C' makes simple normal crossings
(SNCs) with By(X), then it is possible to give a reasonable local description, if
we restrict to permissible parameters for C' at p, which are defined after Lemma
6.16.

Section 7 analyzes the effect of the blow-up of a point (a quadratic transform)
X1 — X. In Theorem 7.1 it is shown that the multiplicity can go up by at most
1 after the blow-up of a point. An example illustrating the case where the
multiplicity does increase is given in Example 7.2. The multiplicity can only go
up if we blow up a 2 (or 3) point p, and consider the multiplicity at a 1 (or a
1 or 2) point ¢ above p. We also analyze the change of the invariants 7 and ~
under the blow-up of a point.

The most difficult part of this chapter is to give a partial analysis of the
structure of curves C' in S,.(X;) N7~ !(p). This takes place in Theorem 7.8 and
Lemma 7.9.

Chapter 8 analyzes the effect of the blow-up of a curve C C S,.(X) which
makes SNCs with By(X). The analysis depends on whether C is r-small or
r-big, and if C is a 2 curve or if C' contains a 1 point. There are thus 4 basic
cases. To make an effective analysis, we may be required to perform a series of
quadratic transforms at some points.

If C C S,(X) makes SNCs with By(X), then either F, € .  for all p € C
(with respect to permissible parameters for C' at p) and we say that C is r-big,
or F, € jg,_pl, F, ¢ iap for all p € C' (with respect to permissible parameters
for C' at p) and we say that C' is r-small.

We have seen (sections 7 and 8) that multiplicity can go up after blowing up,
and that we have an analysis of how 7 and ~ vary if the multiplicity stays the
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same or goes up. This allows us to formulate a condition A, (X) which will not
go up under permissible monoidal transforms (Definition 10.1).

We also consider a refined condition A,.(X), which is stable under permissible
monoidal transforms, and has the property that S,(X) U By(X) is close to
having SNCs (Definition 10.2). The 3 points are the most difficult to control, as
S, (8)UB3(X) cannot be required to have SNCs at 3 points p with v(p) > r—1.
We obtain the improvement of A,(X) to the condition A,(X) by performing
permissible monoidal transforms in Lemma 10.3.

The inductive theorem which must be proven is Theorem 17.1, which shows
that if X — S satisfies A,(X) with 7 > 2, then there exists a permissible
sequence of monoidal transforms Y — X such that A,_1(Y) holds.

There are two basic ingredients in the proof. The first is to use the information
on permissible monoidal transforms centered at points and nonsingular curves
in S,.(X) obtained in sections 7 and 8 to obtain a reduction at all but a finite
number of difficult points which are in 4 special forms, that are analyzed in
sections 11 and 12. These special forms (at a point p) are locally reduced by
blowing up a generic curve C' through p such that C is resolved at a generic
point of C'. This process is iterated by blowing up sections over C. The idea is
that in these special forms, blowing up sections over C, (which are not in ET)
allow one to reduce to a two dimensional situation, and use Pusieux series type
arguments which are developed in section 9.

The analyses of all of these special cases are similar. A representative case
is the proof of Theorem 11.5. In Lemma 11.1 and Theorem 11.2, we construct
a formal sequence of blow-ups of sections over C, so that conclusions similar
to those of a “good point” (c.f. [4], [26], [17]) hold everywhere above p . In
Theorem 11.4, we approximate this sequence by blow-ups of algebraic sections.
This is similar to a method used in [13] and [14]. Finally, in Theorem 11.5, we
perform a sequence of blow-ups of r-big curves in S,, followed by a sequence
of blow-ups of r-small curves in S,, and some quadratic transforms so that a
reduction is obtained everywhere above p.

The main step accomplished in section 13 is Theorem 13.8. We eliminate 2
curves C such that C' is r-small or » — 1 big, reduce all 3 points to multiplicity
< r — 2, and reduce the 2 points with v(p) = r and 7(p) = 1 to a special form
(162). We require our local reduction of the special form Theorem 12.4 in this
proof.

In section 14 we obtain a further reduction (in Theorem 14.7) so that C,.(X)
(of Definition 14.1) holds. In the proof, we must patch in the local analysis of
Theorem 12.4 into the proof of Theorem 14.6, and the construction of Theorem
12.2 into the proof of Theorem 14.7. This requires a sequence of quadratic
transforms to be performed at special points of generic curves (Theorem 14.5)
before we can globalize the local blow-ups of sections over the generic curve
considered in the proof of Theorem 12.2.

In section 15 we reduce all 1 and 2 points to multiplicity < r — 1 and reduce
the 2 points with v(p) = r — 1 to 7(p) > 0 or the special case (163). The proof
makes a careful patching of the local solutions from sections 11 and 12.
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Theorem 17.1 (via Theorem 16.1) proves the final reduction to A,_;.

Step 2.(Monomialization) In order to achieve monomialization, we make an
inductive argument, for which we must consider a slightly weaker condition than
being prepared, which we call strongly prepared (Definition 18.1). Suppose that
® : X — S is strongly prepared. We construct a commutative diagram

(b/

X = 9
1 1
x X s

such that X’ — X is a product of blow-ups of nonsingular curves, S’ — S is
a product of blow-ups of points and ®’ is monomial. This is accomplished in
Theorem 18.19. Theorem 18.21 follows.

We give a brief idea of how monomialization is obtained. 7 : S’ — S is a
sequence of blow-ups of points. If ¢ € S and ¢; € 771(q) then there exist regular
parameters (u,v) in Og,, and (u,v1) in Og 4, such that

u = uf
v = Puy) +udvy

or
u = (ufoy)
v

with ad — bc # 0 and (a,b) = 1.

If p € X is a point of the form 1. of Step 1. (Definition 6.5), then there exists
7:91 — S and ¢ € T '(q) with regular parameters (u1,v1) in Og, 4, (Z,7,%)
in @X,p such that

U1 = fa
U1 = fb(Oé + @),
so that (in these cases) we have attained monomialization.

To make this work in all cases, we have an essentially canonical procedure
for achieving Step 2. We blow up on S the (finitely many) images of all non
monomial points of X, then blow up nonsingular curves on X to resolve the in-
determinacy of the resulting rational map. An invariant improves. By induction
we eventually construct .

Toroidalization (Theorem 19.11) is proven in section 19.



5. NOTATIONS

We will suppose that k is an algebraically closed field of characteristic zero.
By a variety we will mean a separated, integral finite type k-scheme.

Suppose that Z is a variety and p € Z. Then m,, will denote the maximal
ideal of Oz p,.

Definition 5.1. A reduced divisor D on a nonsingular variety Z of dimension
n is a simple normal crossing divisor (SNC' divisor) if

1. All components of D are nonsingular.

2. Suppose that p € X. Let Dy,...,Ds be the components of D containing
p. Then s < n and there exist reqular parameters (x1,...,x,) in Oxp
such that x; = 0 are local equations of D; at p for 1 <i <s.

A curve is a 1 dimensional k variety. A surface is a 2 dimensional k variety.
A 3 fold is a 3 dimensional k variety. A point of a variety will mean a closed
point.

By a generic point or a generic curve on a variety Z, we will mean a point
or a curve which satisfies a good condition which holds on an open set (in some
parameterizing space) of points or curves.

Suppose that Z is a variety and p € Z. the blow-up of p or the quadratic
transform of p will denote Z; = Proj(@,>om,). If V C Z is a nonsingular
subvariety then the blow-up of V or the monoidal transform of Z centered at V'
will denote Z; = Proj(®n>0Zy)).

If R is a regular local ring with maximal ideal m, then a quadratic transform
of Ris Ry = R[™],,, where 0 # x € m and m; is a maximal ideal of R;.

Suppose that P(z) = Y .0, biz" € k[[z]] is a series. Given t € N, Py(z) will
denote the polynomial

Given a series f(x1,...,2y,) € k[[z1,...,2s]] v(f), mult(f) or ord(f) will
denote the order of f.

freQ 2] =nifne N, n<z<n+1 {z}=[z] -2 The greatest
common divisor of ay,... ,a, € N will be denoted by (a1, ... ,ay).
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6. THE INVARIANT v

Definition 6.1. Suppose that ®x : X — S is a dominant morphism from a
nonsingular 3 fold X to a nonsingular surface S, with reduced SNC' divisors Dg
on S and Ex on X such that <I>)_(1 (Dg)rea = Ex. Let sing(®x) be the locus of
singular points of Px.
We will say that ®x is weakly prepared if
1. sing(®x) C Ex and
2. If p € S is a singular point of Dg, C1 and Cy are the components of
Dg containing p, T1 is a component of Ex dominating Cv and Ty is a
component of Ex dominating Cy then Ty and Ty are disjoint.

Lemma 6.2. Suppose that ® : X — S is a dominant morphism from a 3
fold X to a surface S, Dg is a reduced Weil divisor on S such that sing(®) C
®~1(Dg) and the singular locus of X, sing(X) C ®~1(Dg). Then there exists a
commutative diagram

x, %o
b U
x 2 5

such that m and mo are products of blow-ups of nonsingular subvarieties, and if
Dgs, = 15 ' (D§) reds Ex, = (P o) Y (Dsg)reqs then ¢y is weakly prepared.

Proof. By resolution of singularities and resolution of indeterminacy of mappings
[23], there exists

X X
!

N < W0

X —
such that X and S are nonsingular, 7= 1(Dg)yeq = Dz and B = 5_1(D§)T€d
are SNC divisors.

Suppose that E; and E are components of E+ which dominate distinct
components C; and Cy of S. If By N Ey # () then there exists a sequence
of blow-ups X1 — X with nonsingular centers which map into C; N Cy with
induced map ®; : X; — S such that the strict transform of E; and E, are

disjoint on X1, and EYI = (I);(Dg)red is a SNC divisor.

One way to construct this is to blow up the conductor of E; U Es to separate
the strict transforms of F; and Fs (c.f. section 2 of [20]), and then resolve the
singularities of the resulting variety.

Iterating this procedure, we construct a weakly prepared morphism. O

Example 6.3. The structure of weakly prepared morphisms can be quite com-
plicated.
Consider the germ of maps
u=2z%v=xF
with a > 2, ¢ > 0 where
F=2x"z+ h(x,y)

S.D. Cutkosky: LNM 1786, pp. 20-55, 2002.
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where h is arbitrary. The singular locus of this map germ s the variety defined
by the ideal where the Jacobian has rank < 2. That is, the variety with ideal J=
V(xote1E, xate=IF)). Since F, = x", we have that /J = ().

Examples of this kind can be used to construct weakly prepared projective
morphisms satisfying the assumptions of ®;, by resolving the indeterminacy of
the induced rational map P2 — P2. A reasonably easy example to calculate is

u :I'2

v :y2+xz.

Throughout this section we will suppose that ®x : X — S is weakly prepared.
We define permissible parameters (u,v) at points ¢ € Dg by the following
rules

1. If ¢ is a nonsingular point of Dg, then regular parameters (u,v) in Og,
are permissible parameters at ¢ if u = 0 is a local equation for Dg. Necessarily,
u = 0 is a local equation for Ex in Ox , for all p € <I>;(1(q).

2. If ¢ is a singular point of Dg, then regular parameters (u,v) in Og 4 are
permissible parameters at ¢ if uv = 0 is a local equation for Dg at q. Necessarily,
uv = 0 is a local equation for Ex at p for all p € @}l(q) and either u = 0 or
v = 0 is a local equation of Ex at p.

Definition 6.4. Suppose that (u,v) are permissible parameters at q € Dg, p €
CD)_(—l(q) and that w = 0 is a local equation of Ex at p. Regular parameters
(z,y,2) in @XJ, are called permissible parameters at p for (u,v) if u = x%y’z¢
witha >b>c¢>0.

If (z,y, z) are permissible parameters at p for (u,v), then one of the following
forms holds for v at p.

1. pis a 1 point:
u =x¢
v = P,(z)+2°F,

where a > 0, x JF, and 2°F, has no terms which are powers of x,
2. p s a 2 point:
T (xayb)m
v = P,(z%P°) + 2°y?F,
where a,b > 0 (a,b) = 1, z,y } F, and 2°y?F, has no terms which are
powers of z%y?,
3. pis a 3 point:
u = (xaybzc)m
v = P,(2%’2°) + 2%/ F,

where a,b,c > 0, (a,b,c) = 1, z,y,2 J F, and z%°2' F, has no terms
which are powers of z%y®z¢.
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We will say that (z,y, 2) are permissible parameters at p and that the above
expression of V' is the normalized form of v with respect to these parameters.
We will also say that Fj, is normalized with respect to (z,y, 2).

The leading form of F}, will be denoted by L,,.

With the notation of Definition 6.4, we see that if p is a 1 point, then

- oF OF
Ising(Qx)vp = \/xa+b_l (8_y’ a) ' (14)

If p is a 2 point, then

Ising(@x),p

gmetestymbtd=1 ((ad — be)F + ay 9L — b 9E, y 3 2 9F )

(15)
If p is a 3 point then

ZLsing(®x).p

(ae — bd)zF + ayz — brzy
= |gmatd=lymbie—lymetf—1 [ (gqf — cd)yF + CL?JZ 6F - nyaax ’ (16)
(bf — ce)xF + b:lzz — CTY 5y

Definition 6.5. We will say that permissible parameters (u, v) for ®x(p) € Dg
are prepared at p € Ex if u =0 is a local equation of Ex at p and there exist
permissible parameters (x,y,z) at p such that one of the following forms hold:

u =z

v = P(z)+zby (17)
or
u = (%)
v o= Pa%y’) +ay? (18)
with ad — bc # 0
u = (xayb)m
v = P(x%’) + x°y?z (19)
or
u = (xybze)™
v = P(x%yb2°) + xdy°zS (20)
with

a b c
mnk(d . f)—2.

We will say that ®x is prepared with respect to Dg if for every p € Ex there
exist permissible parameters for ® x (p) which are prepared at p.

Lemma 6.6. Suppose that p € Ex, (u,v) are permissible parameters at q =
O x (p) such that u =0 is a local equation of Ex. Then r = v(F),) is independent
of permissible parameters (z,y,z) at p for (u,v).
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If p is a 1 point then v(F(0,y,2)) is independent of permissible parameters
(z,y,2) at p for (u,v). If p is a 1 point and
F, = Z aijkxiyjzk,
i k>
then
T(Fp) = maz{j + k | ajjx #0 withi +j+k=r}
is independent of permissible parameters (x,y, z) for (u,v) at p.

If p is a 2 point, then v(F'(0,0,z2)) is independent of permissible parameters
(z,y,2) at p for (u,v). If p is a 2 point and
F, = Z aijpwiy’ 2F,
i+j+k>r
then
T(Fp) = maz{k | a;jr #0 withi+j+k=r}

is independent of permissible parameters (x,y,z) for (u,v) at p.

Proof. Suppose that (u,v) are permissible parameters at ¢ such that u =0 is a
local equation of Ex at p, (x,y, 2), (z1,y1,21) are permissible parameters at p
for (u,v). First suppose that p is a 1 point. We have a (normalized) expression

uw=z%v=Px)+2"F
Thus
T = wr
Yy =y(r1,y1,21) = ba1®1 + baoy1 + bazz1 + -+
z = z(w1,y1,21) = b3171 + b3ay1 + b3zzy + -+
where w?® =1 and b22b33 - bnggg 7é 0, and
uw=xz¢v=P(x))+ 2} F
where
P, = P(wzy) + 230 F(wxy, y(21,0,0), 2(21,0,0))
Fy =W F(wzy,y(z1, 51, 21), 2(21, 51, 21)) — Fwar, y(21,0,0), 2(21,0,0))]
Substituting into
F, = Z aijkxiyjzk
itjt+k>r
we get that v(F') = v(Fy), v(F(0,y,2)) = v(F1(0,y1,21)) so that F; is normal-
ized with respect to (z1,y1,21), and 7(F) = 7(F1).
Now suppose that p is a 2 point. Then
u = (z%®)™ v = P(z%®) + 2y F.

Set r = v(F'). We have one of the following two cases.

case 1
r = o
y =By
z =z(x1,01,%1) = a1x1 + agyr +agz + - -

where w = a®3 satisfies w™ = 1 and a3 # 0, or
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case 2
T =ay
y =P
z =2z(z1,Y1,%1) = @121 + asy1 +aszz + -

where w = a?3 satisfies w™ = 1, and az # 0.
In case 1, set ¢y = max{ £, %}. For t > tg, set

bt _ (8t(a+b)—c—d(ac5dF)> | 0
Bx’ia Cay T1=Y1=21=
F =a°BiF — Zt>t bt ¢ ib d (21)

P = P(wzfy}) + Zt>t0 be (25 })".
Then
u = (zfy))"™, v = Py(afy)) + a5y F.
Fy is normalized with respect to (z1,y1,21) and v(F(0,0,z2)) = v(F1(0,0,21)).
Set «(0,0,0) = ap. 5(0,0,0) = By. Let L, L1 be the respective leading forms of
F and F}. Then
Ly = apfo Lz, Boyr, a121 + azyz + azz1)

if there does not exist natural numbers i, jo such that (¢ +ip)b— (d+ jo)a =0
and io + jo =,

L, = OéoﬂoL(Oéowh Boy1, a1x1 + azys + a3z1) - fo)yio

for some ¢ € k, if there exist natural numbers g, jo such that (c+io)b—(d+jo)a =
0 and iy + jo = 7. Thus v(F) = v(Fy) and 7(F) = 7(F}1).
To verify Case 2, we now need only consider the effect of a substitution
=Y,y = x1.
Finally, suppose that p is a 3 point. We have
u = (xy’2%)" v = P(zy*2°) + 2%y F

There exists o € S3, and unit series «, 3,y with constant terms ag, By, Yo
respectively, such that

T = QWs(1),Y = BWs(2), 2 = YWgs(3)
where

wyp = T1, W2 = Y1, W3 = 21,

and if w = a®B%9°, then w™ = 1. Set tg = max{<, ¢ f}. For t > tg, set

a’ b’
bt . at(a+b+c) d—e— f(Oé ﬁefy;F) | 0
- ta—d o tb—e tc Wo(1)=Wg (2)=Ws(3)=
awa(l) ow o (2) ow o (3)

Py = a3y Faws(1), Bwo(a), YW0e(3)) — Zt>t0 btwff?l)d e )ewffc(g)f

b= P(wwg(l)wf;@)wg(g)) + 2>t btwa(l) 0(2) 0(3)
Thus

(22)

u = (wg Yo <2> o)™
v = Pi(w; Ws (1) 0(2) 0(3))+w0(1) o(2) 0(3)F1( (1) Wo(2)s Wo(3))
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where the leading form of F} is

L1 = adB57 F(aowe (1), BoWe(2), 1oWe(s))
if there does not exist natural numbers ig, jo, ko such that

(d—i-io)b—(€+j0)a20,(d+’io)c—(f—l—ko)a:(), and io+j+0+l€0:7’,

Ly = agﬁSVgF(Oéowau), Bowes(2), YoWe(3)) — (‘:xﬁoy{"zfo

for some ¢ € k, if there exist natural numbers g, jo, kg such that
(d-l—lo)b— (€+j0)a:0,(d+’i0)c— (f—|—]{30)a:0 and i() +]0+k0 =T
Thus F} is normalized with respect to (x1,y1,21) and v(L1) = v(L). O

Lemma 6.7. Suppose thatp € Ex, ¢ = ®x(p). Then r = v(F},) is independent
of permissible parameters (u,v) at q such that u = 0 is a local equation of Ex
at p.

If p is a 1 point then v(F,(0,y,2)) is independent of permissible parameters
(u,v) at q such that w =0 is a local equation of Ex at p. If p is a 1 point, and

F, = Z aijrz'y’ 2F,
i+j+k>r
then
T(F,) = maz{j + k| there exists a;ji, #0 withi+j+k=r}

is independent of permissible parameters (x,y,z) at p for (u,v) such that u =0
1s a local equation of Ex at p.

If p is a 2 point, then v(F,(0,0,z2)) is independent of permissible parameters
(u,v) at q such that v =0 is a local equation of Ex at p. If p is a 2 point, and

Fp = Z aijkxiyjzka
itj+k>r
then
T(Fp) = maz{k | there exists a;j, #0 withi+j+k=r}
is independent of permissible parameters (x,y,z) at p for (u,v) such that u =0
s a local equation of Ex at p.

Proof. Let m be the maximal ideal of Ox ,. Suppose that (u,v) and (uy,v;) are
permissible parameters at ¢ such that v = 0 is a local equation of Ex at p and
w1 = 0 is a local equation of Ex at p. We will show that the multiplicities of
the Lemma are the same for these two sets of permissible parameters.

Case 1 Suppose that p is a 1 point. Then (u;,v1) and (u,v) are related by
a composition of changes of parameters of the types of Cases 1.1, 1.2 and 1.3
below. It thus suffices to prove the Lemma in each of these 3 cases.

Case 1.1 Suppose that v; = u, u; = v. We have

u=2x%v=Px)+zF

with 7 = v(F) > 0. In this case we must have v = unit v in Ox p. v = unit u is
equivalent to p = u(z)xr? where @ is a unit and 0 < d < c. Set

v = T(u(z) + 2 4F) 7.



26 STEVEN DALE CUTKOSKY

Then v = 7% Set 7 = =t. Write u(z) = ap + a1z + - -~

FCe—d 7
We thus have
r = 7u(x)” mod T¢I m", (23)

Now suppose that Py(z,Z) is a series. By substitution of (23), we see that
there exist series A; and P; such that

Py(x,Z) = A1(T) + TPy (2,T) mod 7°~ 4 m
By iteration, we get that there is a polynomial F(f) such that P(0) = Py(0,0),
Py(z,Z) = P(%) mod ¢ 4T im", (24)
We get from (24) that
T(x) = Q(Z) mod T 4T1m
where Q(0) = w(0). Set up = u(0). We also see that

= ZQ(T)” mod ¢ m

Set A = =
u =7zU(x) + " F)
= T f(@)) + M)+ 222
= 7'[Q(0) + AQ(@) e~z I
)\ I)Q( )A 2427 (c— d)f2(c d)F2 + .- ]
mod gote—dtly,
Thus
v =14

u = P (T) + 7t IF (T, y, 2)
where v(p1) = a, and
Fl = )\ug\_l_’_T(C_d)F(uOJJ Y, Z) + A(A L) (>)\ Z2r(e= d)_c dF(UOE,y, Z)2
+--- mod zm".

T(h;s) v(F(x,y,z2)) = v(F1(Z,y,2)), v(F(0,y,2)) = v(F1(0,y,2)) and 7(F) =

Case 1.2 Suppose that u; = au, v1 = v, where a(u,v) is a unit series. We
have

u=z%v=px)+z"F
with r = v(F) > 0. Set A = _71 Define x = Za?, so that u; = % Write

a=ao(u) + ag(ug)v+ -
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o= ag(u1)* + Aag(u) (e (ur)o + ag(ur)v® + - )
+20-2a 0(’“1)A (a1 (ur)v + ag(ug)v® + -+ )2 + -
= ao(u1)™ + Aag(ur)* o (ug) P(z) + ozg(ul)P(a:)2 )
+# o(u1)*2(aq (ur)P(x) + az(ui)P(z)% +---)2 + -+ mod Z°m"
We have an expression
o = Ay(T) + TBo(a, T) mod Z°m” (26)
Substitute (25) into (26) to get

A = Ag(%) + TAL(T) + Z°By (o, T) mod T°m”

(25)

By iteration, we get that there is a series S(Z) with S(0) = a(0)* = @, such
that
o? = S(T) mod Z°m".
and
= o T = S(T)Z mod 2 tm".
v = P(x)+2F = P(zS(Z)) +7°9(Z)"F(ZS(%), y, z)] mod Z°T1m"

Thus

up =7

v = Pl(f) +be1(fay7 Z)
where

Fy

S(x)°F(zS(Z),y,2) mod zm”
a’F(az,y, z) mod Zm”
Thus v(F) = v(Fy), v(F(0,y,2)) = v(F1(0,y, 2)) and 7(F) = 7(F1).

Case 1.3 Suppose that u; = u, v1 = au + fv. Write

a =) a;u'v’
B =22 Biu'?
with GBgg # 0.
We have
uw=z%v=Px)+2"F
r=v(F)>0.
v =y autThl + 37 Buteit

=Y ;g (P(z) + 2F) + 3 B2 (P(x) 4 2" F)7H
= > ayz® T (P(2)) + jab P(z)! ' F
FLUZ 320 p(g)i =2 F2 o gbd )
+ 3 B (P(x)’ ™ + (j + 1)2" P(z)/ F
+wx2bp(x)j—lF2 4 oo 4 PG it
= Q(CE) + H(JZ)F + $2bF2G(:E, Y Z)

where

)=y jat Pla) =+ Bai(j + 1) Pla) at.
We can further write
H(z) = 2°(Boo + 29(x)).
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U1

Q(x) + 2°(Boo + 2Q(z))F + 22 F2G
P1 (l‘) —+ CUbFl

where P;(z) = Q(x), and

Fy = (Boo + 2Q(z))F + 2" F2G.
Thus v(F) = v(F1), v(F(0,y,2)) = v(F1(0,y, 2)) and 7(F) = 7(F1).

Case 2 Suppose that p is a 2 point. It suffices to prove the Lemma in the
three subcases 2.1, 2.2 and 2.3.

Case 2.1 Suppose that u; = v, v1 = u. We have an expression
u = (%)%, v = P(x%y") + 2°y?F.
Set r = v(F). If
r=0,c <ord(P)a and d < ord(P)b (27)

then the multiplicities of the Lemma are the same for the two sets of parameters,
so suppose that (27) doesn’t hold. v = x°y/ unit (for some e, f) implies that
there exists ¢ > 0 such that

v = (J?a’yb)t(ﬂ(xayb) + xc—atyd—th)
where uw is a unit power series. Set 7 = ;—tl,
P = E(ﬂ(m“yb) + xc—atyd—th)T.

(ﬂ(iﬁayb) + xc—atyd—th)T — ﬂ(.ﬁ[)ayb)T + Tﬂ(xayb)T—lxc—atyd—th
T(T_l)ﬂ(xayb)T—ZxQ(c—at)y2(d—bt)F2 4.

2
(xayb)r mod Ec—atyd—btmr

I+
i~

xayb — anb(ﬂ(xayb) 4 xc—atyd—th)aT
= faybﬂ(xayb)m— mod Ec—at—l—ayd—bt—i—bmr_ (28)

Now suppose that Py(z%y®, %) is a series. By substitution of (28), we see
that

PO(:anb’anb) = Al (fayb) —l—faybPl(Zanb,anb) mod fc—at—i—ayd—bt—l—bmr
By iteration, we get that there is a polynomial Q(z%y"), such that uy = Q(0) =
u(0),

E(x“yb) = Q(anb) mod icfat+aydfbt+bmr. (29)

we get from (29) that

zu(z%y’) mod &

(z%") mod T

c—at—l—lyd—btmr

c—at—i—lyd—btmfr



MONOMIALIZATION OF MORPHISMS FROM 3 FOLDS TO SURFACES 29

[
+>\(>\2—1)a(xayb)k—2x2(c—at)y2(d—bt)F2 +oe-]
— (fayb)k[Q(fayb)A + /\Q(fayb)k—1+c—atfc—atyd—th(fQ(zayb), Y, Z)
+ >\()‘2_1) Q(anb)>\—2+2(C—at)§2(c_at)yQ(d_bt)F(fQ(anb)7 Y, Z)2

Thus
U= Pl (anb) + fak:—i—c—atybk—i—d—thl (f, v, Z)
where

F(T,y,z) = 3&2(1@“#’)*”c‘“tF(fQ(f“yb), Y, z)
+ ( 2— )Q(fayb))‘_2+2(C_at)fc_atyd_th(fQ(anb), v, 2)2
+---mod Tm"

= \up T R (Tug, v, 2)
+ A()\Q*l) U())\_2+2(C_at)fc_atyd_th(fuo, n 2)2

+--- mod Tm".

Thus v(F) = v(F1), v(F1(0,0,2)) = v(F(0,0,2)) and 7(F) = 7(F}).

Case 2.2 Suppose that p is a 2 point and that u; = au, v; = v. We have an
expression

u= (29y")* v = P(x%y’) + 2y F
Set r = v(F'). Write
a = ag(uy) +ar(u)v+---
Set A = ;—kl:,

We have that
Uy = (anb)k‘
o = ap(ur) + Mag(u)* 1 ag (ug)v + ag(ug)v? +---)
+ 2D 0 (g )2 (g (g o + g (ug)v? 4 - )2 4 -+
= ap(u1)* + Aag(un)** (an (ur) P(zy’)
oz (un) P(a®y")? + ) + 25 ag ()
(o1 (ur) P(xy) + az(u1) P(z%y®)? + -+ ) 4 -+ mod T°y*m"
Now suppose that Py(z%y?, 7%P°) is a series. By substitution of the above
equation, we see that
Po(x®y”,7y") = A1 (z)") + 7" Pr(a*y", T%") mod Ty’
By iteration, we get that there is a polynomial S(z%y®), such that ug = S(0) =
u(0),

o = S(T%P) mod Zym”. (30)
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we get from (30) that

= o 7 = S(T%°)T mod z¢ 1 ydm"

2y
= (f_y+§(w yb) ) + zY?S(Ty") F (S ()T, y, 2))

so that ,
= (Ty )
v = P (z"Y’) + %" F1(T,y, 2)

where

F S(@yb)eF(zS(z%®),y, z) mod Zm"
u§F(uo,y, z) mod Tm”

Thus v(F) = v(Fy), v(F(0,0,2)) = v(F1(0,0,2)), and 7(F) = 7(F}).

Case 2.3 Suppose that p is a 2 point and that u; = u, v1 = au + fv. We
have an expression

u=(2")*,v = Pa*y’) + 2y’ F
where r = v(F'). Write

« Zozzju v7
B Zﬁwu v
v =Y autThl + 37 Butei Tt
= 3 (Y ) TIR(P(atyP) + 2oyt F)
4 Zﬁw (a;’ayb)ik(P(a:a’yb) + xcde)j—i-l
= 2 (Y ) TR (P(ay®) + j(acy?) P(ay") T F - 4 (aty ) FY)
+Zﬁzy( “ b)m(P(ﬂ?“yb)jJrl +(j + Day?P(ay) F
+ (xy ) EIH
Q(SU b) + H(z,y)F + (z°y?)*F*G(z,y, 2)

where
H(z,y) = 2y (Bo,0 + 24" Q. y))-
Then
u = (xayb)k
= Q1 (zy’) + 2y
where

Fy = Bo,0F mod (zym” + (xcyd)m%)
Thus v(F) = v(Fy), v(F(0,y,2)) = v(F1(0,y, 2)), and 7(F) = 7(F}).

Case 3 Suppose that p is a 3 point. It suffices to prove the Lemma in the
three subcases 3.1, 3.2 and 3.3.

Case 3.1 Suppose that u; = v, v1 = ug.

u = (xaybzc)ki7v — P(xaybzc) + .CCdyerF
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where r = v(F), If
r=0,d <ord(P)a,e < ord(P)b and f < ord(P)c (31)

then the multiplicities of the Lemma are the same for the two sets of parameters,
so suppose that (31) doesn’t hold.

In this case we must have that v = 2%y® 2" unit, so that P(s) = s'u(s) where
u is a unit power series and

v = (xabeC)t[U(xabeC) + md—taye—btzf—ctF]'
Set 7 = ;—tl,

T = f(ﬂ(.ﬁ(ﬁaybzc) + xd—taye—btzf—ctF)T'

(ﬂ(xaybzc) + a:d—taye—btzf—ctF)T
— ﬂ(l’aybzc)T 4 Tﬂ(ibabeC)T_1£Ed_tay€_btzf_6tF
7'(7'2—1)a(xaybzc)772m2(d7ta)y2(efbt)Z2(ffct)F2 +..

mod Ed—taye—btzf—ct

i —+

ﬂ(a:“ybzc)T m”
xaybzc — faybzc(ﬂ(iaybzc) + xd—taye—btzf—ctF)aT
= anbzcﬂ(xaybzc)cw mod Ea—i—d—taye—bt—l—bzf—ct—ﬁ—cmr

Now suppose that Py(z%y’z¢,7%"2¢) is a series. By substitution of the above
equation, we see that
PO (xaybzc’ faybzc)
= Al (faybzc) € anbchl (xaybzc, jaybzc) mod Ea—l—d—taye—bt—i—bzf—ct—l—cmr
By iteration, we get that there is a polynomial Q(Z%y"z¢), such that if ug = w(0),
Q(O) = H(O) = Uo,

ﬂ(xabeC) = Q(anbZC) mod ia—i—d—taye—bt—i—bzf—ct—l—cmr

Thus
r = m(xaysz)T mod Ed—ta—l—lye—btzf—ctmr
=7 (anbzc)T mod fd—ta—i-lye—btzf—ctmr
Set A = _Tk
T (xaybzc)k — (faybzc)k(ﬂ(xaybzc) + xd—taye—btzf—ctF)/\

— (faybzc)k[a(xaybzc))\ + )\ﬂ(xaybzc))\—lxd—taye—btzf—ctF
+>\(>\2—1)ﬂ(xaybzc)/\—2$2(d—ta)y2(e—bt)z2(f—ct)F2 4+ ]

= (faybzc k[Q(fabeC)a)A
+/\Q(faybzc))\—1+7'(d—ta)Ed—taye—btzf—ctF(fQ(faybzc)7" Y, Z)
+wQ(fa’ybzc)>‘_2+2T(d_m)f2(d_m)y2(e_bt)Zz(f_Ct)F(EQ(TabeC)T, Y, 2)2
+ .. ] mod fak-f—d—ta-l-lybk—l—e—btzck—i—f—ctmr

v = (Taybzc)t

u = Pl (anbzc) + fak—f—d—taybk—i—e—btzckz—l—f—ctFl (f, n Z)
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where
Fl = )\Q(xa b C)A_l"'T(d_ta)F(fQ(anbzc)T,y, z)

FACFHQ(e P2y Tt gty b et P (FQ(a"y )Ty, 2)°

+--- mod zm"

=y T BTy, 2)
+ >\(>\2—1) u())\—2+7(d—ta)id,ta

Thus v(Fy) = v(F).

ye 2 = F(uom,y, 2)% + - - mod Tm”

Case 3.2 Suppose that u; = au, v = v.
u = (2%°2°)% v = P(z%’2°) + 2% 2  F

where r = v(F). Set A = —+

x = Za™. Thus
ak’

Uy = (xabeC)k
Write

a=ap(ur) + ag(ug)v+---

o = ag(ur) + Aag(ur)*Har(ur)v + ag(ur)v? + - - )
+#0¢0(u1)’\_2(a1(m)v +ag(ug)v? +---)% +

= ao(u1)™ + Aag(ur) 1 aq (ug) P(2%9°2) + s (ul) (299°2¢)2 4 - -

+A()\z_l_)040(“1)’\_2(@1(U1)P($aybzc) + o (ur ) P(z%y%2%)% + - --)?
+ -+ mod T2 m"
Thus
A = Ag(T%P2°) + TP 2 Bo(a®, 7% 2¢) mod T2 m
Substitute the above equation into itself and iterate to get
ot = S(a:aybzc) mod asd exfm

Set @ = «(0). Then S(0) = a”.

z = o T = S(T%"2°)% mod T4y m”

v P(a:“ybzc) + xdy I F
= P(z%b2°S (7%’ 2°))
+zdye 2 (T 2¢) F (S(3%y°2°)Z, y, 2) mod Ty fm"
Thus
Uy = (xa b )k
v = P (T%"2°) + 7%°2T [\ (T, y, 2)
where
F = S(@%’2¢)4F(S(x%y’2°)%,y, 2) mod Tm”
= o F(a*z,y,2) mod Tm"
Thus v(Fy) = v(F).

Case 3.3 Suppose that u; = u, v1 = au + Pfv. We have an expression

U= (x“ybzc)k, v = P(:c“ybzc) + 2y F

)
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where r = v(F).
Write o
a =) autr’
B = Biu?
v =Y autThl + 37 ButeI T
= S laty =) OHP(ay ) + oty Py
+ 3 Bij(y =) (P(ay2°) + adyzl F)IT
= B aty/ )0 NP2 a9 Planap ) F
+(a%y 2! F
+Zﬁ’t] (xaybzc)zk(P(x )j+1 + (,] + l)xdyezfp(maybzc) F
+ (zyeal) +1FJ“)
Q(:U yP2¢) + HF + (2%y°2/ )2 F2@

where
H = 2%z (B0 + 29y2°Q)
Then
U= (.fL‘abeC)k
= Q1(z"y*2°) + ay 2l Fy
where

Fi = Bo.oF mod (zyzm” + z%°2/m?")
Thus v(F) = v(F}).
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By Lemmas 6.6 and 6.7, we can make the following definitions, with the

notation of Definition 6.4.

Definition 6.8. Suppose that p € Ex, (u,v) are permissible parameters at
dx(p), (x,y,2) are permissible parameters at p for (u,v) such that u = 0 is a
local equation of Ex at p. Thus one of the forms of Definition 6.4 holds. Define
v(p) =v(Fp). If p is a 1 point, define v(p) = mult(F,(0,y,2)). If p is a 2 point,

define v(p) = mult(F, (0,0, 2)).
Suppose that p € X is a 1 point such that

u =z
v = P(z%) + 2°F,

_ Coding ok
F, = Zz’—f—j—i—er iRy’ 2

where v(p) = r. Define
7(p) = maz{j + k| there exits a;;r, # 0 with i +j + k = r}.

If p is a 1 point, we have 1 < 7(p) < v(p). Suppose that p € X is a 2 point such

that
u = (z"y )
v = P(z%P’) + 2°y?F,
F, = Zz+]—|—k>r AijkT yjz
where v(p) = r. Define

7(p) = maz{k | there exits a;jr #0 withi+j+k=r}.
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Define
Sr(X) = {p € Ex|v(p) = r}.
Let S,.(X) be the Zariski closure of S,.(X) in X.

Definition 6.9. A point p € Ex is resolved if the following condition holds.

1. If p is a 1 point then v(p) < 1.
2. If p is a 2 point then v(p) < 1.
3. If p is a 3 point then v(p) = 0.

Remark 6.10. If p € Ex is resolved and (u,v) are permissible parameters at
O x (p) such that uw = 0 is a local equation of Ex at p, then (u,v) are prepared at

p.

Lemma 6.11. S.(X) C sing(®x) for r > 2, and all 3 points are contained in
sing(®x). If p € S1(X) is a 2 point then p € sing(Px).

Proof. The Lemma is immediate from (14), (15) and (16). O

Example 6.12. S.(X) is in general not Zariski closed. Consider the 2 point p
with local equations

u =axy

v = x%y.
v(p) = 0. At 1 points q on the surface x = 0 there are regular parameters

(z,y1,2) with y = y1 + « for some 0 # o € k. Set T = x(y1 + «). There are
permissible parameters (T,7, z) at q such that

S~ ~—
I

z
a~17% + 727,

Thus v(q) = 1.

Lemma 6.13. Suppose that p € Ex is a 1 point and that [ C @X,p 1S a reduced
tdeal such that if © = 0 is a local equation of Ex at p then x € I. Then the
condition F, € I* (with s € N) and the condition F,, € m,I° (with s € N) are
independent of the choice of permissible parameters (u,v) at ®x(p) such that
u = 0 is a local equation of Ex at p, and permissible parameters (x,y,z) for
(u,v) at p.

Proof. If I = mp@)(,p, the Lemma follows from Lemmas 6.6 and 6.7. So we
assume that I = (x, f) for some series f(y, z).

If (x,y,2) and (z1,y1, 21) are permissible parameters at p for (u,v) then with
the notation of the proof of Lemma 6.6,

Fy = WP[F — F(wz1,y(x1,0,0), z(z1,0,0))].

and
2V (@) | F(wzq,y(21(0,0), 2(x1,0,0)]
implies Fy € I® (or F1 € mI®), x € I and s < v(p) (or s <v(p) —1).
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Now suppose that (u,v), (u1,v1) are permissible parameters at f(p). Suppose
that v1 = u, u; = v. With the notation of Case 1.1 of the proof of Lemma 6.7,
F € I” implies (23) can be modified to

z = Zu(z)” mod T¢I *

and thus
z = ZQ(T)” mod T 4H1*
We thus have

= )\u(’)\_HT(C_d)F(uOE, Y, 2)
(

+ A >\2_1) u3_2+27(c_d)fc_dF(u0§, y, Z)2 + PPN mod EIS

since I = (z, f(y, z)) for some f, we have F; € I*. We have a similar proof when
F € mI°. We can replace m” in the formulas of case 1.1 of Lemma 6.7 with
mli®.

In the proofs of cases 1.2 and 1.3, we can also replace m” in all the formulas

with I® (or mI®). Again, since x € I, we get F} € I°® (or Fy € mI®). O

Lemma 6.14. Suppose that C is a 2 curve and p € C. Then the condition
Fy, € 1¢ ,, (with s € N) is independent of permissible parameters at ®x (p) and
.

Proof. Suppose that (u,v) are permissible parameters at ®x(p). We will first
show that the condition is independent of permissible parameters for (u,v) at p.

If p is a 2 point, this follows from the proof of Lemma 6.6, with the observation
that, in the notation of (21), F' € Z¢, , implies

at(a+b)—c—d(ac5dF> j-s—t(a+b)+c+d
8xt1afcayib—d C,p

Y

so that > bzt~ Cyib d e f&p, and thus Fj € fé’p.
If p is a 3 point, this also follows from the proof of Lemma 6.6. With the
notation of (22), after possibly permuting the parameters (wq(1), Wy(2), We(3)),

we have Iop ( We (1), W (2))
If G e (’)X p is a series and G € ICp for some a, we have that

oG oG

, e j—a—l
8wa(1) 6wa(2) ¢p
and 90
—~ _c7IZ
8w0(3) ¢.p
Thus

ta—d tb—e te—f
biw (1) W (2) Wy (35 €1z,

for all ¢, and F; € i(sf,p'
The independence of the conditions from permissible parameters (u,v) at

® x (p) follows from cases 2.1 - 3.3 of Lemma 6.7, with m" replaced by iap =
(z,y)® in the formulas of these cases.
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Example 6.15. If p is a 2 point, the condition F, € I° where I C (’A)X,p s a
reduced ideal can depend on the choice of permissible parameters at p.

Proof. Consider
u:wy,v:z2+wz
the Jacobian is J = (zz,y(2z + z), 2(2z + x)).
r? =2rz+2* — 2wz € J.
VJ = (x,yz). (z,y, 2) are permissible parameters for (u,v) at p. Let I = (z, ).
F eI
We have other permissible parameters (z,y,z) at p, where Z = z — y. Then

I = (Z+y,x). The normalized form of v with respect to these new parameters
is

u=uzxy,v=xy+ F
where
F=[Z+y)?+a27 &I
O

Lemma 6.16. Suppose that p is a 2 point, and C' is a curve, making SNCs with
the 2 curve through p. Then the condition F, € fé’p with s € N s independent
of permissible parameters (u,v) at ®x(p) and permissible parameters (x,y, z) at
p for (u,v) such that I,y = (z, 2).

We will call parameters as in Lemma 6.16 permissible parameters for C at p.

Proof. Suppose that (u,v) are permissible parameters at ®x(p). We will first
show that this is independent of such permissible parameters at p for (u,v).
Suppose that (x,y,z) and (z1,y1,21) are permissible parameters for (u,v) at p
such that Zo, = (z, 2) = (1, 21) and

T (mayb)m

v = P(z%°) + 2y F

with F' € jé,p = (z,y)®. We have

r=ar,y =P,z =z2(x1,Y,21) =wz + Y21

where a, 3,w are units in Oy, and v € Ox,. If G € Ox, is such that G €
($1,Zl)a then

oG

8_581 < (.%‘1,2’1)(1_1
and

96 € (x1,21)"

83/1 1,#1) -
Thus

at(a—l—b)—c—d(acﬁdF)
amia—cayilib—d
In (21) of Lemma 6.6, we have b, = 0 if s > (ta — ¢), so that F} € (z1,21)°.

e (le’ zl)s—(ta—c)
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The independence of the condition F' € ié',p from choice of permissible param-
eters (u,v) at ®x(p) follows from cases 2.1-2.3 of Lemma 6.7, with m” replaced
by Z¢,,, = (x,2)® is the formulas of these cases. O

Let Ba(X) be the (possibly not closed) curve of 2 points in X, B3(X) =
{p1,... ,pr} the set of 3 points in X. Let By(X) = By(X) U B3(X) be the
Zariski closure of By(X) in X.

Definition 6.17. Suppose that Z C Ex is a reduced closed subscheme of di-
mension < 1 and p € Ex. We will say that Z makes SNCs with Bo(X) at p
if
1. All components of Z are nonsingular at p.
2. If C4,...,Cs are the curves of Z containing p and D-,... ,D; are the
components of Bo(X) containing p, then Cy,...,Cs, D1, ..., D; have in-
dependent tangent directions at p.

We will say that Z makes SNCs with By(X) if Z makes SNCs with By (X)
at p for all p € Ex.

Definition 6.18. Suppose that p € X, U is an affine neighborhood of p in
X, and 0 :' V. — U is an étale cover. Then we will say that V is an étale
neighborhood of p. Suppose that D C X. We will write DNV to denote o= (DN
U).

Definition 6.19. (c.f. Chapter 3, Section 6 [29].) Suppose that V' is an affine k-
variety. r1,... ,xy, € D(V,Ov) are uniformizing parameters on V if the natural
morphism V. — spec(k[xy,... ,xy]) is étale.

Lemma 6.20. Suppose that (xz,y,z) are permissible parameters at p for (u,v)
such that y,z € Ox . Then there exists an affine neighborhood U of p and an
étale cover V. of U such that (z,y, z) are uniformizing parameters on V.

Proof. With the notations of Definition 6.4, let @ = a if pis a 1 point, a = ma if p
is a 2 or 3 point. There exists a unit A € Ox,, and & € Ox , such that % = \z°.
There exists an affine neighborhood U; of p such that Z,y, 2z, A € R =T'(Uy, Ox)
and X is a unit in R. Set S = R[A7], Vi = spec(S). f : Vi — Uy is an étale
cover. klz,y,z] — S defines a morphism g : V; — A3. Let a be the origin of
A3. g € g71(a) if and only if z,y, 2 € m, which holds if and only if Z,y, z € m,.
Thus g~ (a) = f~1(p). Ov, 4 = k[[Z,y, 2]] = k[[z,y, 2]] for all ¢ € g~'(a). Thus
g is étale at all points of g~1(a). Since this is an open condition, (Proposition
4.5 [21]) there exists a closed set Z; of V; which is disjoint from f~!(p) such
that g | (V1 — Z7) is étale. Let U be an affine neighborhood of p in U; which is
disjoint from the closed set f(Z1). Let V = f~1(U). Then V is an étale cover
of U on which z,y, z are uniformizing parameters. [

Proposition 6.21. S,.(X)N (X — By(X)) is Zariski closed in X — Bo(X) and
Sr(X) N By(X) is Zariski closed in Ba(X). Thus S.(X) is a constructible set.
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Proof. First suppose that p is a 1 point. Then there are regular parameters
Z,y,% in Ox p, permissible parameters x,y,z at p, and a unit A € Ox , such
that

u =zx%=\x¢

v = P(z)+ 2°F,(x,y,2).
Z,1, z are uniformizing parameters in an affine neighborhood U of p, and there
exists an étale neighborhood ¢ : V' = spec(S) — U of p such that (z,y, 2z) are
uniformizing parameters on V, x = 0 is a local equation of Ex NV in V. Let

Jitithy

I= clitk>0i+j+k<b+r—1)CS,

(axiayﬂ'@z
Z=V({I)CV.
Suppose that p’ € Ex N'V. Then if a = y(p'), 8 = z(p’), we have that
u =z
vo= 3w s (0, 0. )zt (y — ) (z — B)F

and

v = vo(o(p)) = Py(x) +2"Fy.
v(p') > rif and only if p’ € V(I). Let Z1 = o(Z). S, (X)NU = Z; is closed in
U.

Now suppose that p is a 2 point. Then there are regular parameters z,y, z in
Ox p and permissible parameters x,y, z at p and a unit A in Ox ;, such that

u = (xayb)m — )\(.,%ayb)m
v = Paty’) + 2y Fy(z,y, 2)

There exists an étale neighborhood o : V' = spec(S) — U of p such that
(z,y, z) are uniformizing parameters on V', xy = 0 is a local equation of Ex NV
in V. Let C be the 2 curve in X containing p. Suppose that p’ € C NV. Then
if 3= z(p’), we have that

U — (xayb)m
v—v(o(p)) = Py(z™y’) +zY?F,
§ititky,

1 . .
= ,0(s _ Ak
v Z@Ul]{;l axlay]azk (07075)33 y (Z ﬁ) .
Let

i+j+k
I = (3292 | k>00r k=0

and a(d+j) —blc+i)=0andi+j+k<c+d+r—1)CS,

p e Candv(p’) > rifandonlyifp’ € V(I)NC. Z=V(I) C V. Let Z; = o(Z).
SH(X)NCNU=CnNZyNU isclosed in CNU. O

Lemma 6.22. Suppose that p € Ex is a 1 point or a 2 point.

1. Suppose that (x,y,z) are permissible pammeters at p, I C (’jx,p 1S a re-

duced ideal and F), € I" for some r > 2. Then IS ) C 1.

2. Suppose that (x,y,z) are permissible parameters at p, I = (z, f(y,z)) C
Oy.p is a reduced ideal and F,, € () + I?. Then IS xX)p C I.
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Proof. Suppose that F, € I" for some r > 2. First assume that p is a 1 point.
Since = € I and r < v(p), we can make a permissible change of parameters, and
renormalize to get that y,z € Ox, and F}, € I".

A ai+j+ka . . .
Is,_(X),p: (W|Z+J+kﬁr—l,3+k>0>. (32)
F, € I" implies
it+j+k
u cl
0x 0y 0zF

foralli+j+k<r—1. Thusfgw(x)pcl.

Suppose that p is a 2 point.
T (xayb)m
v = P(z%P) + 2y F,
with F}, € I" and r > 2, F}, € I" implies
Ty S Ising(q)x),p

= \/xma+c—1ymb+d—1 ((ad —be)F, + ayaa—? — bx%, yaaizp, 338;;”) clI,

so that x € I or y € I. Without loss of generality, z € I.
There exist permissible parameters (Z, 7, Z) at p such that 7,z € Ox p, 70 =
z%y? and
r=0x,Yy=7TY,2=2+h

for some series o,7,h € O x,p With

o =1 mod m?,

7 =1 mod m®

h =0 mod m®

where m = m,Ox p,

a> ")~ (c+d).
a
We have ,
u = (zy’)"
v = P@7%’) + 7Y oriF, (07, 7Y, Z + h)]

0“1 F, (0T, 7Y, Z + h) = Fy(T,7,Z) mod m®
Let v = P (7°%") + 7°Y?F) be the normalized form of v. Since F,(Z,%,%) is
normalized, we can only remove terms
(z°y")" jz°y"
with t(a + b) — (¢ + d) > @ from 0°79F,(0Z,7Y,Z + h) to construct Fy. Since
this condition implies
at—c>r

we have Fy € I". We can thus assume that y,z € Ox .
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Set
v — Pt(:(;“yb)

w = d

Ty
with ¢ > ¢+ d + r. Thus
w=F,+z"y"h(x,y)
with m > r. F, € I" implies w € I" which implies that
Qititky
0xt0yI Ok
ife+j+k<r—1
There exists an étale neighborhood o : V' — U of p such that (z,y,z) are
uniformizing parameters on V, xy = 0 is a local equation of Ex NV in V.
Suppose that

ai—l—j—i—kw

is a 1 point in V. ¢ has permissible parameters (Z, 7, Z) defined by

j=y—a,i=z-pi=ay (33)
for some «, 3 € k. Thus
u = gem
v = P(3%) 4+ ot T iw(Ea e, a, B)
cb cb

+3° |7+ @) Fw(a,y,2) - ot Fu(ia o, 0)]

vg(w) > r implies g € S, (V).
Suppose that

0

is a 2 point in V. ¢ has permissible parameters (z,y, Z) where

z=z—p[.

i+j+k ' '

for some (3 € k.
T
v = Pi(z%y’) + xcyd[Z(c+i)b—a(J+d);0 %(Q)xiyj]
+acy? [w = 2 (c+i)b—a(j+d)=0 %(Q)xiy‘j
Again, v,(w) > r implies ¢ € S,.(V). So
Otk

|i+j+k§r—1)C§AV)

implies

N Ot titkq ] ]
Igﬁpc ($,W|Z+]+kgr—1>c_[
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We now prove 2. Suppose that the assumptions of 2. hold. If p is a 1 point,

then (32) implies IS x)p C 1
If p is a 2 point, then arguing as in the proof of 1., we set
U= P, (%)
- xcyd

and conclude that %“’, %—w € I. Suppose that ¢ € V(«, ‘g—";, %—‘;) is a 1 point.

Then there exists ¢ € k such that mult(w — ¢z) > 2, where the multiplicity is
computed at g. ¢ has permissible parameters as in (33).

r=«

Qo

r mod mg(’)xﬂ

implies mult(w — ca~«Z) > 2, so that ¢ € So(X). We have a simpler argument

if g € V(z, %Z’ 9v) is a 2 point. Thus

. ow Ow

I§2(X),pC (l’,a—y,a) CI

OJ

Lemrpa 6.23. Suppose that C' C X is a curve and there exists p € X such that
F, eIz, with r > 2. Then C C Ex.
1. Suppose that C C Ex is a curve and there exists p € X such that F), €
Z¢, with r > 1. Suppose that q € C is a 1 point. Then Fy € I, .
2. Suppose that C' is a 2 curve and there exists p € C' such that F), € I, ,
withr > 1. If ¢ € C is a 2 point, then F, € L -

Proof. We will first show that 1 or 2 hold for all but finitely many q € C.
First Suppose that p is a 1 point. By Lemma 6.13, we may assume that
Y,z € Ox p.
u=2%v=Px)+a2"F,.
In an étale neighborhood U of p, (z,y,z) are uniformizing parameters. Let
I =71c,. If F, € I" with r > 2 then
0F, OF, 1

el ClI.
8y 0z

0F, OF,
U € Long(@x)p = \/4”“ G, dy 0z 2.l
implies z € [.

Now assume that F), € ig with 7 > 1 so that C' C Ex, either by assumption

if r =1, or by the above argument if » > 2. Thus z € Zcp Set w = %“()
After possibly replacing U with a smaller étale nelghborhood of p, there exists
a reduced ideal J = (z, f) C T'(U, Oy) such that JOx, =1I. If g€ V(J) C U,

then ¢ has regular parameters (z,y — «,z — (3) for some o, 3 € k. w € J”’(’jx,p
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implies w € J" (since J is a complete intersection implies J” has no embedded
components). Since v(F,) > r, we have

1 0'w .
Y =W — Z:z'&vz (0, , B2 GJOXq

Thus for all but finitely many ¢ € C, 1. holds.
Now suppose that p is a 2 point.
u = (xayb)m’v — P(l’a’yb) + xcde
where I’ = F),.

Suppose that F € If, , with 7 > 2. Then F, £, 98 98 € 7, . By (15),

A OF OF OF A
7, £ T g
u € sing(®x ),p C \/( " O 8y’ 82’) CLloyp

implies x € ic,p ory e fc,p.

Now assume that F), € Z¢, , with r > 1. Then C' C Ex, either by assumption
if r = 1, or by the above argument if r > 2. Thus we have z or y € Z¢ . Suppose
that x € Z¢ . As in the proof of Lemma 6.22, we may assume that y,z € Ox p.
Set t =c+d+r, w= %m:yh. There exists an étale neighborhood U of p

zcy
such that u = zy = 0 is a local equation of Ex in U, (z,y, z) are uniformizing

parameters in U, and a reduced ideal
= ('Taf) - F(U7OU)

such that J (’A)X,p = fcyp. w € J" since J is a complete intersection.

Suppose that C' is not a 2 curve, so that fap # (z,y). After possibly replacing
U with a smaller étale neighborhood of p, we can assume that UNCNBy(X) =

If ¢ # p, and ¢ € V(J) C U, then ¢ has regular parameters (z,y — o,z — [3)
such that o # 0. ®x(q) has permissible parameters

Uy =U,v1 =V — U(q)X(Q))
with permissible parameters (7,7, z), defined by
:E:E(y+a)_7b,y:y—a,§:z—ﬁ
F+a)Cwe It T € Zc.q, and
F,= U+ oz)d_b?cw — Q)
with mult(Q2) > r, which implies Fj, € fqu.
Now suppose that C is a 2 curve, so that Zc, = (z,y). If ¢ € V(J), then

(u,v — v(Px(q))) are permissible parameters at ®x (¢), and g has permissible
parameters (z,y,z) withz =z —a. w € Ig S Ic,q and

Q(ay’)
xcyd
for some Q with mult(mx—yy)) > r. Thus F, € ZE

Fo=w—
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Now suppose that p is a 3 point.
u = (2%°2°)™, v = P(x%"2°) + 2%y°2' F
We can assume that y,z € Ox . F' € fg,p with » > 2 implies that
0F, 0F, 0F, -
; P 5 € C,p
Ooxr 0Oy 0z ’

By (16),

. oF, 0F, OF, A
I' F p p p I
u e sing(f),p C \/( ’ O ) ay ’ 02 ) - C,p

Thus z,y or z € fc,p.
Now suppose that F' € Z¢, , with r > 1. If r =1, then z,y or z € Zc, by

assumption. If » > 2, then x,y or z € ic,p by the above argument. Suppose
that x € Zg . Sett=d+e+ f+r,
v — Py(x%y’z°)

xdyezf ’

w =

There exists an étale neighborhood U of p such that (z,y,z) are uniformizing
parameters in U, u = xyz = 0 is a local equation of Ex in U and J =T'(U,Z¢) =
(z, f) is a complete intersection. w € J" since J is a complete intersection.

Suppose that C' is not a 2 curve. Then we can assume that UNBy(X)NC = p.
If g€ V(J) C U and q # p, then ®x(q) has permissible parameters

r=z({y+a)e Z+0) “y=y+a,z=2+p
with a, 6 #0. w € iaq, T E fqu and
Fy=(@+0)"%E+p)%w-@).
mult(2) > r implies F, € jaq.
Suppose that C is a 2 curve, I¢ ), = (z,y), ¢ € V(J). Then
up =u,v; = v —v(Px(q))
are permissible parameters at ® x(¢), with permissible parameters (Z,y,z) at ¢,

Z=z—a,x=T(Z+ )=

u= @) = @7
with (@,b) =1, w € 7¢., = (,y)" implies
. Q@
Fy=(z+a) % w-— <_Z v)
TY°

with mult(m;d—?ib)) >r. Thus F, € fg,q.
We conclude that 1. or 2. hold for all but finitely many ¢q € C.
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Suppose that ¢ € C' is a 1 point. We have at g,
u=2z%v=Px)+2"F

with z € Zog, ¥,2 € Ox.4. There exists an étale neighborhood U of ¢ such
that (z,y, z) are uniformizing parameters on U, x = 0 is a local equation of Ey,
J =T(U,Z¢) = (x, f) is a complete intersection. 1. holds for all ¢ # ¢’ € UNEx
and

v — Pyyp(x)

x
For ¢ € V(J) C U with ¢’ # g,
u,v1 = v —v(®x(q"))

are permissible parameters at ® x(¢') and (x,y — o, z — ) are permissible pa-
rameters for (u,v;) at ¢'.

Fp=w-P(z) €1},

where
o 1 Z
B SELA RN i
1=0 1=0
Set,
r—1 .
A=w-— Zaim’ e I'(U, Oyp).
i=0

A e i&q’ implies A € J", so that A € j&p implies

a’L
0,0,0) =0
az( ) =
for ¢+ < r, and
=1 9'A
F=A-> — 0 ——(0,0,0)2" € I, .

Now suppose that C' is a 2 curve. Suppose that ¢ € C' is a 2 point. We have at
q,

u = (wayb)m

v = P(x%®) + 2y F
with Z¢ q = (z,v9), y,2z € Ox 4. There exists an étale neighborhood U of p such

that (z,y, 2) are uniformizing parameters on U, xy = 0 is a local equation of
ExnU, J=T(UZc) = (x,y). 2. holds for all 2 points ¢ # ¢’ € UN Ex.

v Pc—i—d—i—r(xayb)
xcyd

T'(U,Op).

w =

For ¢ € V(J) C U with ¢’ # q, there exist permissible parameters (z,y,z — 3)
at ¢’ for (u,v —v(Px(q))).

Pl(xayb) r
Fq/ =w — ;L'C—yd € IC,q’
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where
o
Pl(l'ayb) — § :ai(mayb)z.
=0

ct+d+r—1 b
Dy wi(ey)’

mcyd

is a series. Set A = w— eI’ (U,0Op). A € i&q’ implies A € J",

so that A € f&q and
8(a—|—b)i—c—dA
axai—caybi—d
for (a +b)i —c—d < r, so that

(0,0,0) =0

8(a+b)i—c—dA

1
F,=A— g , _ . .
— ) _ A\! ai—c )y, bi—d
(ot B) e (ai — o)!(bi — d)! Ox**—<Qy

(0,0,0)zy*~4 € 17, .

OJ

Lemma 6.24. Suppose that r > 2, C C S,.(X) is a nonsingular curve, and
p € C is a 1 point, so that there exist permissible parameters x,y,z at p such
that

u =z

v = P(x)+z°F

where Io, = (,2). Then
FP = aT(x,y) + ar—l(xvy)z + -+ al(xay)zr_l +g(x7y7 Z)Zr

where
' |a; for1 <i<r-—1,

and "1 | a,.

Proof. There exist permissible parameters (x,7,%) at p such that §,Z € Ox,,
and (x,%Z) = Z¢,p. Then there exists a,b € Ox,, such that Z = ax + bz where b
is a unit. Assume that the conclusions of the Lemma are true for the variables
(z,79,Z). Then substituting for x,y, z we get the conclusions of the Lemma for
(x,y, ), so we may suppose that y,z € Ox .

There exists an étale neighborhood U of p such that z,y, z are uniformizing
parameters in U, x = 0 is a local equation of EFx in U, x = z = 0 are equations
of CNU. Ifp e UNC, and a = y(p'), then (x,y; = y — «, z) are permissible
parameters at p’.

Fo= Y i e e 0
— —_ — 0,a,0)x'y; 2".
p 1i1k! Ozet kAT D 1
15071 k50 (c+3)ljlk! Qxctioyi 0z
v(p') > r for p € CNU implies that, if j +k >0 and i+ 75+ k < r, then
getitithy,
daeriggiozr 00 =0
for infinitely many «, so that

Hetititky,

Bueriggiozh 90 =0
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inU,if j+k>0and i+ j+ k <r. Thus

ac+i+kv
———(0,4,0) =0
axc+zazk( 7y7 )
inUifi+k<r, k>0, so that
oetititk o7 [ getitk
T (0,5,0) = — " (0,4,0)| =0
OxcTidyi Ozk Oyl | xctidzk
ifi+k<r,k>0andj>0. Thus
getititky,
——(0,0,0) =0
8xc+18y382k( ,0,0)
ifk>0,1<r—k,5>0,
ac—l—i—l—lv
———(0,y,0) =0
8xc+18y< y,0)
if i <r —1, so that
Hetitiy
——(0,0,0) =0
Oxctidy (0,0,0)
if i <r—1, 7 >0, and the conclusions of the Lemma follow. [

Lemma 6.25. Suppose that v > 1, C C X is a 2 curve such that v(p) > r if
p € C is a2 point (C CS.(X)ifr>2), andp € C is a 2 point, so that there
exist permissible parameters x,y,z at p such that

T (xayb)m

v = P(x%®) + 2y F

where Ic,, = (z,y). Then there exists a series T(z) with mult 7(z) > 1 such that

T(z)zloylo + Dijor a;j(z)x'y?  if there exist nonnegative
integers (ig, jo) such that

F= o+ jo=r—1
and a(d + jo) —b(c+i9) =0
Ziﬂ-zr aij<z)ﬂ7iyj otherwise

Proof. There exist permissible parameters (Z,7,%z) at p such that 7,z € Ox .
or=T,wy =7, 2=2+h, 0c%" =1with o,w,h € @X,pa o,w =1 mod mi@x,p,
h = 0 mod mzz)@x,p. Suppose that the conclusions of the Lemma hold for
(Z,y,Zz). Substituting for (z,y,z) we get the conclusions of the Lemma for
(x,y,2). We may thus assume that y, z € Ox .

There exists an étale neighborhood U of p such that z,y, z are uniformizing
parameters in U, xy = 0 is a local equation of U N Ex. Set

v — Py(zyb)
- xcyd
where t > ¢+ d+r. We have w € I'(U, Oyp,,) and
T (xayb)m

v = Py(a%y®) + 2°ytw.
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If  eUNC, and a = z(p'), then (x,y, 21 = z — a) are permissible parameters
at p'.

_ 1 9itithy i,k

By = Zk>0 i,j>0 Tj1K] dx? Oyl H=F 7(0,0, a)z'y’ 2
1 9w J
+ 2 aite)—b(j+d)o i Baray (0,0, )2y

v(p') > r for p’ € CNU implies that for infinitely many «, we have

Otk . o
W(O,O,a):01fk:>0andz—|—]_|_]g<7a
and
9w
63:283;](0 0,a) =0ifa(i+c)—b(j+d)#0and i +j <.
Thus
Ot titky, . ' ' | |
eiggiaaF 002 =0ifali+o)—b(j+d) #Oanditj<r
and i+j+1
oI w
axzay]az( ’ 72) e+ +1<r,
so that o
O*TITRw
Bmzayﬂ(‘?zk( 0,2)
ifi+j <r—1, k> 0. Setting z = 0 in the above equations, we get the statement
of the Lemma. -

Lemma 6.26. Suppose that C' C X is a nonsingular curve containing a 1 point,
p € C is a 2 point such that C makes SNCs with the 2 curve through p, and
(z,y,z) are permissible parameters at p such that x = z = 0 are local equations

of C' at p.

1. Write
U (xa b)m
v = P(z%°) + 2y F
Then if r > 2 and C C S, (X),
F=a2""1r(y) + Z aijr'y’ 2F
i+k>r

where T is a series with mult(T(y)) > 0.
2. If there exists a 1 point ¢ € C such that Fj, € 1s, with r > 1, then

F, ez,
Proof. There exist permissible parameters (7,7, %) at p such that 7,Z € Ox ,,
or =T,wy =7,0%W" =1,

with o,w € (’)Xp, o,w = 1 mod m,Ox p, Ie,p, = (T,%Z). Then Z = Gz + bz for
some @,b € Ox .

Suppose that the conclusions of the Lemma hold for (Z,7,z). Substituting
back for (z,y,z), we get the conclusions of the Lemma for (x,y,z). We may
thus assume that y,z € Ox ,
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There exists an étale neighborhood U of p such that z,y, z are uniformizing
parameters in U, zy = 0 is a local equation of Ex NU, CNU = V(x,z) in U.
Set

v — Py(x%yb)
w=—
-y
where t > r + ¢+ d. We have w € I'(U, Oy),
u = (2%’
v = P(z%°) + 2°y%w

IfpeUNC,and a = y(p'), then (x,y — «, z) are regular parameters in @Xyp/.
We have permissible parameters 7,7, z at p’ # p defined by

r=T(F+a) " y=7+a.
At p/, we have

u =z (34)
vo=P(@%) + 7 + )t Tw
reydw =T(Y + a)d_%bw
ey _cb i+t i b
=7+ &)d ‘ {Zi,j,kzo ! '1'k:' az'ajyjaz (0,0,0)z"(y + @) Zayjzk}
itj+k _ 7b(C+Z)
= Zi,kzo [ZJ>0 lellk;l 8218Jy]azk (0 o 0) } (y + a)d c-l—z k
Thus
i3 g _ _b(etd)
F, = Zizo [Z]>0 Zlbl ng(;yg (0 leY 0) ] (¥ + a)d PR
_Zi>0 %g;lf (O a, 0) d— b(c-‘rz) ,’L‘l
- i+j+k s _ b(c+z) Z
+ Zizo,k»o {ijo i!jl!k! a?giaya'afk (0, a, 0)3/]} (7 +a)® 2.
v(p’) = r implies that
OitiTky,
——(0,0,0) =0 35
o (0:0:0) (3)
iti+7+k<r, k>0, and for fixed i <7
1 0w , , -
0,a,0)7 = ¢ (g A mod g 36
J;lz'y'axzayﬂ( @, 0)f = ¢, (T + ) mod g (36)

where \; = b(%ﬂ) — d, and the ¢!, € k depend on a and i. Since (35) holds for
infinitely many «,
az‘+k

W(O,y,o)zo

ifi+k <randk > 0. Thus
i+j+k J itkq,
0 w (0,0,0) = 8 0
0xt0yI 0zk Ayi | dxidzk
ife+k<r, k>0.

0y, 0)1 (0,0,0) = 0
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If i <r—1 we have

1 9w Y
1950 —(0,,0) =«
and -
10w .
———(0,0,0) = iAot !
i1 azigy & 0) = cakia
for infinitely many «. Thus
O'w 0 0w
Ai=—(0,0,0) = a——— 0
8331(0 a,0) = a@yax (0, v, 0)
for infinitely many «, and thus for all a. Set v;(y) = amz (0 y,0). We have
d%

There is an expansion 7;(y) = Z 0 bjy? with b; € k. d% = Z;}il gbjy? 1.

d’Y'L Z] Jy

so that b;(A\; — j) = 0 for all j, which implies that v, = 0, or A\; € N and
i = bx,y. Suppose that \; € N and ~;(y) = 8361 “(0,y,0) # 0. Then
O
0,0,0) = \;!b 0.
FEEmY i ( ) = Ailby, #

But )
blc+1i) —a(d+ X)) =blc+1) — a(a(c—ki)) =0

implies ¢ > r, by our choice of ¢ in p; and the assumption that F' is normalized,
a contradiction. Thus o
9" w(0,0,0)
O OyI N

ife <r—1.

Now suppose that there exists a 1 point ¢’ € C such that F, € fg’q,. By 1.
of Lemma 6.23, F, € faq at every 1 point ¢ € C'. With the above notation,
(trivially if r = 1)

F,=a""'7(y) + Z aijra’yl 2.
For p # q € C N U there exist permissible parameters (T,7, z) at ¢ such that
T=F(F+a) Ly=7+a
F, = TN+ Q

b b
A (y a)d—E(C—I—T—l) ; (g Oé) Oéd_(c_'—r Da T(Ck)v
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Qe jg?,q Fy € j’-g”q implies 7 = 0 or d — g(c—i—r—l) =0 and 7 € k. But
ad—b(c+r—1) =0 and 7 € k is not possible since F' is normalized. Thus 7 = 0.
O

Lemma 6.27. Suppose that r > 1 C C X is a 2 curve, such that v(q) > r if
g€ Cisa?2point (C C S (X)ifr>2)andp € C is a 8 point, so that there
exist permissible parameters x,y,z at p such that

— (.CL'abeC)m

v = P(z%b2%) + 2y F

where Ic, = (x,y). Then
T(z)zloylo + Ditjor aij(z)x'y?  if there exist (i, jo) such that

N and a(e + jo) — b(d+ip) =0
Zz‘+jzr Qij (Z)ivlyj otherwise

If there exists a 2 point g € C such that Fy, € fg,q and r > 1, then F), € i&p

Proof. There exist permissible parameters (7,7, Z) at p such that y,Z € Ox p,
or =T, WYy =Y, Uz =2

for some unit series o,w, u € O x,p- Suppose that the conclusions of the Lemma
are true for the parameters (Z,7,z). Substituting back for (z,y, z) we get the
conclusions of the Lemma for (z,y, 2). We may thus assume that y, z € Ox .

There exists an étale neighborhood U of p such that (x,y, z) are uniformizing
parameters in U, xyz = 0 is a local equation of Ex NU. Set
v — Py(2%y’2°)

xdye of

where t > d+ e+ f+r. We have w € I'(U, Oy ) and

w =

U = (azaybzc)m, v = Pt(xaybzc) + xdye fw.

If e UNC and a = 2(p'), then (z,y, 2z — a) are regular parameters in (’A)XJ,/.

If o # 0, we have permissible parameters (Z,y,z) at p’ where t = Z(Z + o),
Z=2z—a. At p’ we have
u=(T%")",v = P(a%") + 7%°(z + o) " Fw.
Tz + )l T w
—d e/— _ed i+j+k i —ic i
=T (E+a) 7w [Zi,j,kzo TS aiia;jalﬁk (0,0,0)F" (z + o) = iz
— i+j+k _ _ _cli+d) _ .
= zy° [Zmzo (Zkzo T a?cia;jal;k (0, 0704)Zk> (Z+ o)~ a Tyl
Thus
c(i+d)

_ 1 _9itithy —k\ (= - i)

Fy =350 (zkzo i e (0,0,0)2% ) (2 + @) T aty)
1 ai+jw f_C(i'i‘d) — j
- Zzg such that b(i+d)—a(j+e)=0 (Zv_y 0z Oy (0,0, a)a @ )Ty

v(p') = r implies
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Qititky e . .
W(0,0,0&):01f1+]+k’<Taﬂdb(’t+d)—a(j+€)#0
(37)
and if b(i +d) — a(j +e) = 0 for fixed 4, j with i + j < r,
S P (0,0,0) = iz + ) mod (27)
0,0,a)z" = ¢ (Z + a)* mod (z" 77
171L] z k
el szk: 0x'0yi 0z (38)
where \; = C(Hd) — f, ¢4 € k depend on a,i and j.

Since (37) holds for mﬁmtely many «,
Ot titky,
Dxidyi 92k
ifi+j+k<randb(i+d) —a(j+e)#0. Thus
i+j+k k itj
o 000 = 5 57
ifi+j<r,k>0and b(i+d)—a(j+e)#DO0.
Ifb(i+d)—a(j+e)=0andi+j<r—1, we have
1 0w A

=2 _"2.0,0,a) = ¢iia™
01 daigys 0 0) = e

(0,0,2) =0

(0,0 z)] (0,0,0) =0

and
1 8i+j+1w

il Oxi0yi Dz
for infinitely many «. Thus

(0,0,a) = ¥ \ati ™!

Ot Ot titly
A O
i gzigy 0¥ = 2 grgaa, (00 a)
for infinitely many «, and thus for all . Set
O Hw
Yij(2) = Dy ——F—(0,0, z).
We have an expression
i (2) = Z by.2"
k=0
with by € k.
dryiy - k—1
E = Z kbkz
k=1
dryiy = k
Nivij — 2 = ];)(/\Zbk — kby)zF =0
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implies by (A; —k) = 0 for all k, so that either 7;; = 0, or A; € N and ;; = by, 2.
Suppose that
O Hw
i (2) = W(an,z) # 0.
Then
ai+j+>\iw
Oxi Oyl Oz
so that we have a nontrivial @ Tiyetizf+2 term in 2%°2/ F. Recall that \; =
@ — f. By assumption, b(i +d) — a(j +e) = 0. We further have a(f + \;) —
c(d+1i) =0,
b(f+ i) —cle+7) =b(EED) —c(e + )
=bi(d+1i)—cl(i+d)=0
a contradiction to the assumption that I’ is normalized. Thus
Oitithky,
OxiOyl OzF
ifo(i+d)—a(j+e)=0,i+5<r—1,k>0.
Now suppose there exists a 2 point ¢’ € C such that F, € Iaq“ By 2. of
Lemma 6.23, F;, € fg,q for all 2 points ¢ € C'. With the above notation, if

Ar
F, ¢ I¢ ,, we have

(0,0,0) = A;lby, #0

(0,0,0) =0

F, = 7(2)z"y’° + Z ai;j(2)z'y’
i+j>r
where ig + jo =r — 1 and a(e + jo) — b(d + ip) =0, 7(z) # 0.
For p # g € C N U, there exist permissible parameters (7, y,z) at ¢ such that

t=F(Z4+a) ", z2=Z+«

u = (@) = @)"

v = P (%) + x%°F,
with (a@,b) = 1. o

F,=7"y"A+Q

with Q € fg , and

c(d+ig) _c(d+ig)

A=Z+a) "= 7EZ+a)-a/"" 1(a).
F, e I,
implies 7 = 0, or f — —c(di%) =0and 7 € k. f— —c(d::i‘)) =0 and 7 € k is not
possible since F' is normalized.

O]

Lemma 6.28. Suppose that r > 2, f1,..., fn—1 1S a reqular sequence in a n
dimensional regular local ring A. Let I = (f1,..., fn—1). Then

depth AJ/(I" + (f1)" H =1
for all r > 2.
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Proof. Let m be the maximal ideal of A. There is an exact sequence of A
modules

0= 71+ ()7 ) = A/ + ()Y = A/ 50
I"7Y/(I" + (f1)" 1) is a free A/I module, since f1,... , fn_1 is quasi regular by
Theorem 27, [27]. depth A/I* =1 for all ¢ > 1 by Proposition 16.F, [27]. Thus
Hom 4 (A/m, A/I""1) = 0 and Hom(A/m, "1 /(I" + (f1)"~1)) = 0, so that
Hom 4 (A/m, A/(I" + (f1)"" 1)) =0
and depth(A/(I" + (f1)" ') = 1. O

Lemma 6.29. Suppose thatr > 2, p € X is a 2 point and (x,y,z) are permis-
sible parameters at p such that y,z € Ox p,

T (xayb)m

v = P(zy’) + 2y F,
p€ C C S.(X) is a curve such that x € j@p and C contains a 1 point q. Then
there exists a polynomial g such that one of the following cases hold

Case 1): 724F, — g(27°) € (fg,p + (:L’)T_l) kl[x,7, 2]] if ad — be > 0.
Case 2): F, — g(zy°)y* " € (iap + (x)’“_l) k[[z,7,2]] if ad —bc <0
where y = y°.
Proof. x,y, z are uniformizing parameters in an étale neighborhood U = spec(R)

of p and xzy = 0 is a local equation of Ex NU, C is a complete intersection in
U. Fort>c+d+r,

1
Ty

w = [v — P,(zy")] € R.

d

If g € CNU is a1 point, such that C' is nonsingular at ¢, then ¢ has permissible
parameters (x1,y1,21) where x = x1(y; + a)‘g, y =11+, z= 21+ for some
a, B € k with a #£ 0.
u =z
v = Py(x1) + x{F,
where
ad—bc

Fo=+a) = w—g(x)
for some series g. F, € j&q + (z1)"! (by Lemma 6.24) implies

bc—ad A~
w—(y1+a) @ gla) €L, + (z1)

Let y =5% S = R[y], X : V = spec(S) — spec(R). Suppose that ¢ € A\71(q).
Let h(z1) = gr(x1).
Suppose that ad — bc > 0. Then

729w — h(a7P) € ig‘,q/ + (z)" L.
I =T(V,Z¢) is a complete intersection in V', so that (by Lemma 6.28)
7w — h(2g) € (I" + (2)"1)S,
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and
g — hag) € (L, + (@) ) kil 3, 2]
7 b — h(ay®) = 7 F, — h(27®) mod (z7)
implies
7 F, — h(a) € (L2, + (@) ) klle.7,2])
The case when ad — be < 0 is similar. O

Lemma 6.30. Suppose that p € X is a 1 or 2 point, D is a generic curve
through p on a component of Ex containing p. Then F, & ipﬂ for q € D (if
F, is computed with respect to permissible parameters (z,y,z) at q such that
x =z =0 are local equations of D at q).

Proof. By Lemma 6.23 and Lemma 6.26, we need only check this at p. When p
is a 1 point this follows from Lemma 6.13.

Suppose that p is a 2 point, (z,y, z) are permissible parameters at p such that
T € fD,p. Then

= (z*y")™
P(z%y®) + z°y?F,

SRS
I

There exists a series

|

oo
i=1
with o; € k such that Zp , = (,%). Let
v=P(%’) +a%y'F,

be the normalized form of v with respect to the permissible parameters (z,y,z).

Then ~
Fp =F, — Z bixa"yb"

a(d+b;) —blc+a;) =0
for all 2. Suppose that Fp € ipyp.
F, = h(y, z) + zQ

with b; € k and

with h # 0. We either have
Z| h(y,z + Z ay')
or there exists ¢ € k, d € N such that a(d + c_l) —bc =0 and
y, z+ Z oY) — cy

Thus either h(y, 3> axy®) = 0 or h(y, 3 ary®) = ey,
Since D is generic, we can suppose that ai, as are independent generic points

of k.
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Let e = v(h). Write h =3, i aijy'2’.

h(y, S owy®) =30 e aiy (! +jod oyt + 3, aiyi(aay)?

= (Zi+j:e aij‘%) ye

+ (Zi+j:e jaijoqas + Zi—i—j:e—l—l aijo‘]) yett

We must have h(y, > apy”®) = eg¢ and e = d since Ziﬂ.:e aija{ #0as a; is a
generic point of k. Since F), is normalized, we must have a.o = 0, and v(h) =€
implies there exists a;,;, # 0 such that iy + jo = e and jo > 0.

We must have

. i1 ;
Z jaijoq Qg + Z a;ja | =0.
1+j5=e 1+j5=e+1
which is a contradiction to the assumption that oy, as are independent generic
points of k. O

Definition 6.31. Suppose that ®x : X — S is weakly prepared.

A monoidal transform w 'Y — X is called weakly permissible if w is the
blow-up of a point p on Ex, or a nonsingular curve C' on Ex such that C makes
SNCs with Bo(X).

Suppose that x : X — S is weakly prepared, and 7 :Y — X is a weakly per-
missible monoidal transform. Define &y = ®xon:Y — S, By = 7 Y (Ex) red-
Dy is weakly prepared.

Remark 6.32. Most of the invariants of this section can probably be described
intrinsicly in terms of the map

% : 0% (log Dg) — Q% (log Ex)



7. THE INVARIANT v UNDER QUADRATIC TRANSFORMS

Throughout this section we will suppose that ®x : X — S is weakly prepared.

Theorem 7.1. Suppose that v(p) = r, 7 : X1 — X is the blow-up of p, q €
7= (p) with v(q) = 1.
Suppose that p is a 1 point. Then

1. If q is a 1 point then r1 <.
2. If q is a 2 point then r1 < r. ry =1 implies 7(q) > 0.

Suppose that p is a 2 point. Then

1. If q is a 1 point then 1 <r+ 1. ry =7+ 1 implies v(q) =r + 1.
2. If q s a 2 point then ri < r.
3. If q 1s a 3 point then ri < r.

Suppose that p is a 3 point. Then

1. If q is a 1 point then r1 <1+ 1. ry =r+ 1 implies y(q) =r + 1.
2. If g is a 2 point thenry < r-+1. ry =r+1 implies 7(q) > 0. Furthermore
there are permissible parameters (r1,y1,21) at q such that

u = (zfyy)"
v = P(afy)) + 2yl Fy
and the leading form of I is
L= cyizﬁl_t + 210
where 0 <t <7, cb— (d+t)a =0. In this case, the leading form of F is
L=y'"( Y baa's")
1+k=r—t

where all by, # 0, and there are reqular parameters (T1,Y,,21) in @th
such that
T =71,y =Ty, 2 = T1(Z1 + )

for some 0 # 3 € k.
3. If q is a 3 point then ry < r. Ifry = r, and (r1,y1,21) are permissible
parameters at q with

r=2o21,Y =T1Y1,2 = 121,
then the leading form of F is
L = L(yl,Zl).

Proof. Suppose that p is a 1 point
2k
P(x)+x°F

u
v

Write F = Zi+j+k>T aijrriy’ 28

S.D. Cutkosky: LNM 1786, pp. 56—76, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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MONOMIALIZATION OF MORPHISMS
(p) is a 1 point. Then there are permissible parameters

Suppose that ¢ € 71
(z1,y1,21) at ¢ such that

r =a
y =z1(y1 + o)
z =z1(z1 + B)
u =k
v = P(x1)+ mf“wfi,

Y ajk(yn + ) (1 + B)F + 210 (39)

x] )
j+k<r

3

Suppose that v(q) > v(p). Then

Z ajr(y1 + @) (21 + B)F = € k.
Jtk<r

where ajr = ar_i—j j k-

and the leading form of F' is
L=ai( Y aglyi+a) (21 +B)F) = yaf = vz
J+k<r

a contradiction to the assumption that F' is normalized. Thus v(q) < v(p)
(p) is a 2 point. Then, after possibly interchanging

Now suppose that ¢ € 71
y and z, there are permissible parameters (x1, 1, 21) at ¢ such that

r =T1Yy1
y =y
z =uyi(z1 + )
w = abyf
ct+r F

v = Plrin) + iyt

F .
o Z airri(z1 + @) + 49
L itk<r
where a;; = @i r—i—k . Suppose that V(q) > v(p). Then

Z azk:cl 21 + a Z%

i+k<r
with a; + ¢ = c+ r for all 2. a; = r is the only solution to this equation, so that
if L is the leading form of F,
QL 7$r+cyg+c__/7xr+c
a contradiction to the assumption that F' is normalized. Thus v(q) < v(p)
Suppose that v(q) = r. After making a permissible change of parameters, we
may assume that a = 0. We have
F,= Z aikajizf + X (40)

i+k<r
Thus a;x = 0 if 2 + k < 7, and since L is normalized, we must have a;; # 0 for

some k > 0. Thus 7(q) > 0.
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Suppose that p is a 2 point
u = (wayb)k:
v = P(x%) + 2%y F
Write F = ZHjJrkZT aijrriy’ 2k
Suppose that ¢ € 7= !(p) is a 1 point. Then there are regular parameters
(x1,y1,21) in Ox, 4 such that

8

= 331
y =x1(y + )
z =x1(z1 + 0)

with a # 0.

_ —(a+b)k

@0k () + a)* =z

U:.Il

where z1 =71 (y1 + oz)_a%b.

F
v = P(—a—l—b) _l_xc—l—d—i-r(yl + a)A_T
1
o b(c+d+r)
where A = d — ~a¥b -
F
== ap(mta) (@ + 9" + 2,0 (41)
Lo jk<r
where a;i, = a,_;—j j . Suppose that
i+ [ D ajrln +a) (21 +8)F | =7 mod (y1,21)"
Jt+k<r
for some v € k. Then
Y apk(yi + ) (214 8)" =4y +a) 7 mod (y1,21)" " (42)

J+k<r

Set
fy1) = (y1 + ) Z iy

where ag = a=?

NEA= D) (A —i 1)
: o
7!
for i > 1. (42) implies a,11 = 0, so that —A € {0,1,... ,r}, and

S ajuln + Y (s + B =5+ )
JH+k<r

a; =

Thus

S7 aipat(yn +a) (21 + B)F = yat Prar yn + o)
i+i+k=r
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which implies that the leading form of F' is

L= Z aijra’yl 28 =z Ty

i+j+k=r
ZEcydL — ,Yxr—i—c—i—)\yd—)\
ald—A)=blr+c+A) =a [b(cj—ﬁ;_r)} .y [T-i—c—i—d— b(c:f;—r)} —0

Thus 2" T¢t y%=* is a power of 2%y, a contradiction to the assumption that F
is normalized. We conclude that v(q) < v(p) + 1.
If v(q) = v(p) + 1, we must then have that

Fiy = (y1 + o) Z ajr(yr +a)Y(z1+B)F | —y+ 72
J+k<r

with v = a? ZjJrkgr ajrad B%. There is a nonzero degree r+1 term in Fy (0, y1, 21),
so that y(¢q) =r + 1.

Now suppose that ¢ € 771(p) is a 2 point. Then after possibly interchanging
x and y, there are permissible parameters (z1,y1,21) at ¢ such that

r =X
Yy =T
z =x1(21+ 0)
with 3 # 0.

u = (@

v P( a+b b) _|_£Cc—|—d—|—ryiif

F .

Lo k<

with ajr = ar—j_k j k. Suppose that
Z ajkyl Z1 +ﬁ Z’V@
Jjtk<r

with v, € k, (c+d+7r)b— (a+b)(d+t;) = 0 for all i. There is at most one
natural number ¢ = ¢; which is a solution to this equation, which simplifies to

a(d+t)—blc+r—1t)=0. (44)
We have
> ajryl(z +B)F =y
J+E<r
so that

Z air@iyl (21 + B)F = vaiy}
i+j+k=r
Thus L = y2"'y'. But by (44) 2" ~tyd+t is a power of 2%’ a contradiction
to the assumptlon that F' is normalized. Thus v(q) < r.
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Now suppose that ¢ € 7~ 1(p) is a 3 point. Then there are regular parameters
(1,91, 21) at @ such that

r =121
Yy =Yz
zZ =2
We have
! (xlylzf+b2b d+r F (45)
v = Pafybz{™’) + afyfalt +Tz1
F, = £ so that v(q) = v(£ )
1
Suppose that p is a 3 p01nt
U (xaybzc>k

v = P(x%yb2°) + xdy2/ F
Write F'= 37,4 ps, aijkx'y’ 28, Suppose that ¢ € 771(p) is a 1 point. Then
there are regular parameters (z1,y1,21) in (’A)Xl,q such that

r =a
y =a1(y1 + )
z =wx1(z1 + B)

with a, 8 # 0.
w=ay" Ty a) (a4 B)F = TR
where 7 is defined by
21 =Ty (y1 + @)~ a5 (2 + B) " arre.

- P(—a+b+c) + xd+€+f+7”(y + a) (Zl + B)f_
. P(_a+b+c) + xd+€+f+7“(y + a))\l (Zl + 5)>\2
1

where
A =e— —b(d:j:fjr)
= - el
F
— = Z aje(y1 + ) (21 + B* + 719 (46)
L k<

where a;i, = ay_;_j j . Suppose that

(1 + )™ (2 4+ 8 [ D ajrlyr + @) (z1+ B8)F | =~ mod (y1,21)
J+k<r

for some v € k. We first observe that we cannot have v = 0, for v = 0 implies

Z a;k(y1 + @) (21 + B)" = 0 mod (y1,21)" >
j+k<r
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which implies

> ap(yi +a) (s +BF =0,

Jtk<r

a contradiction. Thus v # 0.

S iy +a (z + B)F = (1 + )M (21 4+ B mod (1, 21)"*

j+h<r (47)
Set f(y1,21) = (y1 + @) (21 + B) 772,
1 oty
Qij = 7 —— ! (0,0)
i j oyt o]
Then
(y1 + @) M(z1+B) " = Zaijyiz{'
y (_)\1(_>\1_1)i.!..(_)\1—i+1)Oéf,\lfi) (—>\2(—>\2—1)j.!..(_)\2—j+1)ﬁf,\2fj)
if3,5>0
oM —AQ(—Ag—l)J;!--(—A2—j+1)ﬁ_AQ_j)
i = 4 ifi=0,7>0
J —/\1(—A1—1)7;‘!"(—A1—i+1) Oé_)\l_i> /6—)\2
ifj=0,e>0
a—Alﬁ—A2
ifi=3j=0

\
Thus «o;; = 0 for i +j = r+ 1 by (47), and —X\; € {0,1,...,r}, =Xy €
{0,1,...,r} and —A; — Ay < r. Thus

S aielyn +a (4 B)F = (1 + )M (21 + B
j+k<r

so that _
Zi—}—j—l—k:r aieTy (Y1 + a)’ (21 + 5)k
=z (1 + ) (21 + )7
— ’71’;+>\1+>‘2 ['rl_M (yl + a)—/\1} [xl—AQ (21 + ﬁ)—)@]

and the leading form of F' is

I — Z aijkxiyjzk _ 7$r+>\1+>\2y—>\1z—>\2
itj+hk=r
2y 2f [ = itz et f-xe
Set
@ = drbes MR g ditcn
b - em (e- i)
¢ =f-(f-25ET)
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dte+f+r
Set T = =

_ (d4+e+f+r)(a+b+c)—b(d+e+f+r)—c(dt+e+f+r)
- a+b+c
br

= CT

= arT

(S plS]
I

[
|

ba —ab = (ba—ab)T =0
ac—ca = (ac—ca)T =0
cb—bc =(cb—bc)r=0
thus v = 0 since F' is normalized. This contradiction shows that v(q) < r + 1.
We have shown that

Fi=m+a™E+0™ | D api+a) (240" | —y+TE
J+k<r
with
v = O[AlﬂA2 Z ajk()éjﬂk.
j+k<r

Thus 71 = r 4+ 1 implies there is a nonzero degree r + 1 term in F3(0,y1,21) So
that v(q) =+ 1.

Now suppose that ¢ € 771(p) is a 2 point. Then after possibly interchanging
x,y, z, there are regular parameters (z1,y1,21) at ¢ such that

r =2
Yy =1
z =z1(zx1+B)

with 8 # 0.
=" 4 g
Set
w1 = (21 + 5)#”1651

u = (@)

v :P(E%+b+cy?)+ d+e+f+7”ye(z +ﬂ)fF
—P(.’Ea+b+cyb) 47 d+e+f+1” (Z +6)>\1 .r;

where
cld+e+ f+r)

=f- a+b+c

F ; _
Lo jtk<r
where aj = a,—;—; j . There is at most one natural number ¢ such that

(d+e+f+r)b—(e+t)(a+b+c)=0. (50)
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If v(q) > r + 1 there exists a ¢ satisfying (50), and 0 # v € k such that

(21 + )" Z ajeyl (21 + B)F | = vyt mod (y1,21)" .

Jt+k<r

Thus .

Z ajry(z1 + B)F = v(z1 + B) "Myl mod (yi,21) 2.

jtk<r
Set A(—=A1 —1 A + 1
m::—10—1— VJF—1—3+)ﬁ—MﬂQ
7!
Z ajry] (21 + B)F = 73/5(2 7;21) mod (y1,21)" .

jHk<r =0

implies

“M(=A1—=1)-- (=N —T’+t)ﬁ A —(r4+1—1)
(r+1—1t)!
so that —A\; € {0,1,...,r —t} and ¢t < r. Thus
Y apyl(z+ B =z + 8) M
j+k<r
> iither Gyl (21 + B)F = yai(z1 + B) My
=yl [alyl] [T (o1 + B)
x4 y e fr = v t+>\1+dyt+e f=x1

0= Tr41—t =

where L is the leading form of F'. Set
a =r—t+XA +d
b =t+e
=f—-XN
We have the relations (50) and (48). (50) implies
(d+e—|—f+r)b—e(a+b—|—c)

10

t=

a+b+c
b :t+€:—7ﬁﬂf'
A c(d+e+f+r)
= a+b+c

0=ba—ab=ca—ac=chb—bc
Thus

xr—t—i—)\l +dyt+ezf—/\1 _ (xabeC)

for some m € N, a contradiction, since F' is normalized. Thus v(q) < r + 1.

Suppose that v(q) =7+ 1.

Iy = Z Z ajk(z21+ )"yl — Yl + 718
J<r [k<r—j

63
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with ¢t <, v € k implies a;; = 0 if j # t. Thus
F, = yi( Z ak(z1 + )M — ) 4T 8
k<r—t
implies
Ly=cyizi ™ 4+ 7,0

where 0 # ¢ € k.
Now suppose that ¢ € 7~ !(p) is a 3 point. After possibly permuting x, vy, 2
there are permissible parameters (z1,y1,21) at ¢ such that

r =a
Yy =T
zZ =T121
u = (2§ Treyhag)k
- P( a+b+cylz )+Id+e+f+rye fmF1
v(q) = V(%) <r. O

Example 7.2. v(p) can go up by 1 after a quadratic transform. We can con-
struct the example as follows.

u=zxy,v =y
has F' = 1. Blow up p and consider the point p; above p with regular parameters
(z1,91,21) defined by z = 21,y = z1(y1 + @), @ # 0, z = 121, Set Ty =
z1(y1 +04)%7 7= (g1 + a)_% — a~ 2. Then

_2 —_1_3 _3—
u=2I,v=ua 2]+ Ty,
so that F} =7;.

Theorem 7.3. Suppose that v(p) = r, 7 : X3 — X is the blow-up of p, q €
7 (p) with ry = v(q).
If p is a 1 point then
1. If q is a 1 point, then r1 < r if T(p) < r, and if r1 = r then 7(q) = r.
2. If q is a 1 point, then v(q) <r
3. If q is a 2 point, and r1 =1 then 7(p) < 7(q).
4. If q is a 2 point and v(p) = r, then v(q) <r
If p is a 2 point and 1 < 7(p) then
1. If q is a 1 point then 1 <1 and v(q) <
2. If q is a 2 point and r1 = r, then 7(p) < 7(q).
3. If q is a 2 point and v(p) = r, then vy(q) <.
4. If q is a 3 point then r1 < r — 7(p)

T.

Proof. Suppose that p is a 1 point with v(p) = r. Suppose that ¢ € 7—1(p)
is a 1 point, and 1 = r. After making a permissible change of parameters we
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can assume that * = x1,y = r1y1,2 = x121. We than have, with the notation
of (39).

_ ik
Fi= Y ar_jrjrylzl +m9.
j+k<r

Now suppose that ¢ € 7= !(p) is a 2 point, and 7, = r. After making a
permissible change of parameters we can assume that r = z1y1,y = y1,2 = y121-
We than have, with the notation of (40)

ik
Fy = E Qi r—i—k, k121 + Y12
i+k<r

Suppose that p is a 2 point and 1 < 7(p). Suppose that ¢ € 7~ 1(p) is a
1 point. After making a permissible change of parameters, we have x = z1,y =
x1(y1 + @),z = x121 with a # 0. We then have, with the notation of (41),

F = Z r—j—k,j.k (Y1 + a) (1 + a)zf — v+ T Q.
Jt+k<r

There exists a;j, with i + j + k =r and k = 7(p) > 1 such that a;;; # 0. Thus
r1 < rand vy(q) <r.

Now suppose that ¢ € 771(p) is a 2 point. After making a permissible change
of parameters, we have x = x1,y = x1y1,2 = x121 We then have, with the
notation of (43),

F, = Z ar_j_k7j7ky{zf + 219,
Jjtk<r
and there exist 4, j, k such that ¢ + j + k = r and a;j, # 0 with k = 7(p). Thus
if ry = r, we have 7(p) < 7(q). If v(p) = r, we have v(q) < r.
Now suppose that ¢ € 77 1(p) is a 3 point. Then x = 2121,y = y121,2 = 21
We then have, with the notation of (45),

Fy = Z i i iy + 219
itg<r
There exists a;j; with ¢ +j + k =r and k = 7(p) > 1 such that a;;, # 0. Thus
r <r—7(p). -

Lemma 7.4. Suppose that r > 2 and p € X is a 1 point. Suppose that (x,y, z)
are permissible parameters at p and C C S,(X) is a curve such that p € C.
Then F, € I, ,+ (z"1).

Proof. x € icﬁp by Lemma 6.11. There exist permissible parameters (z,7,z) at
p such that 4,2 € Ox ,, Y=y + h1, Z = z + hy with hy,hy € m".

Suppose that the conclusions of the Lemma are true for the parameters
(2,7,2).

a

X
P(z) 4+ 2"F(,7,7)

SEI
I
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and F(x,7,%) is normalized with respect to the permissible parameters (x,7,%).
We have an expression

u =z
v = P(x)+a2"F(a,y, 2)

where F'(z,y, z) is normalized with respect to the permissible parameters (x, y, z).
F(2,5,%2) = F(z,y,2) + Q

with Q a series in x. Since F(z,y, z) is normalized, v(F) = v(F) = r and only
powers of x of order > r can be removed from F(z,7,%) to normalize to obtain
F(x,y,z). Thus the conclusions of the Lemma hold for (x,y, 2)

We may thus assume that y,z € Ox .

There exists an étale neighborhood U of p such that (z,y, z) are uniformizing
parameters in U, x = 0 is a local equation of Ex NU, C NU is a complete
intersection. Let R =T'(U,Ov), Ic =T'(U,Z¢). Set

v Pi(x)
=—
where t > b+ r. Thus
€ (y,2,2")Ou,p (51)
and
w—F € (z")Oxp. (52)

Let g be a smooth point of C N U. Then there exists «, § € k such that (z,y —
a, z — [3) are permissible parameters at ¢. Lemma 6.24 implies

FyeIf, + (@),

—e- 2 5

,B)x

Set
al
A=w-— Z (O «, B)
1<r— 1
A e (I, + (z"~1))Ox 4 implies by Theorem 7.1, Chapter VIII, section 4 [38]
and Lemma 6.28,
Ae(Zé,+ @ ))NR=UE+ (" "R

v(p) =7 and t > b+ r implies v(w) > r and %(0, o, 3) =0if i <r—1, so that
w € fg’p + (2"~1) which implies that F), € jap + (2" h). 0

Lemma 7.5. Suppose that p € X is a 1 point and v(p) = v(p) = r > 2. Then
there exists at most one curve C in S,.(X) containing p. If C exists then it is
nonsingular at p.
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Proof. Suppose that (x,y,z) are permissible parameters at p. Write i@p =
(z, f(y,2)). By Lemma 7.4, F, € jap + (@Y. f | Fp(0,y,2) and y(p) = r
implies v(f) = 1 and C is nonsingular at p.

Suppose that D C S,.(X) is another curve containing p. Then D is nonsin-
gular at p. Lemma 6.24 implies there exist permissible parameters (z,y, z) at p
such that Zo, = (, 2), there exist series a, b;; such that

Fp = scr_la,—|— Z bij.CCiZj.

itj=r
bo, is a unit implies X
aﬁzr_}zp =2¢+zy
where 1) is a unit. Since F), € iE,p + (z"1), we have
r—1
682’"_1?) < jD’p
which implies z € :ZA:DJ), so that C'= D. O]

Lemma 7.6. Suppose thatr > 2, p is a 2 point and C C S,.(X) is an irreducible
curve containing a 1 point, such that p € C. Then v(p) > r — 1. If 7(p) > 0,
then v(p) > r.

Proof. First suppose that C' is nonsingular at p and is transversal at p to the
2 curve through p. Then the result follows from Lemma 6.26. Now suppose
that C' does not make SNCs with the 2 curve through p. Let s = v(p). There
exists a sequence of quadratic transforms 7 : X; — X centered at 2 and 3 points
such that the strict transform C’ of C' makes SNCs with By(X1) at a 2 point
p1 = C’' N7 Y(p). We have s; = v(p1) < s+ 1, by Theorems 7.1 and 7.3.
s1 = s+ 1 implies 7(p1) > 0 and 7(p) = 0. 7(p) > 0 implies s; < s and if we
further have s; = s, then 7(p1) > 0.

First supppose that 7(p) > 0. If s; = s then 7(p1) > 0 so that r < s; =s. If
s1 < s then s > s; > r — 1, which implies s > r.

Now suppose that 7(p) = 0. If s; < sthen s> sy >r—1. If s = s+ 1 then
s+ 1=s; > rsince 7(p1) > 0, so that s > r — 1. O

Lemma 7.7. Suppose that r > 2, p is a 8 point and C C S,.(X) is an irreducible
curve containing a 1 point such that p € C. Then v(p) > r — 1.

Proof. Let s = v(p). There exists a sequence of quadratic transforms 7 : X; —
X centered at 2 and 3 points such that the strict transform C” of C' makes SNCs
with By(X1) at the 2 point p; = C' N7~ 1(p). We have s; = v(p;) < s+ 1 by
Theorems 7.1 and 7.3.

If s = s+ 1 then 7(p1) > 0, so that s; > r by Lemma 7.6, so that s > r — 1.
If s1 <s, then s > s; > r —1 by Lemma 7.6. O

Theorem 7.8. Suppose that p € X has v(p) =r > 1, and (z,y, z) are permis-
sible parameters at p, w: X1 — X is the blow-up of p.
Suppose that p is a 3 point
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1. Suppose that the leading form L, = L(z,y,z) depends on z, y and z.
Then there are no curves C in m~1(p) N S,41(X1). No 2 curves C of
n~Y(p) satisfy F, € jaq forq e C.

2. Suppose that L, = L(x,y) depends on x and y. Then the curves in
7Y (p) N S,11(X1) are a finite union of lines passing through a single 3
point of 71 (p). No 2 curves C' of n~1(p) satisfy F, € faq forqe C.

3. Suppose that L, = L(x) depends on x. Then there are no 1 points in
7 Y p)NS,11(X1) and there is at most one curve C in w1 (p)NS,+1(X1).
It is the 2 curve D which is the intersection of the strict transform of x = 0
with 7= (p). D is the only 2 curve C in 7~ (p) such that F, € faq for
qeC.

Suppose that p is a 2 point. Then the curves in 7 '(p) N S,41(X1) are
a finite union of lines passing through the 3 point. There are no 2 curves in

7 (p) N Srp1 (X1).

Proof. First suppose that p is a 3 point and L, = L(x,y, z) depends on x,y and
z. There are no 3 points in 7=1(p) N S, 1(X1) by Lemma 7.7 and Lemma 6.27
since (by direct calculation) v(q) < r — 1 at all 3 points in 7~ !(p). There are
no 2 curves in 7~ (p) NS, 1(X1) and there are no 2 curves in 7~ !(p) such that
F, e fg g for ¢ € C by Lemma 6.27. We will now show that there are no curves
in S,.1(X1) N7 !(p). Suppose that there is a curve C in S,,1(X1) N7 1(p)
containing a 1 point. C' must contain a 2 point ¢q. v(q) =r or r + 1 by Lemma
7.6 and Theorem 7.1.

First suppose that v(q) = r+1. Then by Theorem 7.1, there exist permissible
parameters (x,y, z) at p such that

L=y f(z,2) (53)
for some ¢t with 0 < t < r, (since L depends on x, y, and z). Write
F= > bga'zh
i+k=r—t

At a 1 point of C' we have (with the notation of (46)) permissible parameters
(z1,y1,21) such that x = z1,y = x1(y1 + ), 2 = x1(z1 + §) with a, 8 # 0

(y1 + )M (21 + B)™ Z aijk(y1 + a) (z1 4+ B) | = Ca,p mod (y1,21)" !
it+j+k=r (54)

for some 0 # ¢, g € k. Substituting (53), we have

(y1+ )M (214 0) [(y1+ @) X,y (21 + 8)F] = cap mod (y1,21)" !
(yr + )2 [,y bik(21 + B)F (21 + 5)2] = o3 mod (y1,21)" !
If t # —\; this is a contradiction, since there is then a nonzero y;z{ term for

some 0 < s<r—t Thus -\ =te{l,...,r—1}. But

v( Z bin(z1 +08)f (21 + )2 —cap) <r—t+1<r
i+k=r—t
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which is contradiction.
Now suppose that v(q) = r. We have from (49) (in the proof of Theorem 7.1)
that there exist permissible parameters (1,91, 21) at ¢ such that

z =21,y =a1y1,% = 21(21 + ),

Fo=1 Y arjrimti(z+08)F| 1+ O™ -yl + 10 (55)
Jt+k<r

if there exists a natural number ¢ such that (d+e+ f+7r)b—(e+t)(a+b+c) =0,
and

Fy=1 Y arjijwvia+B)F| (21 + 8™ + 710 (56)
J+k<r

otherwise. Since v(q) = r, For fixed j # t, we have
v( Y ar kg +B)") ==
k<r—j
Thus (for fixed j # t)
k<r—j
for some 7, € k and (for fixed j # t)

o . ik
Zz’-l—k:r—j aijkxlyjzk =y’ [Zkgr—j ar—j—k,j,k[zlf(zl +ﬂ)k]$§ ! ]

= ylay’ [Zkgr—j ar—j—k,jk(21 + mk}
=y
=" (2= 0) Ty
=;(z — Bz)" 7y’
For j = t, we have
v( Z ar—i g k(21 + B) TN —y) > —t
k<r—t
Thus we either have
Ly=> %y (z = Bz)"7 +y f(z,2)
J#t
where (d+e+ f+r)b—(e+t)(a+b+c) =0, and f is homogeneous of degree
r—1t, or

L, => vy (z— pz) 7.
;

Thus _ .
L, = nyjy{zfﬂ + 1.
or o
Lq= Z%y{f{_] + iz
it
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for some 7y, € k. If some ; # 0 with j # r, 7(¢) > 0, so that v(¢) > r+ 1 by
Lemma 7.6, a contradiction.
The remaining case is

Ly =7y +y' flz,2), (57)
with f #0, ¢t <r and v, # 0 if ¢ = 0, since L, depends on z,y and z.
f= > bpa'sh
i+k=r—t

At a 1 point of C' we have (with the notation of (46)) regular parameters
(x1,y1,21) such that © = z1,y = z1(y1 + @), 2 = x1(21 + B) with a, 3 # 0

(y1 + )M (21 + )™ Z aijk(y1 + a) (z1 4+ B) | = Ca,p mod (y1,21)"+!
i+i+k=r (58)

for some ¢4 3 € k. Substituting (57), we have

(y1+ )M (z1 + )™ [y + @) + (1 + )t >y bin(z1 + B)F]
= cq,3 mod (yl,zl)r"'l

Y+a) "+ > bi(21+8)F = (y1+a) M (21 4+8) M eap mod (y1,21)
i+k=r—t
The LHS of the last equation has no y; 21 term which implies A\ = —t or —Ay = 0.
A1 = —t implies v, =0 and t > 0,
V( Z bik(?q + ﬁ)k — Ca,g(zl + ﬁ)_&) <r—t+1<r
1+k=r—t
which is contradiction. Ay = 0 implies f = 0, a contradiction.
Now suppose that p is a 3 point and L, = L(x,y). Suppose that ¢ € 7~ 1(p)
is a 1 point and v(q) =7+ 1. @Xl,q has regular parameters x1, y1, 21 such that

r =a
y =mr1(y +«) (59)
z =z1(z1 + 0)

where «, 8 # 0. Write
L(z,y) = Z aijz'y’.

5=
(with the notation of (46))

(g1 + )™ (21 + 8 | D agjyn +a) | = a9 mod (y1,21)* (60)
which implies

> ag(y+a)Y =y +a) M (21 + B) Meap mod (y1,21)"
i+j=r (61)

so that Ay =0, and

Z aij(y1 + @)’ = (y1 + @) e, mod (y1) ! (62)
itj=r
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We will now show that there exist at most finitely many values of o such that

an equation (62) holds. Set
Z a;t’

where a; = a,—; ;.

Suppose there are infinitely many values of « such that (62) holds for some
q € 7 (p) with value 3 and regular parameters x1,91,21 in Ox, 4 as in (59).

Define g, by

SHES

)-

9a(y1) = g(y1 + ) = g(
Set A\ = A\1. By assumption,

9o (Y1) Z ai(y1 + @) = co(yr + )™ mod yiH
i<r

We can expand the RHS of (63) as

caly1 + a)_>‘ = coa N+ ca(—N)a _>‘_1y1
+e, —/\(—/\—1) a— 2y 4.
+COé >‘( ) ( >‘ T’ ) —>\ T'yl _|_ e

We can expand the LHS of (63) as
9a(y1) = ga(0) + L= (0)y1 + 352093 + - + L 42 (0)yf
~ () + () + S LH ()R 4+ 2T (0

d
()y7
We get that

d"g
dtr
which implies that

(@) = ca(-N(=A=1)- - (=A=r+Da" "

rla, =

rla,

(VA D (A riDar

_ - _ rla,a”?
gla) = caa —'( N(A=D) - (FA=rF a7
N (A —1)- (A —rF D)

Since this holds for infinitely many «, and g(t) is a polynomial,

rla,t"
“A=A=1)- (= A—r+1)

g(t) =

Thus

Za i rla,t"
R Y e R G e )

i<r

(63)

so that a,_; ; = 0if ¢ <r. Thus L, = ap,y", a contradiction to the assumption

that L depends on two variables.

Thus the only curves in S, 1(X1) N7~ !(p) which contain a 1 point are on
the strict transforms of y — ax = 0 for a finite number of nonzero a. These lines
contain the 3 point of X which has permissible parameters (z1,y;,21) defined

by x =x121,y = Y121, 2 = 21.
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Since L, = L(x,y), there is at most one 3 point ¢ in 7~ !(p) with v(q) = r.
Thus there are no 2 curves in S,;1(X1) N7 ! (p) by Lemma 6.27.

Now suppose that p is a 3 point and L, = L(x). Suppose that ¢ € 77 1(p) is
a 1 point and v(q) =7+ 1. @th has regular parameters 1, y1, 21 such that

r =
y =x1(y + )
z =x1(z1+0)

where a, 6 # 0.

With the notation of (46), we have
(y1 + ) (21 + 6)™T = cap mod (y1,21)"

for some ¢, g € k, which implies A\ = X2 = 0.
From equation (46) we have

_ b(d+et+f+r)

- a+b+tc
_ cldtetf+r)

a+b+c
where u = x%9°2¢ and x%y°2/ L, = axz?*"y°2/. Thus ec— fb = 0, ae—b(d+r) = 0
and af — c¢(d+r) = 0. It follows that F), is not normalized, a contradiction.
The fact that there is at most one curve C' in 771 (p)NS,,1(X1), which is the

2 curve which is the intersection of the strict transform of x = 0 with 7—1(p),
follows from Lemma 6.27, since at the 3 point ¢ with permissible parameters
(z1,y1,21) defined by x = x1,y = x1y1, 2 = 2121, v(q) = 0.

Suppose that p is a 2 point. By Theorem 7.1, there are no 2 curves in
r+1(X1) N7~ Y(p). Suppose that S,,1(X;) N7 (p) contains a 1 point. Then
7(p) = 0 by Theorem 7.3. The leading form of F}, has an expression

L,= Z aijxiyj.

i+j=r

After possibly interchanging x and y, we may assume that L # ag,y".

Suppose that there exist infinitely many distinct values of a € k such that
there exists a 1 point ¢ € S,1(X1) N7~ (p) with regular parameters (x1,y1, 21)
in @th defined by

r=x1,y=x1(y1 + ),z =z1(21 + )

for some «, 3 € k with « # 0, such that v(q) =7+ 1.
With the notation of (41) of Theorem 7.1, there exist ¢, € k such that

> aiy+a) = calyr +a) ™ mod yj*!

1+j=r
Set g(t) = > iy j=r ai;t’. g(a) = coa™.
= drg — —A—r
rlag, = (@) =ca(-N)(=A=1)--- (A —r+1a

dtr



MONOMIALIZATION OF MORPHISMS FROM 3 FOLDS TO SURFACES 73

implies
rlag,a”
“A)(=A=1)---(=A=7r+1)

g(a) =
(
for infinitely many «, so that
rlag,
(=N (=A=1)---(=A—=7r+1)

a contradiction. Thus 1 curves in 7= (p) N S,41(X;) must be the intersection of
the strict transform of y — ax = 0 and 7~ 1(p) for a finite number of 0 # « € k.
These lines intersect in the 3 point of 771(p).

T

Y

L,=

O

Lemma 7.9. Suppose that r > 2 and p € X 1is such that

1. v(p) <7 ifp is a 1 point or a 2 point.
2. Ifp is a 2 point and v(p) = r, then 7(p) > 0.
3. v(p) <r—1ifpisad point

and m : Y — X is the blow-up of a point p € X. Then C s a line for every
curve C in S, (Y)N7w~(p) containing a 1 point. Thus C intersects a 2 curve in
at most one point, and this intersection must be transversal.

If p is a 1 or 2 point with v(p) = r then there is at most one curve C in
S, (Y)N7~=Y(p) containing a 1 point.

Proof. Suppose that p is a 1 point. Suppose that ¢ € 7= 1(p) is a 1 point with
v(q) = r. After a permissible change of parameters at p, we have permissible
parameters x1,y1, 21 at ¢ defined by

T =11,y =T1Y1,2 = T121.
Write
Fp = Z aijk:ciyjzk.
itjt+k>r
F, has leading form
L,= Z aijkxiyjk’k.
i+j+k=r
Thus L, = L(y, z) depends only on y and z.
Suppose that ¢’ € 7= (p) is another 1 point with v(q’) = r, with permissible
parameters (x1,¥y1, 2z1) defined by
r=2z1,y=x1(y1 +a),z =x1(21 + B)
for some «, 3 € k. Then there exists a form Ly such that

L,=1IL1(y—ax,z— Px)+cx"

for some c € k. There exist «;, §;,7;,0; € k such that

T

Lyp(y,z) = H(Oéiy — Biz)

=1
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Li(y,z) = H(%‘y —6;2)
i=1

We can also assume that «o;3; — «;8; = 0 implies o; = «; and 3; = ;.

H(Oéiy — Biz) = H(%‘(Z/ —ax) = 0;(z — fz)) + ca’.

i=1 i=1
Set x = 0 to get that, after reindexing the (~;,0;), there exist 0 # ¢; € k such
that

(i, Bi) = €i(vi, 6i)

for all 4, and [];_, &, = 1. Thus

H(Oéiy — Biz) = H(Oéz‘(y —ax) — Bi(z — fx)) + ca’.

i=1 i=1
First suppose that there exists (o, 3;), (;,8;) such that o;3; — «;8; # 0.
Suppose that «; # 0. There exist t < r distinct values of (ay, k) such that
;B — By = 0. Set y = %Z to get

0= (8:8 — i)'zt H ((%ﬁi — @-) z+ (BB — aay) a:) + cz”
jleiB—a; Bi#0 ’

We conclude that 83, — ac; = 0. If 3; # 0, we can set z = %y to again
conclude that 66; — aa; = 0. Thus 88; — aa; = 0 for all 7, and the 1 points
¢ € 77 1(p) N S,(X) must thus lie on the lines v; which are the intersection of
the strict transform of 8;z — a;y = 0 and 7 1(p).

Thus ¢’ must be in the intersection Ny; C 7~ 1(p) = P2, and there is at most
one point q € 71 (p) such that v(q) = r.

Now suppose that a;3; —a;8; = 0 for all 4, j. Then after a permissible change
of parameters at p, we have L, = 2".

L, = (z—Px)" +cz” and r > 2 implies § = ¢ = 0, so ¢’ is on the line
v € 7 Y(q) € P2 which is the intersection of the strict transform of z = 0 and
! (q)-

Suppose that p is a 2 point such that v(p) = r and 7(p) > 0. Write

F, = E aijkxiyjzk.
itjt+k>r

Suppose there exists a 1 point ¢ € 7~ !(p) such that v(q) = r. After a permissible
change of parameters at p, ¢ has permissible parameters (T1,y1,21) at ¢ such
that, with the notation of (41) of Theorem 7.1,

r=2x1,Y = 55‘1(191 +Oé)»z =T1%

r1 =7Z1(y1 + Ot)_“%”

§ : i+ _k E : I+ A —
Fq = aijk(yl + OZ)J+ 21 — aij()Oéj—’_ + ZUlQ.
i+j+k=r 1+j=r
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Let
L,= Z aijkxiyjzk
i+j+k=r
be the leading form of F},.

Fq Zk>0(2z+g =r—k amk(yl + a)J)(yl + Oz) 21
+(ZH—J=T azﬂo(yl + Oé)J—H\ Zl-l—j —r Aijo¥ +>\) + 7182

v(q) = r implies, for fixed k > 0,
> aika'y’ = oy —ax)F
i+j=r—k
for some ¢ € k, thus
p = crly—ax) " 4 Gla,y).
k>0

7(p) > 0 implies some ¢ # 0.

75

Suppose that there exists another 1 point ¢’ € 7~ (p) with v(¢') = r. Oy.¢

has regular parameters (1, Y1, 21) such that

r=x,y=z(y +a),z=z1(21+ )
with @ # 0. Then
Ly =Y ey —aw) "z = fa)* + G(x,y).
k>0

Thus

ch —ax)" Rk ch —ax)" " F(z - Bx)* + H(z,y).

k>0 k>0
Set x =0 in (64) to get ¢ = ¢ for all k. Let

ko = max{k | c¢x, # 0} = 7(p).

By assumption, kg > 0.

iy (y — az) R = ¢y, (y —am) Rk,
and if kg > 1,

o1 (3 — 0 R0 = oy (y — ) (k) o]
+cpy—1(y — q)Rotlgko=1,

(64)

If kg < r, then a = @ implies all 1 points in S,(X;) N7~ !(p) are contained
in the line which is the intersection of the strict transform of y — ax = 0 and

7~ Y(p). This line contains the 3 point of 7 1(p).
If k‘o =T (2 2),
cr_1(y — azx) = —c,.frz + c,_1(y — ax)
so that
—QCpr—1 = _CTBT — QcCr—1



76 STEVEN DALE CUTKOSKY

which implies that all 1 points in S,.(X;)N7~!(p) are contained in the line which
is the intersection of the strict transform of

crrz+ cr_1y —ac,—1x =0

and 7 1(p).
Suppose that p is a 2 point or a 3 point,with v(p) = r — 1. Then by Theorem
7.8, the conclusions of the Theorem hold. O

4:48 pm, 6/7/05



8. PERMISSIBLE MONOIDAL TRANSFORMS CENTERED AT CURVES

Throughout this section we will assume that ®x : X — S is weakly prepared.

Lemma 8.1. Suppose that C C X is a 2 curve. Then either F, € Zc, for all
peC orF,¢ Lo, foralpeC.

Suppose that r > 2, C C S, (X) is a 2 curve. Then either F, € fg’p for all
peC orkF,e fg;l, F, §Zf67p forallp € C

Proof. This follows from Lemmas 6.23, 6.25, 6.27. 0

Lemma 8.2. Suppose that r > 2 and C' C S,(X) is a nonsingular curve such
that C' contains a 1 point and C makes SNCs with By(X). Then either F, € 17, |

with respect to permissible parameters for C' at p for allp € C, or F, € fgjpl,
F, & i&p with respect to permissible parameters for C at p for all p € C.

Proof. This follows from Lemmas 6.23, 6.24, 6.26. [

Definition 8.3. Suppose that r > 2, p € X, C C S,.(X) is a curve which
contains p and makes SNCs with Bo(X) at p (or C is a component of Bo(X))
and C ¢ S,+1(X). C is r big at p if F, € ig’p with respect to permissible
parameters for C at p. C is r small at p if C is not r big at p.

Suppose that C is a 2 curve, v(q) > 1 if ¢ € C is a 2 point, C ¢ So(X) and
pe C. Then C is 1 big at p if F), € fqp. F, is 1 small at p if C is not 1 big at
P.

Suppose that r > 2, C C S.(X) is a curve which makes SNCs with By(X).
We will say that C s r big if C is r big at p for all p € C. We will say that C
1s T small if C 1s v small at p for all p € C.

Suppose that C is a 2 curve, v(q) > 1 if ¢ € C is a 2 point, C ¢ Sa(X). We
will say that C is 1 big if C is 1 big for all p € C. We will say that C is 1 small
if C is 1 small at p for all p € C.

Lemma 8.4. Suppose that C is a 2 curve on X, p € C is a 2 point, D1 and
Do are curves in Ex containing p such that Dy U Dy makes SNCs with C' at p.
Then there are regular parameters (z,y,z) in Ox p such that

IC,P = (xvy)szl,P = (xaz)7ID2,p = (y7 Z)
Proof. There exist regular parameters (Z,7, Z) in Ox p, and ¢ € Ox , such that

IC,P = (‘%’Zj)’IDlyp = ('%’ 5)7ID2,p = (ga (b)

2 with a,c €k, c#0. In @X,pa there exist series h, g

and ¢ = aZ + ¢z mod m,

such that
¢ = hz,7,2)7 + 9(, 2)
g =u(z — (7))

where u is a unit, 1) is a series.

2= (&) € In,p NInsp = (T0y,p N I0sp) Ox s

S.D. Cutkosky: LNM 1786, pp. 77-92, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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where the last equality is by Corollary 2 to Theorem 11 of Chapter VIII, section
4 [38]). Suppose that

Zth ﬂID%p = (fl, ce ,fn)

E—o(@) =Y M
implies there exists f € Ip, , NZp, , such that

f =ax + ¢z mod m;

where a,¢ € k, ¢ # 0. Since f € (Z,2), we have f = AT + 7Z where 7 is a unit.
Thus (z,2) = (&, f). Since f € (y,¢), we have f = af + [S¢ where [ is a unit.
Thus (g, ¢) = (9, f). (Z,9, f) are the desired regular parameters. O

Lemma 8.5. Suppose that p € X is a 1 point or a 2 point with y(p) = r >
2, and (u,v) are permissible parameters at ®x(p), such that w = 0 is a local
equation of Ex at p. Then there exist reqular parameters (Z,y,%) in R = Ox )
and permissible parameters (z,y,z) at p with x = &, z = oZ for some series
v,0 € @X,p such that if p is a 1 point,

u =z

v = P(x) 4+ 2°F (65)

with F = 72"+ >0 _,a;(x,y)2""%, 7 a unit and some a; # 0.

Further suppose that S,.(X)UBy(X) makes SNCs at p. Then there is at most

one curve D in S.(X) through p. If D exists, we can choose (x,y,z) so that

x =0,z =0 are local equations of D at p.
If p is a 2 point,

u = (xayb)m

v = P(.’,Cayb) +xcde (66)

with F = 12"+ >\, a;(z,y)2""%, 7 a unit, and some a; # 0.

Further suppose that S,.(X) U Bo(X) makes SNCs at p. Then there are at
most 2 curves Dy and Do in S, (X) through p. If Dy exists (or if Dy and Do
exist) then we can choose (x,y,z) so that x = 0,z = 0 are local equations of
Dy atp (x =0,z =0 are local equations of Dy at p and y = 0,z = 0 are local
equations of Dy at p).

Proof. There exist regular parameters Z,y, Z in R, and permissible parameters
(x = ~&,y, %) at p such that v = z or u = (z%®)™ in R, and v(F(0,0, %)) = r.

If p is a 1 point, then there exists at most one curve D in S,.(X) containing p
by Lemma 7.5. If D exists, we may assume that x = 0, Z = 0 are local equations
of D at p. If p is a 2 point, then there exist at most 2 curves D; and D in S,.(X).
If Dy (or Dy and Ds exist) we may assume that x = 0, Z = 0 are local equations
of D1 at p (or z = 0,2 = 0 are local equations of Dy at p and y = 0,2 = 0 are
local equations of Dy at p by Lemma 8.4).

Set,
or—1F

e w(Z —o(x,y))
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where w is a unit by the formal implicit function theorem. Set z; = Z — ¢(z, y),
G(x7yazl) :F(xay,§> o

Suppose that p is a 1 point and there exists a curve D C S,.(X) containing p,
so that D has local equations z = 0,2 = 0. Then F), € f}f)’p + (z"~!) by Lemma
6.24, so that

and x | ¢(x,y). Thus z = 0, z; = 0 are local equations of D at p.

Suppose that p is a 2 point and there exist curves Dy, Dy C S,.(X) containing
p, so that D; has local equations z = 0,Z = 0 and D5y has local equations
y=0,2=0. F, € f}gl’p—l— (z""1) and F, € fgz’p—k (y"1) by Lemma 6.26. Thus

and y o F ¢ Ip, p, 50 that zy | ¢(z,y), and z = 0, z; = 0 are local equations of
Dy at p and y = 0, z; = 0 are local equations of Dy at p.

G = G(Jl‘,y,O) + g_g(xa Y, O)Zl + -+ (T_ll)! %;:Tcl;(x,y,())ZI_l

1 5 (9, 0)2f +

o 1G 81°le
a r—1 (.CE Y, ) W(xaya¢(x7y)) =0

o #20.0) = G @y 0la)

is a unit. Thus with the regular parameters (Z,y,z) in R and permissible pa-
rameters (x,y, z1) at p, F' has the desired form.

We cannot have a; = 0 for all 7, since r > 2 and x or xy € fs O

ing((bx)vp.

Lemma 8.6. Suppose thatr > 2, C C X is a 2 curve such that C is r — 1 big
or r small, m: X1 — X 1s the blow-up of C.

1. (a) Ifqe C isa 2 point with v(q) =7 — 1 and q, € 7~ %(q), then
(i) If q1 is a 1 point then v(q1) < r and v(q1) <.
(ii) If 1 is a 2 point then v(qy) <r — 1.
(b) If ¢ € C is a 2 point with v(q) =r, 7(q¢) >0 and ¢1 € 7~ 1(q), then
(i) If @1 is a 1 point then v(q1) < r. v(q1) = r implies v(q1) = r.
(ii) If q1 is a 2 point then v(q1) < r. v(q1) = r implies T(q1) > 0.
(c) If g € C is a 3 point with v(q) =1 — 1 and q1 € 7 1(q) then
(i) 1 a 2 point implies v(q1) < r and v(q1) <.
(ii) ¢1 a & point implies v(q1) <r — 1.
2. Suppose that C C S,.(X) ( so that C is r small). If ¢ € C is a 2 point
with v(q) =r, 7(q) > 0 and q; € 7 (q), then
(a) If q1 is a 1 point then q is resolved.
(b) If 1 is a 2 point then v(qy) < r. v(q1) = r implies 7(q) > 0.
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Proof. Suppose that ¢ € C'is a 2 point with v(q) = r — 1, and ¢ has permissible
parameters (z,y, z) with

U — (xayb)m
v = P(a%y’) + 2y’
Ly = Zi—i—j:r—l aijr'y’

Suppose that ¢; € 7~ 1(q) and (’A)thl has regular parameters (x1, %1, 2) such
that

r=ux1,y=x1(y1 + )
with a # 0. Set
r1 =T1(y1 + ) =
_ gletom
v (xl) +7 c—l—d—f-'r lF
Fy, = Zz—l—j:?”—l a” (y1 + Q)Aﬂ - Zz‘+j:r—1 ai;a’ I + 70 + 2G,  (67)
blc+d+r—1)
a—+b '

u

A=d—

Thus v(q1) < r and vy(q1) <.
Suppose that ¢; € 77 !(¢q) and ¢; has permissible parameters (1,1, z) such
that

T=2X1,Y = T1Y1-

Then )
u = (@)
v _ P( a+b b) _i_xi-l-d-l-r—qul

Fo, = ZiJrj:rfl aijy{ + 110+ 2G

implies that v(q1) <r — 1.

A similar argument holds at the point ¢; € 771(g) with permissible parame-
ters (z1,y1,2) such that z = z1y1,y = y1.

Suppose that ¢ € C is a 2 point with v(q) = r and 7(q) > 0. Then ¢ has
permissible parameters (z,y, z) with
= (z b)m
P(z%y") +z°y'Fy
Z(Z’L—I—j r—1 CL”l.’E y ) + ZZ+] T aljox yj

U
v
L

with some a;;1 # 0.
Suppose that ¢ € 77!(¢) and Oy, 4, has regular parameters (x1,y1, z) such
that © = x1,y = z1(y1 + «) with a # 0. Set

r1 =T (g1 + )T,

_ b
u = ZCgOH_ ym
_ — —c+d+r—1
v _Pch(xl)—'_xl FQl

with
Foo = 2(C 4 @it (91 + a)?) (g1 + ) + T1Q + 226, (68)
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blc+d+r—1)
a+b '
Thus v(q1) < r and v(q1) = r implies y(q1) = r.
Suppose that ¢ € 77 !(¢q) and ¢; has permissible parameters (z1,1, z) such
that

A=d—

L=2T1,Y = T1l1-
Then
U (xa+b b)
v = P(2409%) + I.C-f—d-i—r Lyd g,
Fth = Zi+j:,~_1 Za2]1y1 + 1'19 + 22G
implies v(¢q1) < r and v(q1) = r implies 7(q1) > 0.
A similar analysis holds at the point ¢; € 7~ !(g) with permissible parameters
(z1,y1, 2) such that x = z1y1,y = y1.
Suppose that ¢ € C'is a 3 point with v(¢) =r — 1,

U (xaybzc)
v = P(x%y’2°) + 2%y F,
F, = Zz—{—j>r 1,k>0 Aijkd y‘jz

some a;;o #0withi+4+j=r—1.
Suppose that ¢; € 77 1(q) is a 2 point.

r=x1,y=1x1(y1 + @)

with a # 0.
vy =Ty (y1 + o)
u = (T = (T
v = P ( ?ZE) 4+ xd+7’ 1+e qul
with bd+r—1+e)
r— e
A=e— > ,(a,¢) =1
F, T$z¢
Fo, = (yl + O‘))\ijlﬂgl o fcf.z-(r—ll—l—e)zf (69)
Thus
Fo, = Z aijo(yr + @) + 2G + 7, Q,
i+j=r—1
or
Fy = Z aijo(yr + )t — Z aijoaj_l—)\ + 2G + 7,9},
i+j=r—1

implies v(q1) < r, and y(q1) < 7. B
Suppose that ¢ € C' is a 2 point with v(¢) = r and 7(¢) > 0 and C C S,.(X).
By Lemma 6.25, ¢ has permissible parameters (x,y, z) with

m — (xayb)m
(% = P(:Bayb) + -'I;Cdeq ' ' ‘ (70)
Fy =2 i isrk0 CijkZ'y 2k 4 Gratoydo

where ig + jo =r — 1, (c+i9)b — a(d + jo) = 0, ¢ # 0.
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Suppose that ¢; € 7~1(q), and (’A)thl has regular parameters (z1,y;, z) such
that

r=1x1,y=r1(y1 + )
with oo # 0. Set 1 =71 (y1 + a)_a%b. Then
. iga—}—b)m

u
v =Py (m) + R,
F, =ctcz(y1 +a) M0 +7Q
where A\ = d — b(cJ“ad—:;"_l). Thus ¢ is resolved.
Suppose that ¢; € 77 1(q), and @thl has regular parameters (z1,y1,2) such
that

r=T1,Y = T1Y1-

Then
w o= (@)
v = Pty a2ty
F(h = wle :Ezy{() + 219

1
q1 satisfies the conclusions of the Theorem since jo < r — 1.

Suppose that ¢; € 7~1(g), and @yl’ql has regular parameters (z1,y1, 2) such
that
L =2T1Y1, Y = Yi1-
Then an argument similar to the above case shows that ¢; satisfies the conclu-

sions of the Theorem (since ig < r —1).
O]

Lemma 8.7. Suppose that r > 2, C C X is a 2 curve such that C is r-1 big
and

1. p € C a 2 point implies v(p) < r, and if v(p) = r then T(p) > 0.

2. pe C a 3 point implies v(p) < r — 1.
Suppose that m: X1 — X s the blow-up of C. Then

7 HC) N S (X))

contains at most one curve. If D C 7=Y(C)N S, (X1) is a curve, then D is a
section over C', and D contains a 1 point.

Suppose that D C 7= 1(C)N S, (X1) is a curve (which is necessarily a section
over C'). Supppose that q € C is a 2 point such that v(q) = r — 1. Then
77 (q) N D is a 1 point.

Proof. Suppose that ¢ € C is a 2 point with v(q) = r — 1. Suppose, with the

notation of (67) of Lemma 8.6, that there exists ¢y € 7~ 1(q) with v(q) = r.

Then there exist regular parameters (z1,y1,2) in Ox, 4, such that
r=1x1,y=r1(n +a)

with a # 0, and 7, € k such that

Z aij(y1 + @) = va(y1 + @)~ mod yi.
i+j=r—1
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—A ¢ {0,...,r — 1} since Fj is normalized.
Set g(t) = iy =1 a;;t’. We have

1 dig(a) . <—)\(—)\—1)...(_)\—z’+1)) -

il dtt il

for s <r —1. Thus

1 dlg A=A =1) (A =r+2 o,
(): a( ( ) ( ))Oé A—r—+1

Q=1 = G g1 (r—1)!
air—2 + (r — Dagr—1a0 = ﬁ%(a)
=Y <_>\(_>\_(1r):2()?>\_r+3)) q—A—T+2
Gz = [T NN A a2
— f}/a[A(_A_1)"'(_(7{‘:;;!'3)(_>\_T+1)]Oé—>\—’l"+2
NA D) (A= 42
(A=D)e(A=r+2)
(r—1)!
and
A=A =1) o (A =7+ 3)(=A—7 +1)
#0
(r—2)!

since —A € {0,...,r —1}.
If go € 7 1(q) has v(g2) = r, and g2 # q1, then there exist a # 3 € k such

that A=A 1) (“A—r+2)
M=XA=1)- - (=XN—r+ i1
( =] )

— [ PR N AT e (SAmr42) g2

which implies that

Q.
Vﬁ:’)/a(g) Amrd

and

—)\—7’—{—1/3

Ya & = Yal

—A—7r+2 — ,}/ﬁﬂ—)\—r+2
so that a = (.

Thus there is at most one point ¢; € 7~ 1(q) with v(q1) = r. ¢, if it exists, is
a 1 point.

Suppose that ¢ € C' is 2 point with v(q) = r and 7(¢) > 0. Suppose, with
the notation of (68) of Lemma 8.6, that there exists a 1 point ¢; € 7~ 1(q) with
v(q1) = r. Then there exist regular parameters (z1,y1,2) in Ox, 4, such that
=121,y =r1(y1 + Q). .

Set g(f) = Zi+j:r—1 aijltj. By (68),

V( Z az’jl(yl +Oé)j>=T—1.
i+j=r—1
which implies g(t + @) = ag ,—1,1t" " which implies g(t) = ag,—11(t — a)" L.

Thus there is at most one 1 point ¢ € 7~ 1(q) with v(q1) = 7.
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Suppose that ¢ € C' is a 3 point. Suppose that, with the notation of (69), of
Lemma 8.6, that there exists a 2 point ¢; € 7~ 1(q) with v(q;) = 7. Then there
exist regular parameters (z1,y1, 2) in Ox, 4, such that

z=z1,y=71(41 + Q)
with a # 0, and ~,, € k such that

ST aolyr + @) =valys + @) mod y.
itj=r—1
As in the argument for the case when ¢ is a 2 point with v(q) = r — 1, we can
conclude that there is at most one point q; € 771(q) with v(q1) = r. qu, if it
exists, is a 2 point.

Suppose that D € 7~1(C) N S, (X1) is a curve, which is necessarily a section
over C, and ¢ € C' is a 2 point such that v(q) = r — 1. Suppose there exists a 2
point ¢’ € 7 1(q) such that ¢’ € D. Then v(¢’) = r — 1 by Lemma 7.6, so that
(by the proof of Lemma 8.6), there exist permissible parameters (x,y, z) at ¢’
such that

u = (ajayb)m
v = P(z%P) + 2yt F,
Fy = y T 4+ 2Q + 2G

and there exists an irreducible series f(y, z) such that jD7q’ = (z, f(y,2)).
Case 1 or Case 2 of Lemma 6.29 must hold. Suppose that Case 1 holds. Set
x = 0 in the formula of Case 1 to get that there exists a series h(7, z) such that

g T+ 260,57, 2)) = I (7", 2)"
v YV f(y*, z) implies
a(r —1) 2 v(f(7*,0)") = ar
a contradiction.
Now suppose that Case 2 of Lemma 6.29 holds. a(r —1) # bc — ad since Fj is

normalized. Set x = 0 in the formula of Case 2 to get that there exists a series
h(y, z) such that

7Y +2G(0,7% 2) — 907" = hf (5%, 2)"

0 # 7"~ — g(0)y" =" = h(y,0)f (¥, 0)"
Thus
a(r —1) > v — g(0)g" ") > rv(f(¥*,0)) > ra
which is a contradiction.
O

Lemma 8.8. Suppose that r > 2 and C C S,.(X) is a curve containing a 1
point such that C is r big. let m: X1 — X be the blow-up of C'.
1. Suppose that p € C is a 1 point with v(p) = y(p) = r, and q € 7 1(p).
Then
(a) If q is a 1 point then v(q) < r. There is at most one 1 point q €
©~Y(p) such that v(q) >r — 1.
(b) If q is a 2 point then v(q) = 0.
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2. Suppose that p € C is a 1 point with v(p) =r, v(p) #r, and q € 7= 1(p).
Then
(a) If q is a 1 point then vy(q) <,
(b) If g € 7= 1(p) is a 2 point then v(q) <r — 1.
3. Suppose that p € C is a 2 point such thaty(p) = v(p) = r, and q € 7~ (p).
Then
(a) If q is a 2 point then v(q) < r and v(q) <.
(b) There is at most one 2 point q¢ € m1(p) such that y(q) > r — 1.
(¢) If q is a 3 point then v(q) = 0.
4. Suppose that p € C is a 2 point with v(p) = r and 7(p) > 0, and q €
7 1(p). Then
(a) If q is a 2 point then vy(q) < 7.
(b) If q is the 8 point then v(q) < r — 7(p).

Proof. First suppose that p € C is a 1 point such that v(p) = vy(p) = r. We
have permissible parameters (z,y, 2) at p such that Z¢ , = (2, 2),

u =z
v = P(z)+2%F, (71)
F, =72"+>_,a;(z,y)atz""

where 7 is a unit by Lemma 8.5.

Suppose that ¢ € 771 (p) and ¢ is a 1 point. Then ¢ has permissible parameters
(x1,y,21) such that © = z1, 2 = z1(21 + «). Then v(F,(0,0,21)) < r and
v(Fy(0,0,2)) <rif a#0.

If ¢ € 7=1(p) is the 2 point then ¢ has permissible parameters (z1,¥, 1) such
that * = x121,2 = 21. Then F, = f—f is a unit.

Now suppose that p € C'is a 1 point with v(p) = r and y(p) # r. Suppose
that ¢ € 7~ 1(p) is a 1 point. Then there exist permissible parameters (z, vy, z) at
p such that x = z = 0 are local equations of C' at p, and permissible parameters
(r1,y,21) at g such that © = z1, 2 = x121.

Fp: Z aw(y>£€12]
i+j>r

where a,0(0) =0, ao,(0) =0, and a;;(0) # 0 for some 4, j with ¢ +j = 7.

F,= pri Z az-j(O)z{ + 21Q + yG
1 i+j=r

implies v(F,(0,0,21)) <7 — 1.
At the 2 point ¢ € 7~ !(p), there exist permissible parameters (z,y,z2) as
above, and permissible parameters (z1,y, z1) at ¢ such that x = x121, z = 21,

F,=— = Z ai;(0)z} + 21Q + yG
i+i=r

where a;;(0) # 0 for some i < r — 1.
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v(p) =

Now suppose that p € C' is a 2 point such that v(p) = r and

T (xayb)m
v = P(z%°) + 2y F

(x,z). After a permissible change of parameters, we have by Lemma 8.5

Icp
F=r12"4+as(z,y)z" 2+ - +ar(z,9) (72)

where 7 is a unit and z° | a; for all i.
If p; € 7~ !(p) has permissible parameters (z1,v, 21) with

T =T121,2 = <1

then
F1 =T+ 3319

so that p; is resolved. Suppose that p; € 7~ !(p) has regular parameters

r=u1x1,2=1x1(21 + )
ar(7,9y)

(I2<$7y)(z1_'_a)r—2+”.+
"

F
— =7(z1 +a) + ———

Thus v(F1(0,0,21)) <rand v(F1(0,0,21)) <r—1if a # 0.
Suppose that p € C' is a 2 point such that v(p) = r and 7(p) > 0.

where F' € j&p = (z,2)".

(p) is a 2 point. After a permissible change of parameters,

Suppose that g € 77!
replacing z with z — ax, ¢; has permissible parameters (x1,y1, 21) such that

T =T1,8 = T121
c—i—r d
qu

F
- — = E a”ka:”k Tyl 2y
x
1 i+k>r
k
E aior?z; + 218 + yG
i+k=r

Thus v(q) <.
Now suppose that ¢ € 77 !(p) has permissible parameters

T =T121,2 = <21

so that ¢ is a 3 point.
u = (zfy’2f)"
v = P(adyb=t) + asyt =,



MONOMIALIZATION OF MORPHISMS FROM 3 FOLDS TO SURFACES 87

F
_ i+k—r
= —T = E a”kxly z

“1 i+k>r

Z aiokwi + yG + 2182
i+k=r
ar_k0.x 7 0 if k = 7(p) which implies that v(q) < r — 7(p). O

Lemma 8.9. Suppose that r > 2, C C S,.(X) is a curve containing a 1 point
such that C' is r small.

1. Let m: Y — X be the monoidal transform centered at C.

(a) Suppose that p € C is a generic point. If ¢ € m=1(p) is a 1 point then
v(q) = 1. If ¢ € 7= (p) is the 2 point then v(q) < r and v(q) = r
implies T(q) > 0.

(b) Suppose that p € C is a 2 point such that v(q) =r—1. If g € 77 1(p)
is a 2 point then v(q) = 0. Ifq € 7~ (p) is a 3 point thenv(q) < r—1.

2. Suppose that p € C is a 1 point such that v(p) =1 or a 2 point such that
v(p) =1 and 7(p) > 0. Then there exists a finite sequence of quadratic
transforms o : Z — X centered at points over p such that if ¢ € o~ 1(p)
is a 1 point then v(q) < r. v(q) = r implies v(q) = r. If ¢ € o~ 1(p) is

a 2 point then v(q) < r. v(q) = r implies 7(q) > 0. If g € 0= (p) is a 3

point then v(q) < r — 1. The strict transform of C intersects o= 1(p) in a
2 point p’ such that v(p’') =r —1

Proof. Suppose that p € C is a 2 point. By Lemma 6.26, there are permissible
parameters (x,y, z) at p with Z¢ , = (z, 2) such that

= (zoy®)m
P( W) + 2yt F, (73)

y + Zz+k>r CL”]{.’,E y]Z

with n > 0. Suppose that v(p) = r and 7(p) > 0. Then n > 0 and a;or # 0
for some i,k with i + k = r and k > 0. Let #’ : X’ — X be the blow-up of p.
Perform n quadratic transforms, m; : X; — X, centered at the 2 point which is
the intersection of the strict transform of C' and the exceptional divisor. Then
by Theorem 7.3

1. All 1 points ¢ in 7 *(p) with v(q) = r have y(¢) = r.
2. All 2 points q € 7~ 1(p) with v(q) = r have 7(q) > 0.
3. All 3 points ¢ € 7~ *(p) have v(q) <r — 1.
If C; is the strict transform of C, and ¢ is the exceptional point on C7, then
there are permissible parameters (z1,y1,21) at ¢ such that

u

’Eﬁj <

n n
L =2T1Y1,Y = Y1, 2 = 211

w = -
i n(i+k—r)+yj
F, =i~ +Zi+k>r aljkxlyl( * 2y

where Z¢, 4 = (21, 21). Thus v(q) =r — 1.
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Suppose that p € C' is a 1 point with v(p) = r. Then by Lemma 6.24 there
are regular parameters (z,v, z) in Ox,, such that Z¢, = (z, 2),
u =2z
F, =a"y"+ Ditk>r agjraty’ 2"
with n > 1. There are only finitely many 1 points in C' such that n > 1.

Suppose that n > 1. Then a;gr # 0 for some a;or with ¢ + k = r and k£ > 0,
so that 7(p) > 0. Let A : Z — X5 be the sequence of n quadratic transforms
centered first at p, and then at the intersection of the strict transform of C' and
the exceptional fiber.

Let C” be the strict transform of C' on Z. Let ¢’ be the exceptional point
of A on C'. By Theorems 7.1 and 7.3, the conclusions of 2. of the Theorem
hold at all points above p, except possibly at ¢’. ¢’ has permissible parameters
(z1,y1,21) such that

(75)

_ n — _ n
T=T1Y1,Y =Y1,2 = 21Y7 -

u = (z1y1)"
_ Fq _ -1 i, (itk—r)nt+j K
Fq/ = y,fr — 33'1 + ZZ—I—kzr awkl‘lyl Zl

Thus v(¢') = r — 1 and C’ has the form (73) with n =0 at ¢'.

Let m : Y — X be the blow-up of C'. Suppose that p € C, and p is a 2
point such that v(p) = r — 1 so that (73) with n = 0 holds at p. Suppose that
q € 7 1(p), and ¢ has permissible parameters (x1,y1, z1) such that

r=ux1,z=121(z1 + @)

After making a permissible change of variables, replacing z with z — ax, we may
assume that @ = 0. Then F, = ;—fl, so that v(q) = 0.
1

Suppose that ¢ € 7=1(p), and ¢ has permissible parameters (xy,y,21) such
that
T = T121,2 = 21

_ a,,b.aym
u = (rfyiz7) b (r—1)
I 2 " e | i i _tt+k—(r—1
F, = o1 — L1 +Zi+kz2r QijkT1Y’ 2,

1

so that v(q) <r —1.

Now suppose that p € C' is a generic point, so that (75) holds with n = 1 at
p. Suppose that ¢ € 77 1(p), and ¢ has permissible parameters (z1,%,21) such
that

r=ux1,z=11(21 + @)

After making a permissible change of variables, replacing z with z — ax, we may
assume that a = 0. Then F, = mf;—fl, so that v(q) = 1.

Suppose that ¢ € 7=1(p), and ¢ has permissible parameters (xy,y,21) such
that
T =T121,8 = 21
u = (x121)
F _ ;i itk—(r—1
F, = Z;fl =] 1y + Zi+k2r aijkx?ly]zi (r=1)

so that v(q) < r, v(q) = r implies 7(¢) > 0. O
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Lemma 8.10. Suppose that r > 2, C' C g,,.(X) 18 a curve containing a 1 point
such that C' is r small and v(q) =r for q € C.

1. Let m: Y — X be the monoidal transform centered at C.

(a) Suppose that p € C is a generic point. Then v(q) <1 if g € 7= 1(p).

(b) Suppose that p € C is a 2 point such that v(p) = r — 1. Suppose that
qe€m Yp). Then v(q) =0 if q is a 2 point, and v(q) < 1 ifqisa 3
point.

2. Suppose that p € C. Then there exists a finite sequence of quadratic
transforms o : Z — X centered at points over p such that v(q) < r, and
v(q) < rifq € o (p) is a 1 or 2 point. v(q) = 0 if q is a 3 point,
and the strict transform of C intersects o~ (p) in a 2 point p’ such that
vip)=r—1and ') =r.

Proof. Suppose that p € C'is a 2 point. By Lemma 6.26, there exist permissible
parameters (x,y, z) at p such that x = z = 0 are local equations of C' at p.

U :(xayb)m
76
— anyb c,,d b ( )

with 7/ a unit, n > 0, and agg, # 0.

Suppose that v(p) =r — 1. Then n =0 and 7(p) = 0. Let 7 : Y — X be the
monoidal transform centered at C.

If ¢ € 7~ 1(p) is a 2 point, then after a permissible change of parameters at p,
we have that ¢ has permissible parameters (z1,y, z1) such that x = x1, 2 = x12;.
F,

Fy = :ﬂ"—fl =7'(y) + 210
1

so that v(q) = 0.
If ¢ € 7~ 1(p) is the 3 point, there exist permissible parameters (z1,, 21) at

q such that x = x121, 2 = 21.

Fa= % =y + Y ageaiy Y
1 i+k>r
apor # 0 implies v(q) < 1.

Suppose that p is a 2 point and v(p) = r. Let 0 : Y — X be the quadratic
transform with center p. Suppose that ¢ € o~!(p) is a 1 point or a 2 point. Then
by Theorem 7.3, v(q) < r and v(q) < r. If ¢ is a 3 point then v(q) = 0. At the 2
point ¢ on the strict transform of C, we have permissible parameters (x1,y1, 21)
such that x = x1y1, ¥y = y1, 2 = x1y1. ©1 = 21 = 0 are local equations of the
strict transform of C at q.

_ r—1 n 1 i, i+j+k—r _k
Fy=1'(y)o} + E iRy 21
i+k>r

of the form of (76) with n decreased by 1.
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By induction on n, we achieve the conclusion of 2. after a finite sequence of
quadratic transforms.

Suppose that p € C is a 1 point. By Lemma 6.24, there exist permissible
parameters (x,y, z) at p such that x = z = 0 are local equations of C' at p,

u =z
v = P(x)+x°F, (77)
F, = xr_lT/(y)yn + Zi—l—kzr aijpe"y’ 2

with 7" a unit, n > 1, agge, # 0.

Suppose that p € C is a generic point so that n = 1. Let 7 : ¥ — X be
the monoidal transform centered at C. If ¢ € 7= !(p) is a 1 point, then after
making a permissible change of parameters at p, there are permissible parameters
(r1,y,21) at g such that © = z1,2 = x121.

F,
F,= Tpl = y7'(y) + 19
L1
implies v(q) = 1. If ¢ € 7 !(p) is the 2 point, then there are permissible
parameters (x1,¥, 21) at ¢ such that z = z121, 2 = 2.
F, r— i i+k—(r—1
Fy=—ty =o' T (yy+ Z aijkTiyi 2 e
A1 i+k>r
which implies that v(q) < 1 since ago, # 0.
Suppose that n > 2 in (77). Let 0 : Y — X be the quadratic transform with
center p.
Suppose that ¢ € 0~ !(p). Then ¢ is a 1 or 2 point, and v(q) < r, v(q) < by
Theorem 7.3.
At the 2 point ¢ € 7~ (p) which is contained in the strict transform of C, there
are permissible parameters (x1,y1, 21) at ¢ such that © = 191,y = y1,2 = Y121

u = (T1y1)*
_Fy, r—1 n—1_y i t+jt+k—r k
F, = y_f =z Yy () + Zz+k>r QikT1Yq

The strict transform of C' has local equations 1 = z; = 0 at ¢. We are thus at
a point of the form of (76) with n decreased by 1

We thus achieve the conclusions of 2. after a finite number of quadratic
transforms. [

Lemma 8.11. Suppose that r = 2 in Lemma 8.10, C C S3(X) is a curve
containing a 1 point such that C is 2 small, v(p) = 2 if p € C, v(p) = 1 if
p € C is a 2 point and p is a generic point of C (n =1 1in (77)) if p € C is a
1 point. Let m:Y — X be the monoidal transform centered at C'. Suppose that
there exists a 2 point p € C such that v(p) =r —1=1, and g € 7~ (p) is a 3
point such that v(q) = 1, or p € C is a generic point of C (n =1 in (77)) and
q € 7~ Y(p) is a 2 point such that v(q) = 1. Let C be the 2 curve through q which
is a section over C. Then Fy € i@ , for all ¢ € C.

Suppose that there does exist a 2 curve C which is a section over C such that
Fy EIC , forq' € C. Letm : Z =Y be the blow-up of C. Then
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1. Suppose that q € C is a 2 point such that ¢ € 7~*(p) where p is a generic
point of C (n =1 1in (77)), and ¢’ € 77 *(q).
(a) If ¢’ is a 1 point then v(q¢') = 1.
(b) If ¢ € 77 (q) is a 2 point then v(q') < 1.

2. Suppose that ¢ € C is a 3 point such that ¢ € 7~*(p) where p € C is a 2
point such that v(p) =1 and ¢’ € 7=1(q).
(a) If ¢’ is a 2 point then v(¢') < 1.
(b) If ¢’ is a 3 point then v(q') = 0.

Proof. If p € C is a 2 point with v(p) = 1 (and v(p) = 2), then there exist
permissible parameters (x,y, z) at p such that

u — (Zanb)m
v = P(z%’) +2y’F,
F, =x+ 22

where x = z = 0 are local equations of C' at p. There exist permissible parame-
ters (x1,y,21) at the 3 point ¢ € 7~ 1(p) such that 2 = x121, 2 = 21.

u = (afyb)™
v = P(zfy®2{) + x5yl T F, (78)
Fq =21+ 2

and z1 = z; = 0 are local equations of C at g. We have F, € j@ q which implies
F, € 15 o i ¢’ € C by Lemma 8.1.

If p € C is a generic point, then p is a 1 point and there exist permissible
parameters (x,y, z) at p such that

Fy=zy+ Y aga'y 2*

i+k>2
with agp2 # 0 and z = z = 0 are local equations of C at p. There exist
permissible parameters (x1,z1,y) at the 2 point ¢ € 7~ (p) such that z =
121,22 = 21.

Fy=zyi+2( Y ageriy]) + 210

i+k=2
and 1 = z; = 0 are local equations of C' at ¢. Since aggs # 0, there exist
permissible parameters (x1,%Z1,y1) at ¢ such that

Fo=xy1 +71 (79)

and z, = Z; = 0 are local equations of C at gq.

We have Fj, € jaq implies F € j—’q, for all ¢ € C' by Lemma 8.1.

1. follows from (79).

Suppose that ¢ € C is a 3 point, with permissible parameters (1, v, z1) such
that (78) holds at ¢. Suppose that ¢’ € 77 '(q). If ¢’ is a 3 point, then v(q’) = 0.
Suppose that ¢’ is a 2 point. Then there exist regular parameters (z2,y, 22) in
@Z,q/ such that

1 = 29,21 = T2(22 + @)
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with a # 0.

u = (23"y" (22 + ))" = (@3")" = (T5y")™

where 25 = Ta(22 + @)~ 2, (a,b) = 1.
v =Py (@) + 75 (1 at )
Thus v(¢') <1 and 2. follows.



9. POWER SERIES IN 2 VARIABLES

Lemma 9.1. Suppose that R = k[[z,y]] is a power series ring in two variables
and u(z,y),v(z,y) € R are series. Suppose that R — R’ is a quadratic trans-
form. Set Ry = R'. Then (u,v) are analytically independent in Ry if and only
of u and v are analytically independent in R.

Proof. By Zariski’s Subspace Theorem (Theorem 10.6 [3]), R — R; is an inclu-
sion, and the Lemma follows. [

Lemma 9.2. Suppose that R = k[[z,y]] is a power series ring in two variables
over an algebraically closed field k of characteristic 0 and u(x,y),v(z,y) € R
are series such that either

or
U = (xayb)m
with (a,b) = 1. Then uw and v are analytically dependent if and only if there

exists a series p(t) such that v = p(x) in the first case and v = p(z®y®) in the
second case.

Proof. First suppose that u = ® and v = p(x) is a series. Let w be a primitive
a-th root of unity.

a—1
0= ] —npw=) € klu,v]
i=0
implies u and v are analytically dependent.
Now suppose that u = x* and wu, v are analytically dependent. Suppose that
v is not a series in x. Write

v =q(z)+ 2°F

where ¢(z) is a polynomial, x J F and F(0, y) is a nonzero series with no constant
term.

F0,y) =y nu(y)
for some r > 0 where u(y) is a unit series. z and z’F are thus analytically

dependent, and x and F' are analytically dependent. There exists an irreducible
series

p(s,t) = Z ai;s't!
0= Z CLij.Cl?iFj

such that

which implies that

0= Z CLOJ‘F(O, y)j - Z anyTjM(y)ja

a contradiction, since p(s,t) irreducible implies some ag; # 0. Thus v is a series
in x.

S.D. Cutkosky: LNM 1786, pp. 93—-108, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Now suppose that u = (z%?)™ and v = p(x?y®) is a series in x%°. Let w be
a primitive m-th root of unity.

m—1

0= ] (w—pwa"y") € kllu, ]

i=0
implies that u, v are analytically dependent.
Suppose that

U= (xayb)m
and u, v are analytically dependent. Consider the quadratic transform
R — Rl — R[xlayl](mhyl)
where z = z1,y = x1(y1 + 1). Ry has regular parameters (T1,y;) where
_ _ b
x1 =T1(y1 + 1) ot

Thus in ]321, u = Ega%)m. Since u, v must be analytically dependent in Rl, there
exists a series ¢(71) such that v = ¢(%1), by the first part of the proof.

Suppose that v is not a series in 2%y®. Write v = > aijxiyj. There exists a
smallest r such that there exists ig, jo such that ig + jo = 7, big — ajo # 0 and

aiojo 7& 0.

v= > agETHE(Y ayly +a) i) 430
i+j<r,aj—bi=0 itj=r
> aily + )/ AT € k
i+y=r
implies
(11 + )T (Y ayln +a)) =cck

itj=r

so that
Z aij(y1 + ) =c(y1 + @) 7
it+j=r

Thus .

r

> e {0,1,---,r}

and jo = ali:b' This implies that ajo — bip = 0, a contradiction. Thus v is a
series in 2%y". [

Lemma 9.3. Suppose that R = k[[x, y]]| is a power series in two variables over an
algebraically closed field k of characteristic 0, u = % or u = (z%®)™, and (u,v)
are analytically independent. let m: X — spec(R) be the blow-up of m = (x,y).
Then for all but finitely many points ¢ € 7~ 1(m) there exist reqular parameters
(Z,7) in @qu such that there is an expansion

S
I
8

v = P(T)+7y (80)
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Proof. First suppose that u = x%. Write v = P(z) + 2°F where z J/ F and F
has no terms which are powers of x. Write

F= )Y agz'y
i+j>r
where r = v(F'). There exists jo > 0 such that ig + jo =  and a;,;, # 0. For

all but one point ¢ € 77! (mm) there are regular parameters (z1,41) in Ox 4 such
that

r=x1,y=1a1(y1 + @)

with o € k.
u =zf
r ; 81
v = Play) = 20 (S s aigun + 0 +310) ()
v has an expansion (80) if and only if
d;;/ll(Zi—f—j:r aij(y1 + @)’) |y =0= ngr jar—jj(=a)? # 0. (82)
Since
> darji(—a)y !
i+j=r

has at most finitely many roots, all but finitely many ¢ € 7~ !(m) have an
expansion (80).
Now suppose that u = (z%y?)™. Write

v = P(z%®) 4+ 2y’ F
where z,y JF and 2°y?F has no terms which are powers of 2%y°. Write
F= Z aijz'y’
itj>r
where r = v(F).

For all but two points ¢ € m~1(m) there are regular parameters (z1,y1) in
Ox 4 such that

r=x1,y=21(y1 + @)

with o # 0. There are regular parameters (Z1,¥1) in O x,q such that

xr1 = fl(yl + Oz)_aLer.

u = fga—l—b)m
v o= (Ega—f—b)m) + Ei-‘rd-ﬁ-T(yl + a)Ax_I?
where
Vo g detdtr)
a-+b
A G | =
(y1 + «) pr a;ij(y1 + )T + 7, Q.
1

1+j=r
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v does not have an expression (80) at ¢ if and only if there exists ¢, € k such
that

)
S e+ @) = calys + @) mod (1)
=0

Set a; = a,_; j. Suppose that ¢ does not have a form (80). Then

™
; 2
Z a0’ = cq0
Jj=0

and

T
g jajoﬂ_l = —coha Mt
=0

implies

(=) Z ajal = Zjajozj. (83)
j=0 j=0

If there are infinitely many values of « satisfying (83), then (—A — j)a; = 0 for
0 < j <r, which implies that —\ € {0,... ,r} and the leading form of F' is

L= E ai;;a'y’ = appr-az Ty
1+i=r

Thus z°y%F has a nonzero z“T" y4=* term.

a(d—A) =blc+r+A) =ad—0blc+r)—(a+Db)A
. b(c+d+r)
—CLd—b(C"—T) — ((l‘l‘b)(d— a——l—b)
=ad—blc+r)—(a+bd+blc+d+r)=0
which is impossible since F' is normalized (contains no terms which are powers
of x%y®). Thus there are at most a finite number of points ¢ € 7=1(m) where
the form (80) does not hold. O

Theorem 9.4. Suppose that k is an algebraically closed field of characteristic
zero, B 1is a powerseries ring in 2 variables over k. Suppose that u,v € B
are analytically independent, and there exist reqular parameters (x,y) in B such
that uw = x% or u = 2%°. Let A = spec(B). Then there exists a sequence of
quadratic transforms w : X — A such that for all points q € X, there exist
reqular parameters (T, 7) in Ox 4 such that either

u =7
v =P(T)+ AT (84)
or
— (anb)m (85)
v = P+ z%°

where (a,b) =1 and ad — bc # 0.
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Theorem 9.4 will follow from Theorem 9.15. Throughout this section, we will
use the notations of the statement of Theorem 9.4.

If A — spec(k[u,v]]) is weakly prepared, then a stronger result than the
conclusions of Theorem 9.4 are true in B.

Remark 9.5. With the assumptions of Theorem 9.4, further suppose that

()
ordy Oyox’ W

Then there exist reqular parameters (T,7y) in B, and a power series P in B such
that one of the following forms holds.

u =2

T
v = P(T)+T% (86)
u = (fayb)m
v =P@)+zY! (87)
where (a,b) =1 and ad — bc # 0.
Proof. (7.4 [8]) With our assumptions, one of the following must hold.
u =z
UgVy — UyVg = ot (88)
where ¢ is a unit or
U — (xayb)m
UgVy — UyVy = szeyt (89)

where a,b,e, f >0, (a,b) =1 and J is a unit.
Write v = Y a;jz'y?. First suppose that (88) holds. Then az® 'v, = dz°
implies we have the form (86). Now suppose that (89) holds.

UpVy — UyVp = Z m(aj — bi)aijx“m+i_1ybm+j_l = dxcy’ .

Thus
v = Z aijz'y’ + exy”
aj—bi=0
where € is a unit. After making a change of variables, multiplying x by a unit,
and multiplying y by a unit, we get the form (87). 0

Definition 9.6. Suppose that ® : X — A is a product of quadratic transforms,
p is a point of X. We will say that (u,v) are 1-resolved at p if there exist reqular
parameters (z,y) in Ox , such that one of the forms (84) or (85) hold at p.

For the rest of this section, we will assume that
d: X - A

is a sequence of quadratic transforms.
Suppose that p € X is a point. Then there are regular parameters (x,y) of

@XJ, such that u = xayg, and @ >0, b > 0.
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Suppose that b > 0. Let m = (a@,b), let a = %, b= %. There are power series
P(t) and F(x,y) such that  does not divide F', y does not divide F, 2°y?F has
no nonzero terms which are powers of z%y° and (in Ox )

u = (xayb)m
v=P(zy’) + 2%y F(x,y) (30)
In this case, we will say that p is a 2 point.

If b = 0, there are power series P(t) and F(x,y) such that x does not divide
F, F has no nonzero terms which are powers of z and (in Ox j)
u =2z

v = P(z) + 2°F(z,y)
In this case we will say that p is a 1 point.

Suppose that p € X, and (x,y) are regular parameters in Ox , such that

(u,v) have one of the forms (90) or (91). Set

(p) = mult(F) — 1 if pisa 1 point
| mult(F) if p is a 2 point

(91)

Lemma 9.7. ¥(p) is independent of the choice of reqular parameters (x,y) in
(90) or (91).

Proof. First suppose that p is a 2 point. To express u and v in the form (90) we
can only make a permissible change of variables in = and y, where a permissible
change of variables is one of the following two forms:

T = Wy, Y = wyyY where w;”aw;”b =1 (92)
or
Y = wyT, T = w,y where w;”aw;”b =1 (93)

where w,, w, are unit series. 7(p) does not change after a change of variables of
one of these forms.

Now suppose p is a 1 point. To preserve the form (91) we can only make a
permissible change of variables, where a permissible change of variables is of the
form:

T = w; T,y = ¢(T,y) where mult(¢(0,7)) = 1. (94)

and w, € k is an a-th root of unity. Then

(T, ) = (T, 7)([H + »(T))

where ¢ is a unit. Write

a (95)

where
F = w;(F(wxE, gb(f, @)) - F(wa:_a gb(E) 0)))
P(T) = P(w,T) + TWEF (W, T, ¢(T, 0))
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Suppose that the leading form of F' is
L= Z ai;riy’.
1+j=r
The leading form L of F is then
WE( D ajweT (e —iT) — Y aijw.T (—ebiT))
i+j=r it+g=r

where e = ¢(0,0). L is nonzero since a;; # 0 for some j > 0. [

(u,v) are l-resolved at a 2 point p if and only if F' is a unit. (u,v) are 1-

resolved at a 1 point p if and only if F(z,y) = g(z,y)? + h(zx) for some series
g(z,y) with mult(g(0,y)) = 1, and positive integer d.

Theorem 9.8. Suppose that g : X1 — X is a quadratic transform, centered at
a point p of X, and p1 € Xy is a point such that g(p1) = p. Then
v(p1) <v(p).

If (u,v) are 1-resolved at p then (u,v) are 1-resolved at p;.

Proof. First suppose that p is a 2 point. Write
F = Z ai;riy’.
t+j2>r
in Ox ,,, where r = mult(F) = 7(p). Suppose that Ox, ,, has regular parameters

(z1,y1) such that z = 21,y = z1(y1 + ) with a # 0. Define 7; by

—b
T = El(yl + a) atb

Then (Z1,y1) are regular parameters in Ox, p, .

U= xT(a+b)(y1 +a)mb =

E?{L((L—i—b)-
—_a—+b —c+d+r A F

v = P@) + T g+ ) ()
1

b(c+d+r
where A = d — %.

F=Y" ayain +a) + o170,

1+j=r

F :

— = Zaj(yl + a)) + 219.
1 j=0

where a; = a,—; ;. We have

u— fm(a,—i—b)
_1— —c+d+r (96)
v=P(Z1)+ 7} F(Z1,y1)
where »
_ F at+b aib_
P = P + 7 () (LT 0T,
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—b o T .
— F((yl+a)a+bfl7(y1+a)a+bil) F(aa—i—bil’aa_._bfl)
F:(y1+a)k( S )_(&)A( e )
(y]. + a) atb x{ aa+b CE’{
Set

8= (Z ajol Yo,
5=0

Suppose that ¥(p;) > v(p) = r, so that

mult(F) > mult(F) + 2 =r + 2.
Then

(11 + )’ _a;(yr +a)’) — B=0mod (y1)"+*.
5=0
B # 0since Y7 a;(y1 + a)? # 0. We have
> aj(y1 + ) = By +a)" mod (y1)*? (97)
5=0
First suppose that —A € {0,1,... ,r}. Then

N ai(yn +a) = By + o)
5=0

where t = —\ < r. Thus the leading form of F' is

L o= >0y +a)
= Bai(y + o)
— ﬁerr)\yf)\
— 6xr—tyt

So the leading form of F is Ba"ty’. Thus BxT""ty9t? is a nonzero term of
z¢y?F. Since
L blc+d+r) 4
a+b
we have
blc+r—t)—a(ld+t)=0

so that z¢T7~ty9+t is a power of 2%y®, a contradiction.

We must then have —\ & {0,1...,r}. But then the 4] ™" coefficient of 3(y; +
«)~? is non zero, a contradiction to (97).
Now suppose that p is a 2 point and @Xl p, has regular parameters (x1,y1)
such that x = z1,y = z1y1. Write

F = Z ai;riy’.
itj>r
Then

_ m(a+b) mb
U =Ty (2 o (98)
v =P(z{y8) + 2Ty F (21, 1)
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where P = P, F = mﬂr We need only check that mﬂr has no nonzero x‘f‘ylﬁ terms
1

with b(c+d+7+a) = (a+b)(d+5). We have that a;; = 0 if b(c+i)—a(d+5) = 0.

Suppose that b(c+d+r+a)=(a+b)(d+ ). Set i =a—F+r, j=05. Then
blc+1i) —a(d+j) =0, and a;; = 0. But this is the coefficient of 2¢y? in L.
We have

mult(F) < mult(F).

The above argument also works, by interchanging the variables x and y, in
the case where p is a 2 point and Ox, ,, has regular parameters (z1,y;) such
thatx:xlyl,y:yl. )

Now suppose that p is a 1 point and Ox, ,, has regular parameters (z1,y1)
such that © = x1y1,y = y1. Write

F= Z ai;riy’.
i+j>r
Then
u =yl
— P 99
v = P(x1y1) + 25y{ " F(21,91) (99)

where P = P, F = yET We must show that F has no nonzero terms x‘f‘ylﬁ terms

1 .
with @ = r + 3. But this is impossible since F' has no nonzero z' terms, with

1> 0. B
The leading form of F' is
r—1

F= Z ai,r_ia:'i + 1192
1=0

since ar9 = 0, where some a;; # 0 with i +j = r, j > 0. Thus mult(#) <
mult(F) — 1.

Now suppose that p is a 1 point and @Xl p, has regular parameters (x1,y1)
such that z = x1,y = z1(y1 + «). By making if necessary a permissible change
of variables at p, replacing y with y — ax, we may assume that x = x1,y = z1y;1.

Write
F = Z ai;r'y’.
itg>r
where a;g = 0 for all 7.
u =z
v=P(xy) + 25T F(z1,y1)

where P = P, F = £ F has no nonzero terms which are powers of z;. Thus

xX

=3

mult(F) < mult(F).
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Suppose that p € X. Set

if p is a 1 point and mult(F") = mult(F(0,y))
if p is a 2 point

if p is a 1 point and mult(F') < mult(F(0,y))

o(p) =

== O

Lemma 9.9. o(p) is independent of the choice of permissible parameters (x,y)
at p.

Proof. The proof of Lemma 9.7 shows that mult(F(0,y)) is independent of the
choice of permissible parameters at a 1 point. [

Lemma 9.10. Suppose that g : X1 — X is a quadratic transform, centered at a
point p of X, and p; € X5 is a point such that g(p1) = p. Further suppose that
p is a 2 point, py is a 1 point and U(p1) = v(p). Then o(p1) = 0.

Proof. @Xl p1 has regular parameters (x1,y;) such that z = 21,y = z1(y1 + @)
with a # 0. Let 7 = mult(F'). mult(F;) = mult(F) 4+ 1=r+ 1. Let

F = Z aija:iyj

itj>r

As in the analysis leading to (97),
Fi=(y+a) Zar—j,j(yl +a)) | =B mod (z1,y; ) (100)
j=0

for some 3 € k. If F; = 0 mod (z1,y; "), then 3 # 0 and —\ € {0,1,... ,7}, as
in the proof of Theorem 9.8. Then

B =+ o) (-2 ) 5 mod (o, 77

(r+1)!
“A=A=1)(=A=7)  —p_q T r
=-0 ( (r421)1( Lo 1y1+1 mod (931>y1+2) (101)
Thus mult(F1(0,y1,21)) =r+ 1. O

Lemma 9.11. Suppose that g : X1 — X is a quadratic transform, centered at
a 1 point p of X and py is a point above p such that g(p1) = p.

If p1 is a 1 point and U(p1) = U(p), then o(p1) =0. If o(p) =0 and p; is a 2
point then 7(p1) = 0.

Proof. First suppose that o(p) = 0 and p; is a 2 point. Then O x,,p, has regular
parameters (x1,y1) such that © = 191,y = y1.

F = Z aija:iyj
i+j2>r

with apr 7é 0.

r—1

F, = Z ai’r_ia:ﬁ -+ ylﬁ.

i=0

is then a unit.
Now suppose that p; is a 1 point and v(p;) = v(p). After appropriate choice

of permissible variables (z,y) at p, O X,,p, has regular parameters (x,y;) such
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that © = 21,y = 21y1. Set r = mult(F) = mult(F;). Then Fy = F@rmv) g

Ty
mult(F1(0,y1)) = 7. O
Theorem 9.12. Suppose that g : X1 — X is a quadratic transform, centered at
a point p of X, and py is a closed point such that g(p1) = p. If v(p1) = v(p),
then o(p1) < o(p).

Proof. This is immediate from Lemmas 9.10 and 9.11. [
Suppose that
F = Z aijxiyj
+j2>r

has multiplicity r. Define

1
r
d(F;x,y) = oo if and only if F' = y"w, where w is a unit. If 6(F;z,y) < oo, then
I(F;x,y) € %N.

Suppose that p € X. If (x,y) are permissible parameters at p with one of the
forms (90) or (91), set

O(F;x,y) = min( | j<mr,a;; #0).

o(psx,y) = 6(F;z,y).
Then set

d(p) = sup(d(p; , y))
where the sup is over all permissible parameters at p. Note that if p is a 2 point,
then

d(p) = max(d(p;x,y),6(p; y, x))
if (z,y) are a particular choice of permissible parameters at p.
If p is a 2 point and v(p) > 0, then §(p) < oco. If p is a 1 point and o(p) = 1,

then 0(p) = 1, since d(p; x,y) = 1 for all permissible parameters (x,y).

Lemma 9.13. Suppose that p is a 1 point, o(p) =0 and (x,y) are fized permis-
sible parameters at p. Then there exists a power series t(x) such that

0(p) = 6(p;x,y — t(x)).
If §(p) < o0, then t(x) is a polynomial.
d(p) > 0 =d(p;x,y) if and only if 6 € N and
Z aijr'y’ = 7(y — cx®)" 4+ A"
i+dj=rd
for some T,¢c, A € k with ¢ # 0 (so that A = —7(—¢c)").

Proof. Suppose that (Z,7) are also permisible parameters at p. Then T = Az,

with \> = 1 and § = ¢(y — t(x)) for some unit series ¢ and series t(z).
0(p;7,7) = 6(p; 2,y — t())
Thus

d(p) = sup(d(p; x,y — t(x) | t(x) is a polynomial of positive order).
(102)
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Let § = 0(p; z,y),

ull

= Z Clijiviyj.
i+dj=rd
so that
F

Z + Z aijxiyj.
i+65>18

Suppose that

L=r1(y—cx®)" + \z"
for some 7, ¢, A € k with 0 # ¢c. Set y; =y — cx®. Then § € N and §(p; z,y1) >
d(p; x,y) since

Fi=r1yi+ Y ayz'yl.
i85 >1d
where
v=P(x)+z{F

is the normalized form of v with respect to (x,y;). We can repeat this process,

with y replaced by y — cz’. The process will either produce a polynomial ¢(z)
such that if y; =y — t(x), and §; = d(p; x,y1), then §; € N, or §; € N and

> @iyl £ Ty — )+ A2 (103)
i+01j=rd1
for any 7,¢,\ € k with 0 # ¢, or we will produce a series t(z) such that if
y1 =y — t(x), then §(p;z,y1) = d(p) = oo, so that F; = y¢, where ¢ is a unit
series.
Suppose that we have produced y; such that d(p;x,y1) € N or d(p;x,y1) € N

and (103) holds. We will show that d(p) = §(p;z,y1). Suppose that §; =
d(p;z,y1) < 6(p). By (102), there is a polynomial

t(x) = Z e;x’

such that if yo = y1 —t(x), then §(p; x,y2) > 6(p; x,y1). Substitute y; = yo+t(x)

into
Fy = Z a;jzty] + Z a;jz'yq,
i+(51j27’51 i+51j>7’51
and normalize with respect to the permissible parameters to get

v = Py(x) + 2°Fy(x,y2).

Let d = ord (t(z)). 'y} = 2'(y2 + t(x))’ has nonzero z'+™dyl =™ terms with
0 < m < j, and may have other nonzero xi+ma+7y%_m terms with 0 < m < j,
v = 0. 3
Suppose that d < 6; = §(p; z,y1). The expansion of 37 has a nontrivial 2%y] ™
term. Suppose that :ciy{ is such that its expansion has a nontrivial :cgyf_l term.
Thend = i+md+vy,r—1=j-—mwith0 <m < j,i,7>0. d(1-m) =i+y >0
implies m = 0 or 1. m = 0 implies j =r — 1, % < d. a;; = 0 in this case since

Z-|—51] §8+(51(T’—1) < 017
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m = 1 implies ¢ = 0, 5§ = r. Thus there exists a nontrivial a:dy’ln_l term in
F5(z,y1) which implies that do < 01, a contradiction. Thus d> 6.

We then see that if i + 615 > 761, then all terms z®y” in the expansion of
xiy{ = 2% (yo + t(x))’ satisfy o + 618 > rd1. Since do < 1, we see that

cyy + terms with @ + 615 > rdé; if 61 € N,

=l J —
'+5Z 5 aijz’ (y2+t(z)) { cyh + dz"% + terms with 7 + 017 > rdy if 61 € N.
7 1J=T01

Thus mult(t) = §; and

E dijxly{ =c(y1 — 6513351)’“ + da™0
i+51j:T51

a contradiction. 4

Lemma 9.14. Suppose that g : X1 — X is a quadratic transform, centered at
a point p of X, and p1 € Xy is a closed point above p such that g(p1) = p and
w(pr) = (p).

Suppose that p and p1 are both 2 points. Then §(p1) = §(p) — 1.

Suppose that p and py are both 1 points, o(p) = 0 and 6(p) < oco. Then

o(p1) =d(p) — 1.

Proof. Suppose that r = mult(F).

First suppose that p and p; are both 2 points. Then p has permissible pa-
rameters (z,y) and Ox, ,, has permissible parameters (x1,y;) such that z =
21,y = T1y1. Since F; = x—lz, d(p1;z1,y1) = 6(p;z,y) — 1. Since T(p1) = v(p),
we have F = Zaijxiyj with a;; = 0if i + 5 <r and j < r. Thus ag, # 0, so
that 6(p;y,x) = 1 and 6(p;x,y) > 1. Thus d(p) = d(p; x,y). Since mult(Fy) =r
and mult(F1(0,y1)) = r, d(p1;¥1, 1) = 1 and d(p1;21,91) > 1. Then 6(p1) =
6(p1;@1,y1) = 6(p) — 1.

Now suppose that p and p; are both 1 points, o(p) = 0 and §(p) < co. We can
suppose that we have permissible coordinates (x,y) at p such that § = §(p) =
d(F;z,y) and mult(F(0,y)) = mult(F'). p; has permissible parameters (z1,y1)
such that x = x1,y = x1(y1 + ) for some v € k.

First suppose that v # 0.

F = Z aij(r + ) —a+ 19
1+j=r
where

mult(Fy) = mult(F) implies
> aijy +7) —a= a0y
t+j5=r
Thus o
> aia'y’ = apr(y — yx)" +ax’.
1+j=r
This is a contradiction to the assumption that §(p;z,y) = d(p) by Lemma 9.13.
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Now suppose that v = 0. Then F; = xﬂr and 0(p1;21,y1) = d(p;x,y) — 1. If

d(p1;1,y1) < 0(p1), then we must also have é(p;z,y) < d(p) By Lemma 9.13.
Thus §(p1) = d(p) — 1. O

If p € X is a 2 point, then (u,v) are 1-resolved at p precisely when 7(p) = 0.
If p € X is a 1 point then (u,v) are 1-resolved at p precisely when d(p) = oo.
Thus (u,v) are not 1-resolved at p € X if and only if 7(p) > 0 and d(p) < occ.
We can define an invariant

Inv(p) = (7(p), o (p), (p))
for p € X.

Theorem 9.15. Suppose that g : X1 — X is a quadratic transform, centered at
a point p of X, and p1 € Xy is such that g(p1) = p. Suppose that 7(p) > 0 and
d(p) < oco. Then

Inv(p1) < Inv(p)

in the lexicographic ordering.

Proof. The Theorem follows from Theorem 9.8, Lemmas 9.10, 9.11, 9.14. [
The proof of Theorem 9.4 is immediate from Theorem 9.15.

Lemma 9.16. Suppose that f(x,y) € To = k|[z,y]] is a series. Suppose that we
have an infinite sequence of quadratic transforms

Toy—=T1— =T, — -
Then there exists ng such that n > ng implies there exist reqular parameters

(T, yn) in Ty, ap, B € N and a unit u,, € T, such that f = x%”yﬁ”un

Proof. This follows directly from Zariski’s proof of resolution of surface singular-
ities along a valuation ([36]), or can be deduced easily after blowing up enough
to make f =0 a SNC divisor. 0

Lemma 9.17. Suppose that a;+3; > j, 2% yPi € Ty = K[z, yl(zy) for2 <j<r
(or 1 < j <r). Suppose that we have a sequence of quadratic transforms

To—Ty— =Ty — -

where each T,, has regular parameters (x,,y,) such that either x,_1 = x,,
Yn—1 = Tp¥Yn, OT Tn—1 = Tp¥n, Yn—1 = Yn. There are natural numbers oy, ;,

Bn,i such that
ﬁn,i

n

5 <Ozn,z' an,j> </6n,i /in,j)
n,i,J] — . - ; - — -

(3 J /3 7
Then

L Ont1,i5 = Onsig
2. 5n,i,j <0 implies 5n+1,i,j — 57%1'73‘ > ri‘l'

xoéjyﬁj = gOmiy
Define
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Proof. We will first verify 1. Suppose that =, = Tp11Yn+1, Yn = Yn+1. The
proof when z,, = T, 41, Yn = Tp4+1Yn+1 18 the same. 1. is immediate from

2
CK’I’L,’L Cl{’n,]
(5n+1,z‘,j = (Sn,i,j + ( PR T

Now suppose that d,,; ; < 0. Then (O"Z’ — %) and (ﬂ”.*i — ’6’;—3) are nonzero.

K3
We can suppose that z, = T, 11Ynt1, Yn = Ynt1-

2
Qn q Ay j
51’7, 14,5 — 51’L,i,j — <% — %)

: : 2
JOn i —10n j > 1
- ij _

since 4, j < r implies (i5)? < r?. O
Corollary 9.18. Suppose that a; + B3; > j and z%yPi € Ty = K[z, y)(z,y) for
2<j<r(or1<j<r)and

To—=T11 — =T, — -

is a sequence of quadratic transformations as in the statement of Lemma 9.17.
Then

1. There exists ng and i such that n > ng implies

Oni o Ong g Pri o P
? J 7 J
for2<j<r (or1<j<r)

2. There exists an ny > ng such that

() (5 <

Proof. By Lemma 9.17, there exists ny such that n > ng implies d,, ; ; > 0 for
all 7, 7. Let Ay = min (%) Let Ay = min ('63—3 such that 2=i = >\1>. Choose

J
i such that 24 = Xy, % = \2. Then
aﬁl,i < O‘ff,j7 an < ﬂnj
v J t J
for2<j<r(orl1<j<r).
Now we will prove 2. Suppose that n > ng. Then

COREHEY
CORENS

Tn = Tp+1Yn+1,Yn = Yn+1-

Suppose that

Without loss of generality,
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Then
n+1,4 ntl,i _ n,i n,i Bn,i
{mpay g { B (o) g foma) [y
<o) )
Thus there exists ny > ng such that 2. holds. O

Remark 9.19. The conditions a; + (3; > i and {%} + {%} < 1 tmply either
a; > 1 or [3; > i.
Lemmas 9.20 and 9.21 are used in Abhyankar’s Good Point proof of resolution

of singularities [4], [26].

Lemma 9.20. Suppose that o, + B, > j, (aj,,B5,) are nonnegative integers
for 1 < j < r. Suppose that we have pairs of nonnegative integers (cu, j,Bn. ;)
for all positive n and 1 < 5 <r such that either

(Cnt1,5, Bn1,j) = (g + Bnj — J Bn.j)

or
(1,55 Bnr,y) = (Qng, Qg + By — 7)-
Define
5 . (an,i an,j) <ﬁn,i ﬁn,j)
n,t,j — A - . . - .
/) J ? J
Then

L Ont1,ij = Onjig
2. Onij <0 implies 041,45 — Onyij = %4

Lemma 9.21. Suppose that the assumptions are as in Lemma 9.20.
Suppose that a; + 35 > j, x%iyPi € Ty = K[z, y(z,y) for 1 < j <r. Suppose
that we have a possibly infinite sequence of quadratic transforms

To—=T1— =T, — -

where each T, has reqular parameters (x,, yy) such that either T,_1 = Ty, Yn—1 =
TnlYn OT Tp—1 = Tpln, Yn—1 = Yn and (a,, Bn) are defined by the respective rules
of Lemma 9.20. Then

1. There exists ng and i such that n > ng implies

v J v J
for1 < j<r.

2. There exists ny > ng such that

(5 {5 <



10. A, (X)
Throughout this section we will assume that ®x : X — S is weakly prepared.

Definition 10.1. Suppose that r > 2. A,.(X) holds if

1. v(p) <7 ifpe X is a 1 point or a 2 point.

2. Ifpe X is a 1 point and v(p) = r, then y(p) =r.
3. If pe X is a 2 point and v(p) = r, then T(p) > 0.
4. v(p) <r—1ifpe X is a 8 point

Definition 10.2. Suppose that r > 2. A.(X) holds if

1. A.(X) holds.

S,(X) is a union of nonsingular curves and isolated points.

S-(X) N (X — Ba(X)) is smooth.

S, (X) makes SNCs with Bo(X) on the open set X — Bs(X).

The curves in S, (X) passing through a 8 point ¢ € X have distinct tangent
directions at q. (They are however, allowed to be tangent to a 2 curve).

Al ol 2

Lemma 10.3. Suppose that X satisfies A,(X) with r > 2. Then there exists a
sequence of quadratic transforms X1 — X such that A, (X1) holds.

Proof. Let m: X; — X be a sequence of quadratic transforms so that the strict
transform of S,.(X) makes SNCs with B2(X). Then A, (X;) holds by Theorems
7.1 and 7.3, and A,(X;) holds by Lemma 7.9 and Theorem 7.8. O

Definition 10.4. Suppose that A,.(X) holds. A weakly permissible monoidal
transform m : X1 — X s called permissible if w is the blow-up of a point, a 2
curve or a curve C containing a 1 point such that C U S,.(X) makes SNCs with
By(X) at all points of C.

Remark 10.5. 1. If A.(X) holds and 7 : X1 — X is a permissible monoidal
transform, then the strict transform of S,(X) on X, makes SNCs with
By(X1) at 1 and 2 points, and has distinct tangent directions at 3 points.

2. If m: X1 — X 1s a quadratic transform centered at a point p € X with
v(p) =71 and A.(X) holds, then A,.(X1) holds.

3. If A.(X) holds and all 3 points q of X satisfy v(q) <r —2, then S,(X)
makes SNCs with Bo(X).

The Remark follows from Lemmas 7.9 and 7.7, and the observation that
the strict transforms of nonsingular curves with distinct tangent directions at a
point p intersect the exceptional fiber of the blow-up of p transversally in distinct
points.

S.D. Cutkosky: LNM 1786, p. 109, 2002.
(© Springer-Verlag Berlin Heidelberg 2002



11. REDUCTION OF v IN A SPECIAL CASE

Throughout this section we will assume that ®x : X — S is weakly prepared.

Lemma 11.1. Suppose that v > 2 and A,.(X) holds, p € X is a 1 point or
a 2 point with v(p) = ~v(p) = r. Let R = Ox,p. Suppose that (x,y,z) are
permissible parameters at p as in Lemma 8.5. Then there exists a finite sequence
of permissible monoidal transforms m:Y — Spec(f%) centered at sections over
C =V (x,y), such that for g € m=1(p), there exist permissible parameters (Z,7, z)

at q such that F, has one of the following forms.

u =7z

v = P(x)+7°F, (104)
or
v = P@9) +7Y°F, (105)
with

r—1
Fy=72"+> @@z g’ + ey’
1=2

with T a unit, a; a unit (or zero), c; + B; > i for all i, and e =0 or 1.

Proof. We have one of the forms (65) or (66) of Lemma 8.5 at p. By Lemma 9.2
and Theorem 9.4 applied to
u=2x"7=P(z)+a2°Fy(z,y,0)
or
u = ("), 0 = P(2"y’) + 2y Fy(z,y,0)
there exists a sequence of permissible blow-ups of sections over C' such that for
all ¢ over p, there are permissible parameters (Z,7, z) at ¢ such that

N — Sy ay(7, )2 + ereople) (106)
with 7 a unit, e =0 or 1 and fy > 0, or
u = (TP
vo=PEY) YT+ N a(@g)e T e g

with 7 a unit, e = 0 or 1 and a(d + fo) — b(c + eg) # 0.
By further permissible blowing up (of sections over C') we can make
U H a; =0
2<i<r—1,a;#0

a SNC divisor, while preserving the forms (106) and (107). At points ¢ over p
satisfying (107) we have then achieved the conclusions of the Lemma.

Suppose that ¢ is a point over p satisfying (106) such that the conclusions of
the Lemma do not hold. We then have e =1, fy > 0 and

U H a; =0

2<i<r,a;#0

S.D. Cutkosky: LNM 1786, pp. 110-130, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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is not a SNC divisor. Since
u H a; =0
2<i<r—1,a;#0
is a SNC divisor, there exists a nonzero, nonunit series ¢g(Z) such that
a; = @, (T,9)7 (7 — 9(2))” (108)
for 2 < i <r — 1, where the a@; are units (or 0), and some 3; > 0 with @; # 0. If
fo =1, we can set § =7 — ¢g(T) and renormalize with respect to (T, 7, z) to get

in the form of the conclusions of the Lemma.
Otherwise fo > 1. Let t = v(g(T)), so that

g(T) = ax' + higher order terms

for some 0 # «. Now blow up V(Z,%). under T = z1y1, ¥ = y1, we have
u = riyy 1
v = P(Zlilyl) + mfyf(fzﬂ" =+ Z::_z di($17y1)1’1 yﬁﬁ—az r—i 4 xeoyeo+fo)
in the form of the conclusions of the Lemma. Under T = z1, ¥ = x1(y1 + 3),
with 3 # 0, we have
u = x‘ll
+a$ 0 (yy + B)o)
= P(x1) + ﬁfoxc+€0+fo
1
+x§ (T2 4+ S0 216 ' +61((g1 + Bl T — g(ac1)>ﬁZ r—i 4 3760+f0§1)

where 77, = (y; + 3)/° — 870, If we are not in the form of the conclusions of the
Lemma, then

g(z1) e
e A )
where v(¢) > 1. We can make a change of variable in 7, replacing 7; with
Y1 — ¢(x1), and renormalize, to get in the form of the conclusions of the Lemma.
Under ¥ = z1, ¥y = x1y1, we have

@, + )% —

u =xf
v =Px)+x(r2" + Y, az(az y)x] i ths (y1 — —g(;ll))'giz’"_i + x;’“f‘)y{‘))

the coefficients of 2% are in the form of (108), but we have a reduction v <%11)) =

—1. Ifv ( (ml)) = 0 we are in the form of the conclusions of the Lemma. Thus

after ¢ blow-ups, centered at the intersection of the strict transform of the surface
y = 0 with the exceptional divisor, we achieve the conclusions of the Lemma. [

Theorem 11.2. Suppose that r > 2 and A, (X) holds, p € X is a 1 point or
a 2 point with v(p) = v(p) = r. Let R = Ox,. Suppose that (v,y,z) are
permissible parameters at p as in Lemma 8.5, where z = oz for some z € R
and unit o € R. Then there exists a finite sequence of permaissible monoidal
transforms m : Y — Spec(f?,) centered at sections over C' = V(x,y), such that
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for ¢ € 7=Y(p), q has permissible parameters (z,y, z) such that F, has one of
the following forms:

1.
u =7z
v = P(@)+TF,; with (109)
F, =712 + 30 (T, 5)T% 2" + ez
where 7 is a unit, a; > 1 for2 <1 <r—1,a.>r—1,e=0 or1, and
a; are units (or 0), or
2.
u =z yb)m
v = PE79) +zYF, with (110)
Fy =72+ ZE;é a;(x, g)zyP I 4 ey
where T s a unit, a; + B; > 7 and a; are units or 0 for all j, e =0 or 1,
there exists an i such that a; # 0, 2 <i <71 and
%% Bl
i J v J
for 2 < j <r. We further have
{2} {2} <1
i l
or
3.
v =x¢
v = P(T)+z°F, with (111)

Fy =727+ 302 S (T, )Ty 27T+ ey
where T is a unit, o; + B; > j and a; are units or 0 for all j, e =0 or 1,
there exists an i such that a; #0, 2 <1i <r and
LY
(| (2
for 2 < j <r. We further have

{5+ {ﬁf}“

Proof. We can first construct a sequence of monoidal transforms = : Y —
Spec(R) satisfying the conclusions of Lemma 11.1. (109) holds at all but finitely
many points ¢ € 7~ 1(p).

Suppose that ¢ € 77!(p) and (104) holds at ¢, with € = 1, but F} is not in the
form of (109) or (111). Perform a monoidal transform 7’ : Y/ — Y centered at
the section over C' through ¢ with local equations Z =7 = 0 in (104). Suppose
that ¢’ € (7')71(q). Suppose that there are permissible parameters (z1, %1, 2) at
¢ such that T = 21, 7 = a:l(yl + «) where a # 0. Then

— TZ + Z a;x al+ﬂ1 y + O[)Bizr_i + x?r"‘ﬁr (yl + OZ)BT
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Set §1 = (y1 + @)’ — aPr. Then
r—1
Fp=12"+ Z a;(xy, Ql)x?izr_i +x7" 7
i=2
in the form of (109). Thus the only points ¢’ € (7')~1(¢) which might not satisfy
the conclusions of Theorem 11.2 are the points ¢’ which have regular parameters
(71,91, 2) such that T = z1, ¥ = x1y1 or T = 2141, ¥ = Y1

The analysis of the case when (104) holds at ¢, with e = 0, is simpler. We again
conclude that the only points in the blow-up of the curve with local equations
T =7y = 0 above ¢ which may not satisfy the conclusions of Theorem 11.2 are
the points which have regular parameters (z1,y1, 2) such that T = z1, ¥ = x1y3
or T = 1Yy1, ¥ = Y1-

Suppose that ¢ € 7~ !(p) and (105) holds at ¢, with ¢ = 1, but F, is not
in the form of (110). Perform a monoidal transform 7’ : Y’ — Y centered at
the section over C' through ¢ with local equations © = 3y = 0. Suppose that
q € (7")7(q). Suppose that there are regular parameters (x1,y1,2) at ¢’ such
that T = x1, ¥ = x1(y1 + «) where o # 0. Then

— b
U = x(1a+ ym

(1 + ) F, =7(y+a)*z" + Z::_Ql a;(y1 +bOt)ﬂiJr)‘_(aiJrﬁi)aLerf(f“Lﬁiz’“_i
_}_E?r‘i‘ﬂr (yl +a))\+67"_(ar+ﬁr)a_+b.

Thus
r—1

Fp =#2"+ ) ai(T1, 7,202 + 2077,
i=2
is in the form of (109), where 1 = 71 (y1 —i—oz)_aLer, 7 = (y1 +a)* — o, where
A=d—2eED N = Ay Br — (o + ﬁT)aL—f—b # 0 since Fj, is normalized implies

a+b
a(d+ B,) —b(c+ o) # 0.

Thus the only points ¢’ € (7’)~!(g) which might not satisfy the conclusions of
Theorem 11.2 are the points which have permissible parameters (z1,y1, 2) such
that T =z, y=z1y1 or T = 21Y1, Y = ¥1.

The analysis of the case when (105) holds at ¢, with e = 0, is simpler. We again
conclude that the only points in the blow-up of the curve with local equations
T =7y = 0 above ¢ which may not satisfy the conclusions of Theorem 11.2 are
the points which have regular parameters (z1,y1, 2) such that T =z, ¥ = x1y3
or T = T1Y1, ¥ = Y1-

We can construct a sequence of monoidal transforms

Y,—= - —=Y1 =Y

with maps 7; : Y; — Y such that Y; — Y;_; are centered at sections C; over
C, such that 7; ' (p) N C; does not satisfy (109), (110) or (111). By the above
analysis, Lemma 9.17 and Corollary 9.18, we reach the conclusions of the theorem
after a finite number of blow-ups. OJ
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Remark 11.3. In (111) of Theorem 11.2, we must have 3; < j for some j.

Proof.

~

u € Ising(‘t‘x)vq C Im:q

by Lemma 6.11. Thus = € iET(X) ¢ B; > j for all j implies F, € (y,2)", so that
j§r(X) s C (y,2) by Lemma 6.22, a contradiction. O

Theorem 11.4. Suppose that r > 2 and A,.(X) holds. Suppose that p € X
is a 1 point or a 2 point with v(p) = v(p) = r. Let R = Ox . Suppose that
T:Y — Spec(}?) 1s the sequence of monoidal transforms of sections over the
curve C' with local equations x = y = 0 at p of Theorem 11.2. Suppose that
t > r 1s a positive integer. Then there exists a sequence of permissible monoidal
transforms 7 : Y — spec(R) of sections over C such that for all ¢ € T 1(p),
F, is equivalent mod (T,z)" to a form (109) or (111) or F, is equivalent mod
(Y, 2)t to a form (110), where (T,7,2) are permissible parameters for u,v at q,
and z = oz for some Z € R and unit o € R.

7 extends to a sequence of permissible monoidal transforms U — U over an
affine neighborhood U of p. S, (U) is the union of the curves in T '(p) and the
strict transforms of the curves D or Dy, Do (if they exist) in the notation of

Lemma 8.5. S,.(U) makes SNCs with Bo(U).
Proof. Let my be the maximal ideal of R. We can after possibly replacing
Z with Zw, (112)

where w is a unit in R, assume that x = y& with v = 1 mod m},. We can factor

A

Y=Y,— - —=Ys—=Y —spec(R) =Y

so that each map is a permissible monoidal transform. In fact, if Sy = spec(k[z, y]),
there exists a sequence of quadratic transforms

Spr — -+ — Sy — 51 — spec(k[z,y]) = So

centered over (w,y) such that Y; = S; xg, Yy for all i. Set Sy = spec(k[,y]).
Z — x induces an isomorphism Sy = Sy. We have then a sequence of quadratic
transforms

gn/—>'--—>§1 %go

where S; = S; xg, So and isomorphisms S; 2 S;. Set Y = spec(R). We have
a natural map Yy — Sp. Define a sequence of permissible monoidal transforms

Yoy — =Y =Y,
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by YV; =S, X3, Y. We have a commutative diagram

Yn/ — Yn/fl — e = Yl — Yb

\ \ \ \

Sn/ — Sn/_1 — o = Sl — So

T T T T (113)
Sn/ — Sn/_1 — o = Sl — So

T i I T

Y, — Y, — -+ — Y — Yy

The maps S; — S; are isomorphisms, and we have maps S; X3, Sy — Y,
S; Xg, So — Y; induced by the natural projections

kllz,y, z]] = kllz, y]] and K[[Z,y, 2] = K[[Z, y]]
so that the diagrams

Y;
v
S 4 (114)
\ )
Si XS So
and o
Y;
'
Si 1
’\ J— A
Sz Xgo S()
comimute.

Suppose that § € Y,/ is a closed point. (113) and (114) identifies ¢ with a
closed point p € Y,,/, and closed points § € S,/, p € S,,. We have commutative
diagrams:

Os.5 = @gn,,a
1 1 (115)
kllz,yl] = K[z, y]

induced by z — 2. This induces commutative diagrams:

Ov, 5=0s,5l] = Og .= Oy .
T ! '
R = k[z,y, 2]] = kl[Z,y, 2]]

Suppose that F(x,y,z) € R.If (Z,7) are regular parameters in @Snuz_?’ which
are identified with regular parameters z, ¢ in @gn/,ﬁ by (115), and F(x,y,z) =
G(T,7,2) € @Ynuﬁv then F(Z,y,2) = G(Z,9,z2) € @?n/@'

Since z = v, v = 1 mod m},, and

F(Jj,y, Z) = F(VCE,Z/, Z) = F(:E,y,z) mod m’é
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implies

F(x,y,2z) = G(Z,7, z) mod mgéyn/,q.

Let m be the maximal ideal of R.

Suppose that p € Y,/ is a 1 point, u = =% in (’A)yn,@. Then (since we can
assume that Y # spec(R)) 7 | # and 7 | y in Oy, , 5 implies m} C (7, z)*, so that
m! C (%, z)tO?n/@.

Suppose that p € Y, is a 2 point, u = (Z%G°)™ in (’A)yn,yﬁ. Ifz=07y=0
are both local equations of components of the exceptional locus of Y, — Y, we
have Ty | z, Ty | y which implies that m{ C (7y, 2)?, so that m' C (2g, 2)*.

If one of T = 0,7 = 0 is not a local equation of the exceptional locus, then
we have regular parameters (z,y’) in @Sn,@ such that o = 2/(y/)%,y = v (or

r =2,y =1'(2")?). In the first case we have

@Yn/,ﬁ = k[[ﬁ,y,z]]

= k[[’;_%?’y, Z]] R
= ]{:Hﬁayvz]] = O?n,@'
Thus we have @yﬂ,,ﬁ = @? ,.5- In the second case, we also have @yn,,ﬁ = (’57 G

Let #:Y =Y,» — Y be the morphism of the bottom row of (113). Suppose
that po € Y is a 1 point, so that in Oy

0,P0’
u=2x"v=P,(x)+zCF,.

Suppose that p’ € 7 1(pg). Let ¢ be the corresponding closed point of Y = Y,,/.
Suppose that we have permissible parameters (z,v, z) in Oy, such that

u:fa’v - Pfl(f) +E0FQ(fag7 Z) (116)

of the form (109) or (111) with £, €N,z = Th =T%. Let (Z«, Us, 2) be the
corresponding regular parameters at p’ (by the identification (115)).

u=a® =" =93] = (2,)"

where we define

Thus (2%, J«, z) are permissible parameters for (u,v) in (’5? v

There exists a series ]5q (%) such that

Fpo(x’ya Z) = Fq(f,g, Z) + Pq(f)
Thus

Fpo(x7y7 Z) = Fq(i*,gj*,

2) + P,(#.) mod mg(??,p,
= Fq(j;,g*72) +

P (.
P,(7.) mod m{Os o

Py(T) = Py (T70) + T°Fy (7)
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implies
0 (ZL') + CxCOFPO (.CE, Y, Z)
o ((Z)70) + () Fpo (2,9, 2)
(#5) + (25)“(Fy (T, T, 2) + 1)
with b € mgOy - B )
The case when py € Y is a 1 point and (110) holds in Oy, is a combination
of the case when pg is a 1 point and the form (109) or (111) holds in Oy, and
the following case.

Suppose that py € Y is a 2 point so that in @70 po’

T (xayb)mo
v =Py, (x%y") + xcoydono
Suppose that p’ € T 1(py). Let ¢ be the corresponding closed point in Y =
Y.
Suppose that we have permissible parameters (7,7, z) at ¢ such that

v = P (zY°) + Y F, (%, 7, 2)
of the form of (110). We have
r =TGP (T,7)
y =Ty (T,7)
where 71,72 are units in @y,q, such that
(aai + bay)mg = amy, (aby + bby)mg = bmy

where mg | my, cpaq + doas = ¢, coby + dobsy = d.
We have

and
zyh =Y ¢(7,7)

where ¢ = 7°~J0. There exists a series P, (fayg) such that
_ - ACHD
FQ<xayvz) :qb(:c,y)FpO(:c,y,z) - qic—d

implies
— 7 m ~ ____
Py(T7") = Py, (7)™ ) + By (7).
Let (Z«,J«, z) be the corresponding regular parameters at p’ to (Z,7,Zz), by the
identification of (115). Define Z/, by

mopa

~ ~) o m =~
T, = T,y ™7 = 7, mod m{O

Y.p'
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implies
2y’ =y 3tyP = " (@) ™ = (&) ™
Thus (%%, 9., z) are permissible parameters for (u,v) in @?’p,. oy = zhde
implies
Oylo = yogeoyte = yOFGlG(F., §u) = (E)GLP
with

&= 6(#, ) mod miOg .

FPO (27,2/,2) = Qb(x*ag*) (Fq(.CC*,y*,Z) + qugifgg*)) mOd mO@?J)
~ B, 5:/ T~b A~
= ¢(x;ag*) 1(Fq($*,g*, Z) + Pq((g”gfjc)gg*)) mOd mE)OY P
wo= (@ ~
v = Py (#)75)70) + (&) (52) 0 Fpo (2, 2)
= Poo ((#)%52) ™) + Py((#)752) + () () [Fy (2%, G, 2) + 1]
= Py(()752) + () (GDF (3L, s 2) + B

with i € m§Og .

The case when po € Y is a 2 point and (109) or (111) holds in Oy, is similar
to the case when (110) holds in Oy.,,.

Suppose that p’ is a generic point of C. If (z/,y’, 2’) are permissible parameters
at p’ such that 2’ =y’ = 0 are local equations of C at p’, then v(F,/ (0,0, 2")) <1,
so that after extending 7 to a sequence of permissible blow-ups U — U over a
small affine neighborhood U of p, y(p*) < 1 at all points p* of # !(p’). Thus
the curves in S,.(U) must be components of 7~ !(p), and the strict transforms of
the curves D or Dy, Dy in S,(U), (if they exist), with the notation of Lemma
8.5.

Thus a curve E in S,.(U) must have local equations as asserted by the Theo-
rem. O

Theorem 11.5. Suppose that v > 3 and A.(X) holds. Suppose that p € X
is a 1 point or a 2 point with v(p) = v(p) = r. Let R = Ox . Suppose that
T:Y, = Spec(}?) is the sequence of monoidal transforms of sections over the
curve C with local equations T =1y = 0 of Theorem 11.2. For q € n~Y(p), define

(mina<i<r{[%]} +3) r if Fy is a form
(109) or (111).

J—
! (mmggis,n{[%]} + mm2<l<r{[ L)+ 3) if Fyy is a form (110).

let | = maz{l, | g€ 7 (p)}.
Suppose that t > 1. Let T : 71, — spec(R) be the sequence of monoidal
transforms of Theorem 11.4. Let

e e R S
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be a sequence of permissible monoidal transforms centered at curves C in S,
such that C is r big. Then there exists ng < oo such that

V, =Y, Y, — spec(R)
extends to a permissible sequence of monoidal transforms
U —-U—U
over an affine neighborhood U of p, in the notation of Theorem 11.4, such that
S, (U1) contains no curves C such that C is r big. Let
= Ly ==V,

be a permissible sequence of monoidal transforms centered at curves C in S,
such that C is r small. Then there exists ny < oo such that mo 1 Z,, = Z,,, — V)
extends to a permissible sequence of monoidal transforms

Uy —>U; —»U—>U

over an affine neighborhood U of p such that S, (Us) = 0.
Finally, there exists a sequence of quadratic transforms ws : W, — Z,, which
extends to a permissible sequence of monoidal transforms

Us—>U;—UL—-U—U
over an affine neighborhood U of p such that S, (Us3) = 0, and if
g€ (Tomomoms) ' (p),
1. v(q) <r—1ifqisal or2point.

2. If q is a 2 point and v(q) =r — 1, then 7(q) > 0.
3. v(q) <r—2ifqis a3 point.

Proof. Let Y =Y ,. If ¢ € ¥ '(p), we have permissible parameters (z,y,z) in
Oy, for (u, v) with forms obtained from those of (109), (110), (111) by modifying

F, by adding an appropriate series h to Fj.
(109) is modified by changing F, to

r—1
Fy=712"+ Zﬁj(az, Y)Y 2" 4 ex®y 4+ h (117)
j=2

with h € (z, z)". By assumption, there exists z € O and a unit o € (’)— Y.q such
that z = 0Zz. Then z = z = 0 defines a germ of an algebralc curve D at q. We
also assume that v(q) = r.

Given a form (117) at g, suppose that D C S,(Y) is a curve such that g € D.
By assumption, S, (Y Y) makes SNCs with B5(Y). Since D is nonsingular at g,
x€1pg,and F, € ZB + (z)"~! by Lemma 6.24 implies

87“ 1F .
Ozr—1 €Ipg

so that z € fD,q and x = z = 0 are local equations of D at q.
(110) is modified by changing Fj, to
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r—1
F,=12"+ Zﬁj (z,y)x%yPi 2" =7 4 ex®ryPr + b (118)
j=2
with h € (xy, z)!. By assumption, there exists z € Oy, and a unit o € @7,q
such that z = ¢Z. Then x = 2z = 0 and * = y = 0 define germs of algebraic
curves Dy and D, at gq. We also assume v(q) = 7.
Given a form (118) at ¢, suppose that D C S,.(Y) is a curve such that ¢ € D.
Since (by assumption) S,(Y) makes SNCs with By(Y), either z or y € Zp,,,
and by Lemma 6.26, there exist d; € k such that

1 a 7 Tr r—
Fy - o Zdi(ﬂf Y)Y eTh 4 (z) !
or .
Fy = woyd Z di(z"y") € Ip, , + (y) "
ar—lF R
027”—1(1 €Inyq

implies z € jD,q so that either x = z = 0 or y = 2z = 0 are local equations of D
at q.
(111) is modified by changing F, to
r—1
F,=12"+ Zaj (z,y)xyPi 2"~ 4 ex“ryPr 4+ h (119)
j=2

with h € (z, z)". By assumption, there exists z € Oy, and a unit o € (’A)?’q such
that z = 0Zz. Then x = 2z = 0 defines a germ of an algebraic curve D at q. We
also assume v(q) = 7.

Given a form (119) at g, suppose that D C S,.(Y) is a curve such that ¢ € D.
By assumption, S,(Y) makes SNCs with B5(Y). As in the analysis of the case
when (117) holds, we conclude that x = z = 0 are local equations of D at q.

Suppose that D C S,(Y) is a curve such that D is r big. Let 7’ : Y/ =Y
be the blow-up of D. By assumption, 7’ is a permissible monoidal transform.
S, (Y") makes SNCs with Ba(Y’) by Lemma 8.8.

First suppose that ¢ € 7 !(p) N D, and that u, v have the form of (117). Then
x = z = 0 are local equations of D at q. F, € (z,2)" implies o, > r if e = 1.
Suppose that ¢’ € (7')~1(q). First suppose that ¢’ has permissible parameters
(1,y,21) where x = x1, 2 = z1(21 + «) for some a # 0. Substituting into F,
we get v(F(0,0,21)) <r—1. Suppose that ¢’ has regular parameters (x1,y, 21)
where © = 2121, 2 = z1. Then F, is a unit. The remaining case is when ¢’ has

permissible parameters (z1,y, z1) where = x1, 2 = x121. Then
voo=m (120)
Fy =121+ Z;;; a;j(xy, y)x?j ZI_j +ex"y + hy

where oz; =aj—jfor2<j<randh; € (z1,21)"". We either have a reduction
in multiplicity v(¢’) < r, or v(q¢') = r and we are back in the form of (117) with a
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reduction in the a; by j, and a decrease of t by r. By Lemma 8.8, S,.(Y")UBy(Y”)
makes SNCs in a neighborhood of (7')~1(q). Since S,.(Y’) is closed in the open
set of 1 points of Ey+, and r > 2, by Lemma 7.7, S,.(Y') N (')~ 1(q) = 0 or it is
the point ¢’ of (120), if v(¢') = . Suppose that v(¢’) = r in (120). Since there
exists a unit series o such that oz € O?,(p there exists a unit series ¢’ such that
0'/211 € Oy/’q/.

Now suppose that ¢ € 1 (p)N D, and that u, v have the form of (119). Then
we have that = z = 0 are local equations of D at ¢g. Since F, € ig’ 4 We have
aj > 7 for all j.

Suppose that ¢’ € (7')71(q). First suppose that ¢’ has permissible parameters
(x1,y,21) where z = x1, z = 21(21 + «) for some a # 0. substituting into F,
we get v(Fy(0,0,21)) <r—1. Suppose that ¢’ has regular parameters (z1,y, 21)
where = 121, 2 = z1. Then Fj/ is a unit. The remaining case is when ¢’ has
regular parameters (z1,y,21) where £ = x1, 2 = x121. Then

v =af

r— o _; o 121
Fy =TZI+Zj:§5j(fc1,y)wﬁyﬁjZI T ey + (121)

where a; =aj—jfor2<j<randh; € (z1,21)"". We either have a reduction
in multiplicity v(q¢’) < r, or we are back in the form of (119) with a reduction
in «; by 4, and a decrease of ¢ by r. As in the analysis of (117), we either have
S-(Y) N ()" (q) =0, or S.(Y") N (7')~1(q) is the single point ¢’ of (121). In
this case there exists a unit series ¢’ such that 0’21 € Oy 4.

Now suppose that ¢ € 7 !(p) N D, and that u, v have the form of (118). Then
either x = 2 = 0 or y = z = 0 are local equations of D at q. We may suppose
that © = 2z = 0 are local equations of D at ¢, so that F, € (x,2)".

Suppose that ¢’ € (7')~1(q). First suppose that ¢’ has permissible parameters
(x1,y,21) where z = x1, z = 21(21 + «) for some a # 0. substituting into F,
we get u = (2$y®)™ and v(F,(0,0,21)) < r—1. Suppose that ¢’ has permissible
parameters (z1,y, z1) where © = x12;1, 2 = 2. Then Fj; is a unit. The remaining

case is when ¢’ has permissible parameters (x1,y,21) where z = x1, z = z121.
Then

u o= (2]
voo= P(wly )+w‘i+r Fy (122)
Fy =712+ ZJ 5 a](xl, Yy yPi 2 4 et ryPr + hy

where 049. =a;—jfor 2 <j<randh € (z1y1,21)""". We either have a
reduction in multiplicity v(¢') < r, or we are back in the form of (118) with a
reduction of «; by ¢ and a decrease of ¢ by r. In this case, there exists a unit
series o/ such that o'z € Oy’ 4.

Suppose that ¢’ € S,.(Y') N (7')"(q) is a 2 point with v(¢’) =r — 1, and ¢
lies on a curve E in S,.(Y"). E is transversal to the 2 curve at ¢’ by Lemma 8.8.
By Lemma 6.26, there exist b; € k such that

1 . B
Fo + 2 > bilaty) € Iy + (z1)"
1
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if ¢, € qu/ or the series is in ig,q, + () tifye T .- Then 6_r € ZJ%J
Suppose that ¢’ has permissible parameters (x1,y,21) such that x = x1,2z =
z1(z1 + «) with a # 0.

r—1

Fy = Az~ 1—|—Zaz x1,Y)2] 1=

=1
where A is a unit. x} | a; (or y* | ;) for 1 < i <r —1 since F, € ffE_ql, Then
21 € f%’q, + (x1) which is impossible.

Thus, by Lemma 7.7, the only possible point in S,.(Y")N(7")~1(gq) is the point
q' of (122). If there is a curve E C S,.(Y') containing ¢/, then we must have
z1 € fE,q/ since

O 1F,
0z"— 1
Thus F has local equations 1 = 21 =0 or y = 21 = 0.

After any sequence of permissible monoidal transforms, centered at r big
curves C C S,, we eventually obtain 7 : Ve — Y where there are no r big
curves C in S,.(V},) and S, (V) makes SNCs with By(V},).

Further, if ¢ € (7 o m1)7(p), and either ¢ € S,.(V,) or one of 1. - 3. of the
conclusions of W), fail at ¢ then ¢ must satisfy one of (117), (118) or (119) (with
v(g) =rorv(q) =r—1).

Suppose that (118) holds at g € (7 o m1)~(p), and v(q) = r. Then we either
have a; > j for all j or B; > j for all j by Remark 9.19. If o; > j for all j,
then F, € (x,2)". If §; > j for all j, then F, € (y,2)". Since x = z = 0 and
y = z = 0 are local equations of curves on V), in either case we have a curve
D C S,(V,) such that D is r big by Lemma 8.2. Thus (118) cannot hold on V,,
with v(q) =r.

Suppose that (119) holds at g € (7 o 1)~ (p), and v(q) = r. Then we either
have o; > j for all j or 3; > j for all j by Remark 9.19. By Remark 11.3, 8; < j
for some j. Thus Fj, € (x,2)". Since = z = 0 are local equations of a curve
in V,, By Lemma 8.2, we must have a curve D C S,.(V,) such that D is r big.
Thus (119) cannot hold on V,,, with v(q) = r.

The only points on (7 o 1)~ !(p) where the conclusions of the Theorem do
not hold are at points ¢’ over p where one of (123) or (124) following hold.

EIEq

u =z
v = P(x)+a°F, (123)
Fy =127+ 2aj(:r; Y)x¥i 2" +ex®ry + h

where v(q') = r, some a; < j, and h € (z,2)3". Further, there exists a series o
such that 0z € Oy, .. The other possiblity is that ¢’ has permissible parameters
(z1,y1,21) of the form of (122), with

u = (l"fy’f)m
v = P(z{1f) + x§yi Fy

Fy =721 +3C 2 @i (21, 1)y yf 7 +6$1 3/1 + hy (124)
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with v(¢') =r —1,
hy € (z1y1,21)°"
and there exists 7 such that

/ / /
a] % ﬁj

(0%

S0~

<

g j

()8

Further, there exists a series o such that oz; € Oy, 4.

g
for 2 <75 <r and

Suppose that D C S,.(V,) is a curve (which is necessarily r small). Let
7'+ Zy — V, be the blow-up of D.

Suppose that ¢ € DN (7o) (p). ¢’ can only be a point of the form of
(123) or (124).

Suppose that ¢’ satisfies (123). Then z = z = 0 are local equations of D at
¢, and by Lemma 6.24, e =1, a, =7 — 1l and o; > jif j #r — 1.

Suppose that ¢” € (7')71(¢'). Suppose that @Zl,q” has regular parameters
(z1,y,21) where x = x1, z = x1(z1 + a) for some « € k.

u = z{
For =121(21 + )" + Z;;; a;j(z1,y)zy’ _JH(ZI +a)" T +y—g(@)+h

with hy € (z1,21)?" for some series g(z1). ¢” is resolved, since v(F,(0,y,0)) = 1.
If ¢” has permissible parameters (x1,y, z1) where x = z121, z = 21,
U = z{2¢

i Oéj—j—|—1
1

Fpr =721+ Y, G5(012, )2y 2 +ay "y + b

(125)
with hy € (z1,21)%". v(q¢ ) < r — 2 since v(Fy(0,0,21)) = 1 and » > 3. By

Lemma 7.6, (7')7(¢') N S,(Z1) = 0, and the conclusions of 1. - 3. of the
Theorem hold on (7/)~*(q).

Suppose that ¢’ € (7 o m1) ! (p) satisfies (124). Then either x; = z; = 0 or
y1 = 21 = 0 are local equations of D at ¢’. Without loss of generality, assume
that y1 = 21 = 0 are local equations of D at ¢’. Then we have 3; > j if
2<j<r—1lande=1, 3. =r—1by Lemma 6.26. v(¢’) = r — 1 implies
al. = 0.

We have

u = (afy])"
v = P(afy}) + afy{ Fy where (126)

r r—1_ i By r—j —
Fo =721+ Zj:; aj(xl,yl)a:?yljzl T+ Lt
with B > j for all j,
hi € (z1y1,21)""

Suppose that ¢ € (7')71(q¢’), and ¢” has regular parameters (x1, 92, 22) de-
fined by

Y1 = Y2,21 = Ya2(22 + @)
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Then
u (331yb)m
v —P //(x1y2) + x1y2+r 1F "
Fq/ . r O‘; ﬂ] —J+1 r—j 1 h
w7 T(z2 + a) ?/2+Z] 2% 1 Y2 (22 + )7 +1+ ho
=1+1y0Q
since
ha € (y2)*"

a(d+r —1) — be # 0 since Fy is normalized. Thus Fyr =14 y2€' is a unit.
Suppose that ¢ € (7')71(¢’), and ¢’ has regular parameters (x1,ys, 22) de-
fined by

Y1 = Y222,21 = 22

Then
F, o B Bi—j+1 r—1
Fyr = aoT T TR + ZJ 2 %551 Yo' 257 Ty +ho
= Tz9 + +y2 + 23 (127)
since
hy € (22)27”

Thus v(¢”) = 1. v(¢") < r —2since r > 3. Thus (7')"*(¢') NS, (Z1) = 0 by
Lemma 7.7, and the conclusions 1. - 3. of the Theorem hold on (7/)~1(¢’).

We thus construct a permissible sequence of monoidal transforms my : Z, —
V,, centered at the strict transforms of curves C' C S,.(V},) which are r small so
that S,.(Z,) contains no curves. Z, — Y, extends to Uz — U in the notation
of the Theorem.

Suppose that ¢ € (T om o m2) 1 (p) does not satisfy the conclusions of the
Theorem. Then ¢ must either satisfy (123) or (124).

We cannot have that (123) holds at ¢/, since then v(¢’) = r, which implies
that o; > j for j > 2 and a,—1 > 7 — 1, so that x = z = 0 are local equations
of a curve D in S,.(Us). We further see that S, (Us) = 0.

Suppose that (124) holds at ¢’. Then v(¢’) = — 1 and 2. of the conclusions
of the Theorem does not hold, so that 7(¢') = 0. Thus o + 3} > j for j # r
ande=1 o) + 6. =r—1.

First suppose that (124) holds, with 7(¢') = 0, o/. and 5. # 0. Let 7" : W7 —
Z, be the quadratic transform with center ¢’. Suppose that ¢” € (7”")~1(¢’) and
Ow, .+ has regular parameters (z2, 2, 22) such that

1 = x2,y1 = T2(Y2 + @), 21 = x2(22 + B).
with o #£ 0. Set 29 = To(y2 + a)a__ﬁ. there exists
hg € ($2)2r

such that

F r _ +B/*_.+1 ! r—
tr = raa(s + ) + @y (g + @)% (22 + B)

Ty
+(y2 + )P + hy
= (y2 + @)Pr + 7,0
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Thus

U — (ESH_b)m ) 1

v = Pp(m2) + f,ng By
where A = d — b(chad—:Il) Since Fy is normalized,

(a+b)(B.+d) —blc+rd+r—1) =ald+p)—blc+r—1—0.)
=a(d+ ;) —blc+ay) #0
Thus A + ] # 0. ¢” is thus a resolved point.

Suppose that ¢ € (7”)71(¢') has permissible parameters (z2,%2,22) such
that

1 = T2,Y1 = T2Y2,21 = 502(22 + /3)~
There exists

hg € (.%’2)2T
such that
F, r— 1_ a B —j+1 ,6’ r—

blc+d+r—1)—(a+b)(d+3.)#0
since [y is normalized.
Thus
u (x“+b §ym
v —P~( 570Y8) +as T T yd By
Fq// = ’y2 —+ xQQ/
V(Fq//) < ﬁ,/n <r—1.
Suppose that ¢” € (7”)71(q’) has regular parameters (zs, 92, z2) such that

T1 = T2Y2,Y1 = Y2,21 = 92(22 +5)-

Then
U (9323/&+b)
v = Py (x2y§+b) + x2y2+d+7" 1F

Fogr = wQ + y2 8V
since F is normalized. v(Fy/) < al <71 — 1.

The remaining point in ¢ € (7”)~1(¢’) has regular parameters (z2,y2, 22)
such that

X1 = T222,Y1 = Y222,21 = 22.
There exists

hy € (ZQ)QT
such that
F , /' / ,,+ /_ +1 ’
Fq” - 'r r—1 _T22+ZJ 2ajx2 ygj'z;g /BJ ! + ? y2 +h2
1
= 729 mod (w2, Y2, 23) (128)

Thus ¢” is a 3 point with v(Fy») =1 < r — 2, since r > 3.
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v(¢") <r—1for ¢" € (7"")"1(¢'), so that (7")~1(¢') N S,.(Y") = 0, and the
conclusions of 1.-3. of Theorem 11.5 hold on (7)~1(¢’).

Now suppose that (124) holds, with 7(¢’) = 0 and a. = 0 or . = 0. Since
the 2 cases are symmetric, we may assume that a/. = 0.

We thus have 8, = r —1 (and o} + 3; > j for j # m). Suppose that i # r.
Then O‘T; < O‘T;” implies o, = 0 and 57: < ”;1 < 1 implies ] < i, so that 7(¢") > 0,
a contradiction. We thus have 7 = r.

/
r—lz_fn<5_'j
T T

for all j implies 8} > j — Z for 2 < j < r. Since 3; € N, we have 3 > j, and

T
the curve D with local equations y; = 21 = 0 at ¢’ is such that D C S,.(Z,), a
contradiction.

0J

Theorem 11.6. Suppose that r = 2 and A2(X) holds. Suppose that p € X
is a 1 point or a 2 point with v(p) = v(p) = 2. Let R = Ox . Suppose that
T:Y, = Spec(R) 15 the sequence of monoidal transforms of sections over the
curve C with local equations T =y = 0 of Theorem 11.2. For q € m—(p), define

z _{ (%] +3)2 if F, is a form (109) or (111).
T (%] + [%] +3)2 if Fy is a form (110).

let | = maz{l, | g€ 7 (p)}.
Suppose that t > 1. Let T : 7p — spec(R) be the sequence of monoidal
transforms of Theorem 11.4. Let

s Y, o Y2 Y,

be a sequence of permissible monoidal transforms centered at curves C in So
such that C' is 2 big. Then there exists ng < oo such that

V, =Y, BY, — spec(R)
extends to a permissible sequence of monoidal transforms
U, —-U—>U

over an affine neighborhood U of p, in the notation of Theorem 11.4, such that
So(U1) contains no curves C' such that C' is 2 big. Let

be a permissible sequence of monoidal transforms centered at curves C in So
such that C is 2 small. Then there exists ny < oo such that mo : Z, = Z,,, =V,
extends to a permissible sequence of monoidal transforms

Uy —>U; —»U—>U

over an affine neighborhood U of p such that So(Usz) = 0.
Finally, there exists a sequence of quadratic transforms and monoidal trans-
forms centered at strict transforms of 2 curves C on Z, such that C is 1 big and



MONOMIALIZATION OF MORPHISMS FROM 3 FOLDS TO SURFACES 127

C is a section over a 2 small curve blown up in Z, — V,, w3 : W, — Z,, which
extends to a permissible sequence of monoidal transforms

Us—>U; UL —»U—U
over an affine neighborhood U of p such that So(Us) = 0, and if
g€ (Tom omoms) ' (p)

then q s resolved.

Proof. The analysis of Theorem 11.5 is valid for r = 2, except in (125), (127)
and (128).

The situation of (128) cannot occur when r = 2, since this comes from the
case when (124) holds, with 7(¢') =0, /. and 8. # 0. Since al. + 3. =r—1=1,
this case cannot occur.

Suppose that a case (125) occurs in

(T om omg) : Z, — spec(R).

Then we have a 2 point ¢ € (T o w1 o m3) " !(p) such that

uo = (afa)"
v = Py (wfz2y) + a§2{ Fyr

Fq// =21+ r1Y1 + hl

with hq € (331,21)4.

Let C be the 2 curve on Z, with local equations 1 = 2; = 0. C is 1 big by
Lemma 8.1.

Let ' : Wi — Z, be the blow-up of C. Suppose that g € (/)" 1(¢”) is a1
point. Then there exist regular parameters (x2,y1, 22) in @W1 g such that

T1 = X2,21 = To(22 + @)

with o # 0. Set
o — fz(zl + Oé)_aL'H’.
w =gt
v = P (@) + 7 (2 4+ ) (20 4 a by + 21 Q)
Thus v(F5(0,y1, 22)) = 1 and g is resolved.
Suppose that g € (7')~(¢") is the 2 point with permissible parameters

L1 = T2,R1 = T2%2.

F
Then = L —
T2

If g € (7')~1(q") is the 2 point with permissible parameters

2o + 1 + 182 and q is resolved.

T1 = T222,R21 = =2

then P
Fg = ZQH =1+ z2y1 + 220
2

and is resolved.
Suppose that a case (127) occurs in

(Tom omg) : Z, — spec(R).
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Then we have a 3 point ¢’ € (T o o ma) ! (p) such that

u = (x§ysz5)"
v = Ppr(a8y8e8) + adysz] Fy
For =z2+y2+h

with hy € (22)4.

Let C be the 2 curve on Z, with local equations yo = 22 = 0. C is 1 big by
Lemma 8.1. Let 7' : Wi — Z,, be the blow-up of C'. Suppose that g € (7)™ (¢")
is a 2 point. Then there exist regular parameters (2, ys, 23) in Ow, 7 such that

Y2 = Y3, 22 = y3(z3 + )
with « #£ 0. Set y3 = y3(23 + ) o+¢
7)™ = (5™
cle+f+1)

v =P ,,(g;ng“) 2y3+f+ (z3 + a)f_ e (23 +a+1+y3Q)

u = (x5

with (@,b) = 1. Thus v(F5(0,0,23)) = 1 and g is resolved.

Suppose that g € (7')~1(¢") is the 3 point with permissible parameters ys =
Y3, 22 = y3z3. Then
Fp
Y3

Fa = = Z3 —+ 1 -+ ng
and ¢ is resolved.

Suppose that g € (7')71(¢") is the 3 point with permissible parameters ys =
Y323, z2 = z3. Then

Fp="T =14y + 230

z3
and ¢ is resolved.
O

Theorem 11.7. Suppose that r > 3 and A,.(X) holds. Suppose that p € X is
a 2 point such that v(p) =r — 1, 7(p) = 0 and v(p) = r. Let C be the 2 curve
containing p. Let R = Ox p.

There exists a sequence of permissible monoidal transforms centered at sec-
tions over C, Vp — spec(R), which extends to a sequence of permissible monoidal
transforms U — U where U is an affine neighborhood of p, with the following
property.

Let

=Y, ==Y Y,

be a sequence of permissible monoidal transforms centered at curves C in S,
such that C is r big. Then there exists ng < oo such that

V, =Y, 3 Y — spec(R)
extends to a permissible sequence of monoidal transforms

U, —»U—>U
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over an affine neighborhood U of p, in the notation of Theorem 11.4, such that
S, (U1) contains no curves C such that C is r big. Let

be a permissible sequence of monoidal transforms centered at curves C in S,
such that C is r small. Then there exists ny < oo such that my 1 Z), = Zp,, — V)
extends to a permissible sequence of monoidal transforms

Uy, —>U, —-U—=>U

over an affine neighborhood U of p such that S, (Usz) = 0.
Finally, there exists a sequence of quadratic transforms ms : W, — Z, which
extends to a permissible sequence of monoidal transforms
Us—>Us—>U»U—=U
over an affine neighborhood U of p such that S, (U3) =0, and if

qc (ﬁowloﬂgom),)_l(p),
1. v(q) <r—11ifqis a1 or 2 point.

2. If q is a 2 point and v(q) =r — 1, then 7(q) > 0.
3. v(q) <r—2ifqis a 3 point.

Theorem 11.8. Suppose that r = 2 and As(X) holds Suppose that p € X is a
2 point such that v(p) =1, 7(p) =0 and y(p) = 2. Let R = Ox .

There exists a sequence of permissible monoidal transforms centered at sec-
tions over C, ?p — spec(R) which extends to a sequence of permissible monoidal
transforms U — U, where U is an affine neighborhood of p, with the following
property.

Let

=Y, o Y2 Y,
be a sequence of permissible monoidal transforms centered at curves C in So
such that C' is 2 big. Then there exists ng < oo such that

V, =Y, Y, — spec(R)
extends to a permissible sequence of monoidal transforms
U —-U—U
over an affine neighborhood U of p, in the notation of Theorem 11.4, such that
So(U1) contains no curves C such that C is 2 big. Let
i Ty oV,

be a permissible sequence of monoidal transforms centered at curves C in So such
that C is 2 small. Then there exists ny < oo such that mo : Z, = Z,, — Yn,
extends to a permissible sequence of monoidal transforms

Uy —>U, —-U—=>U

over an affine neighborhood U of p such that So(Us) = 0.
Finally, there exists a sequence of quadratic transforms and monoidal trans-
forms centered at strict transforms of 2 curves C on Z, such that C is 1 big and
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C is a section over a 2 small curve blown up in Z, —V,, w3 : W, =V}, which
extends to a permissible sequence of monoidal transforms

Us—>U;—UL —-U—U
over an affine neighborhood U of p such that So(Us3) = 0, and if

g€ (Tomomoms) ' (p)

then q s resolved.

Proof. (of Theorems 11.7 and 11.8) The conclusions of Lemma 8.5 hold at p.

The conclusions of Lemma 11.1 must be modified to: a; +3; > j for 2 < j <
r—2,a,.+ 3. >r—1.

In the conclusions of Theorem 11.2, we must add a fourth case:

U — (xayb)m
v = P(z%b) + 2°y?F, (129)
F, =72+ @z, y)aviytizr—t 4y !

with G; > ¢ for all 7.

Theorem 11.4 must be modified by adding the case F, equivalent mod (Zy, z)*
to a form (129). The proof of Theorem 11.5 must be modified by adding an
analysis of (129). Such ¢ are not effected by blowing up r big curves, so the
construction of m : V, — ?p is as in the proof of Theorem 11.5. Suppose that
q € (7 om ) Y(p) satisfies (129). There is a unique r small curve D C S,.(V},)
containing ¢, which has local equations y = z = 0. Let ' : Z; — ?p be the
blow-up of D. Then if r > 3, all points of (7/)7!(q) satisfy 1. - 3. of the
conclusions of the Theorem, and S,.(Z1) N (7')~1(q) = 0.

If r = 2, and ¢’ € (7')7!(q) is the 3 point, then there exist permissible
parameters (x,y1,21) at ¢’ such that

Fq/ =z +y]_ +Z%Q

If C is the 2 curve with local equations y; = z; = 0, then C is 1 big, and if
7' Wi — Z, is the blow-up of C, then all points of (7')~!(q’) are resolved.
O



12. REDUCTION OF v IN A SECOND SPECIAL CASE
Throughout this section, we will assume that ®x : X — S is weakly prepared.

Theorem 12.1. Suppose that r > 2, A.(X) holds, p € X is a 2 point with
v(p) =r—1, C is a generic curve through p, and there are permissible parameters
(x,y,2) at p for (u,v) (with y,z € Ox,p) such that L,(x,0,0) # 0, and C has
local equations y = z =0 at p. Let R = Ox . We have an expression at p

U — (a:,ayb)m
v = P(x%y®) + xcde (130)
By, =712 1+Zz | ai(y, 2)am

where T is a unit and v(a;) > i for all i. Then there exists a finite sequence of
permissible monoidal transforms w :Y — Spec(R) centered at sections over C,
such that for ¢ € n=1(p), there exist permissible parameters (T,y,z) at q such
that F, has one of the following forms.

1.
u o =@
v = Py + zY*F, with (131)
Fy =73+ Y gl A (g a7
where T is a unit, A;(7,Z) =0 ore; = v(A;(0,Z)) =0 orl andd;+e; > j
for all j.
2.
U (ajaybzc)m
v = P(zg°z°) +fd§8§fF with (132)
Fy =71 1+23 1“3(97 z)yhizeT
where T is o unit, d; +e; > j, a; are units (or zero) for all j and there
exists an 1 such that 1 <i<r—1, a; #0 and
G djoe &
i j i T g
for1 <45 <r—1. We further have
{ﬁ}+{ﬁ}<L
? i
3.
u = (@)
v = P@9°) +7° de with (133)

Fy =7a"" 1"’23 1%(?}7 z)yhizoT

where T is a unit, d; +e; > j, a; are units (or zero) for all j and there
exists an © such that 1 <i<r —1, a; #0 and
Godsa e
(2 A

%
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for1 <35 <r—1. We further have

(432

In all these cases T = x and * = 0 s a local equation at q of the strict
transform of the component of Ex with local equation x = 0 at p.

There exists an affine neighborhood U of p such that Y — spec(R) extends to
a sequence of permissible monoidal transforms U — U such that A.(U) holds.

Suppose that v > 3. Let D; be the curves in S,_1(X) which contain p, and
such that x € fDi »- We further have that the strict transforms D; of the D; on
U are nonsingular, disjoint and make SNCs with Bo(U).

Proof. Set Sy = Spec(k[y, z]), Yo = Spec(R). Consider the sequence of monoidal
transforms centered at sections over C

=Y, oY, 1Y, o~ -2 Y] oY (134)
where the sequence is obtained from a sequence of quadratic transforms
=S, = S == 51— 5 (135)

over the closed point pg with local equations y = z = 0 in Sy, and (134) is
obtained from (135) by base change with Yy — Sp, so that Y; = S; xg, Yo.
The map Sy — Yy obtained from the natural projection

kllz,y, 2]] = klly, 2]
induces maps S; X g, SO — Y Xy, 1}0 such that the composed map
S; X So SO —Y; XY, YO — S XS go

is an isomorphism for all i.

We can thus identify the center of the quadratic transform S;1; — S; with a
point p; € Y; over p. A section over C through p; is blown up in (134) only if
none of the forms (131), (132) or (133) hold at p;.

We will show that (134) is finite, so that there exists n such that Y, satisfies
the conclusions of the theorem.

Suppose that (134) is not finite. Then we may assume that there exists
an infinite sequence of points pg,p1,p2,... ,Pn,... such that Y;1; — Y, is a
permissible monoidal transform, centered at a section C; over C, containing p;,
such that p; maps to p;_; for all 4, and F},, does not satisfy (131), (132) or (133)
for any i.

Each point p; has permissible parameters (x,y;, 2;) for (u,v), such that one
of the following cases hold.

Case 1 p; is a 2 point
u= (@MY )™, = Pya%y)) + 2y F,

with a;m; = am, and permissible parameters at p; 1 are as in one of the following
cases.
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Case la
Yi = Yit1, 20 = Yir1(zip1 + Qig1)
Case 1b
Yi = Yit12i41, 2 = Zi+1
Case 2 p; is a 3 point

u = (J?aiwfi)mi,wi — yfzzzcz

v = Pi(z%wh) 4+ ztw F
with a;m; = am, (b;,¢;) = 1, (a;,k;) = 1, and permissible parameters at p;;1
are as in one of the following cases.

Case 2a

Yi = Yit+1,2i = Yit+1Zi41
Case 2b

Yi = Yi+1Zi+1, 25 = Zit1
Case 2c

<l

i

Yi = Yiv1(zi1 + 04z'+1)_3iTZEia Zi = Yir1(Zig1 + Qigr) Pit
with ;41 # 0. In Case 2c¢, y;t1, 2i+1 are constructed from the monoidal trans-
form

Yi = Yiy1s % = Yir1 (Zir1 + @ig1).
Then define

T

Uir1 = Yi+1(Zig1 + ip1) t%, Zip1 = Zig.
If p; is a 2 point, then y is a power of y;, and if ¢; is a 3 point, then y is a
monomial in y; and z;. If p; is a 2 point, then there is a series g; such that

. b
. xaz Vi
FZ:Fp—gZ( 3%)‘
Cop e
x°y;
If p; is a 3 point, then there is a series g; such that
. ks
. vaW‘ g
E:@—%—fl
Tew."
3
In either case, we have an expression
r—1
F,=F,, =72"""+ Za; (y;,25)x" 971,
j=1

We will show that 7’ is a unit. Suppose not. First suppose that p; is a 2
point. Then a;d; — b;(c+ 7 —1) = 0.
(mayb)m _ (xaz‘ybi)mi

b;my

implies y = y, "™ . 2t~ 1y? = ¢t 1y% implies
 omb

d;

Thus ad—b(c+r—1) = 0, a contradiction to the assumption that Fj, is normalized.
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Now suppose that p; is a 3 point and 7’ is not a unit. Then a;d;—(c+r—1)k; =
0.

(2" = (el

k;m;

implies y = w, ™ . z¢t""1yd = zetr=1u% implies
’ mb

Thus ad—(c+r—1)b = 0, a contradiction to the assumption that F), is normalized.
If p; is a 2 point,

i — ey ifai(di+t() —bi(c+r—j—1) =0 with t;(i) e N

(2

o — and ¢ is the coefficient of yﬁj @) in the expansion of a;
J in terms of y;, z;
a; if a;(d; +t) —bi(c+r—j—1)#0 for any t € N.

If p; is a 3 point,
C~Lj — 6wtj(1) if a,(dz + tj(’L)) - k’z(C—F r —j - 1) = 0 with tj(?:) eN

(2

o — and ¢ is the coefficient of w;tj @ in the expansion of a;
J in terms of y;, 2;
a; if a;(d; +t) —ki(c+r—j—1)#0 for any t € N.

In particular, there exists at most one value of ¢;(¢) such that a term can be
removed from any a;.
Set u =y, v; = y?a,(y, z). We have
u = (%)™
v = P(z%) + et lyd + Z;;} vxetr—1i=,
By Theorem 9.4, Lemma 9.2 and Theorem 9.8, there exists ig such that for ¢ > g

in (135), one of the following forms holds at p;, for 1 < j <r — 1.
If p; is a 2 point,

—_— bimi
_ ‘ d; (i 0. (i (136)
v; = Pji(yi)+y; ( )¢ji(yia z;) ()
where e;(i) > 1, v(¢;;(0,%)) =1lor¢j;; =0for 1 <j<r—1.
If p; is a 3 point,
T = (wiﬂ)mz — (dy;’bffz)fz)ml (137>
v = Pyi(wi) +u 2 i (yis 2i)

where ¢;;(y;, 2;) is a unit and d; (i)¢; — bie;(i) # 0, or ¢pj; =0 for 1 < j <7 — 1.
For i sufficiently large, we have that uv; = 0 are SNC divisors for 1 < j <r—1
(by Lemma 9.16).

Suppose that (136) holds at p; with e;(i) = 1 or ¢;; = 0 for all j. If there
exists ¢;(i) € IN such that

az(dz —|—tj(2)) - bi(C+T —j - 1) = 0,
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then the normalized form of z¢T" 1777, at p; is
getT Iy, - 5xc+r—1—jy;fj(i)+di _ $C+T_1_jy;\j(i)Aji(y¢, %)
where Aj; is a unit, zero, or v(A;;(0,2;)) = 1.
If there does not exist ¢ € N such that

ai(di +1t) = bi(c+r—j—1)=0,

then
$C+T_1_j@j — xc“_l_jy;\j(z)Aji(yi, Zz)
where Aj; is a unit, 0 or v(A;;(0,2;)) = 1.
Thus if (136) holds at p;, with e;(i) = 1 or ¢;; = 0 for all j, (131) holds at p;.
If p; is a 3 point, so that (137) holds, and p;41 is a 2 point, then (136) holds
at piy1, with e;(i) =1 or ¢p;; =0 for 1 < j <r —1, so that (131) holds at p;4;.
We are reduced to the 2 cases where either for all i > ij in (135) all monoidal
transforms are of the forms 2a or 2b, or for all i > i in (135), all monoidal
transforms are of the form la with some e;(i) > 1.
If all monoidal transforms are of the form 2a or 2b for ¢ > iy, then F; = Fj,
for all 7+ > ig. If
r—1
Fio = Toxr_l + Z C~Lj (yz-o, ZiO)SUT_l_j
j=1
then for i >> iy, a;(yi,, 2i,) is @ monomial in y; and z; times a unit for all j by
Lemma 9.16. By Lemmas 9.17 and Corollary 9.18, there exists i1 > i such that
(132) holds at p;; .
Suppose that all monoidal transforms are of the form 1a for ¢ > 7y and some
e;j(i) > 1. There exists a permissible change of parameters (z, y;,, Z;,) such that

Zig = Zig — ﬁ(yio)
for some series p, such that (x,y;,Zz;) are permissible parameters at p; for all
) 2 io with Yi = Yip Eio = yz_“’zi. Let

F=P(y)+F;

be the normalized form of F' with respect to the parameters (z,y;,z;). Then
Fz' = Fio for ¢ Z io. If

r—1
Fio = TO$T_1 + Z &j (yioazio)'rr_l_J

j=1
then for i >> g, a;(yi,, Zi,) is a monomial in y; and Z; times a unit for all j by
Lemma 9.16. By Lemma 9.17 and Corollary 9.18 there exists i1 > ig such that
(133) holds at p;; .

C generic implies Fy, is resolved for ¢ € C a generic point. There exists an
affine neighborhood U of p such that Y — spec(R) extends to a permissible
sequence of monoidal transforms of sections over C, U — U such that S,.(U) U
By(U) is contained in the union of By(U) and the strict transform of S,.(U).

Thus A, (U) holds.
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If » > 3, we can choose iy sufficiently large in obtaining the forms of (136)
and (137) so that the strict transforms of the curves D; in S,_1(U) such that

x € Ip, , are disjoint and make SNCs with By (U).
O

Theorem 12.2. Suppose that r > 3, A.(X) holds, p is a 2 point with v(p) =
r—1, and L(x,0,0) # 0, as in the assumptions of Theorem 12.1. Let R = Ox .
Suppose that 7 :Y, — Spec(R) is the morphism of Theorem 12.1.

Let

=Y, ==Y =Y,

be a sequence of permissible monoidal transforms centered at 2 curves D such
that D is r-1 big. Then there exists nyg < oo such that

V, =Y., 5 Y, = spec(R)
extends to a permissible sequence of monoidal transforms
U, —-U—=>U

over an affine neighborhood U of p (with the notation of Theorem 12.1) such that
U, contains no 2 curves D such that D is r-1 big or r small, and for ¢ € Uy,

1. If g is a 1 or a 2 point then v(q) < r. v(q) = r implies v(q) = r.
2. If q is a 3 point then I/(q)é r—2.
3. S-(Uy) makes SNCs with Bo(Uy).

There exists a sequence of quadratic transforms W, — V), such that if Z, — W,
is the sequence of monoidal transforms (in any order) centered at the strict
transforms of curves C in S,.(X) then

Zy = Wy, =V, =Y, — spec(R)
extends to a permissible sequence of monoidal transforms
T:Uyg—> U »U—>U

over an affine neighborh@dﬁfp such that Uy contains no 2 curves D such that
D is r-1 big or r small. S,.(Us) makes SNCs with Bo(Us), and if g € T 1(p),

1’.: v(q) <rifqisalor?2point. v(q) =r implies y(q) = .
2’.: If q is a 2 point and v(q) = r — 1, then either
a.: 7(q) >0 or
b.: v(q) =1 or
c.: 7(q) =0 and (133) holds at q with 0 < d; < i, e; =i and S,_1(Y7)
contains a single curve D containing q, and containing a 1 point,
which has local equations x = z =0 at q.
3. v(q) <r—2ifqis a3 point.

Proof. Suppose that there exists a 2 curve D C Y =Y, such that D is r-1 big.
Let 71 : Y1 — Y be the blow-up of D. Then A,(Y7) holds by Lemmas 8.6 and
8.7, since v(q) =r — 1 for all ¢ € D.
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Suppose that ¢ € D and (131) holds at ¢. Then d; > j for all j. Suppose
that ¢’ € 71 '(q) and (’)yl ¢ has regular parameters (z1,y1,%) such that

T=21,y=x1(y1 + @)

with a # 0. Then ¢ is a 1 point, so that v(¢’) < r and v(¢’) = r implies
~v(¢") = r by Lemma 8.6.

Suppose that ¢’ € 7 '(q) and ¢’ has permissible parameters (z1,y;,%) such
that

Then )
i _ (xil+ -%:-ylfl))l:n +d+r—1
v = P(:E“ y) + 2Tyl

\di—j
Fy = x;ql —T‘i‘zj Ly J(%ylaz)fﬁlj ’
so that v(F, ) = 0.
Suppose that ¢’ € 77 '(¢) and ¢’ has permissible parameters (z1,1,%) such
that

T=21Y1,Y =1
Then
u (%?J%M)
v =Pyt +x1yc+d+’" LFy

F, r— 1 d ] -\ r—1—j
F, = yTﬁl =T —I—Z A iy, %)z
1

so that either v(F, ) < r — 1, or we are back in the form (131) but the d; have
decreased by j.

Suppose that ¢ € D and (132) holds at ¢q. Without loss of generality, we
may assume that D has local equations T = zZ = 0 at g. Then e; > j for all j.

Suppose that ¢’ € 71 '(q) and @th/ has regular parameters (x1,7, 21) such that
T=x1,z2=x1(21 + )

with a # 0. Set
:cl :fl(zl +Oé)7’l_+c

Set A\=f+(d+f+r—1)(=

a+c
(21 + Q) F, = ,
G(21,Y,21) = % (z1+a) T+Z z1+a) g, i z1(z1+a))yhay ™!
L1
7j=1
Then /
u = @)
v =P(@T)) +3 TG
G(0,0,z1) = (1 +)* [0+ D> @(0,0)(z1 + )
d;j=0,e;=j
where 79 = 7(0,0,0), (a + ¢)m = d'm/, bm =b'm/, (a’,b') =1

F,(0,0,2) = G(0,0,21) ifae—b(d+f+r—1)#0
vEnT A G(0,0,z1) — G(0,0,0) ifae=b(d+f+r—1)=0
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Thus v(Fy (0,0, 21)) < r, except possibly if A = 0 and a’e —b'(d+ f+r—1) = 0.
Then we have
af —e(d+r—1)=0 (138)
and
[ae — b(d +1r —1)] + [ce — fb] =0 (139)
with a,b,c¢ > 0. Substituting d+r — 1 = % into (139), we get
(2 +1)(ce = bf) =0
so that
ce—bf =0 (140)
and
ae—b(d+r—1)=0 (141)
(138), (140) and (141) cannot all hold since F, is normalized. Thus
v(Fy(0,0,21)) <r

and v(¢') <7, y(¢) <.
Suppose that ¢’ € 77 '(q) and ¢’ has permissible parameters (1,7, 21) such
that
T = 271,5 =121
Then v(q¢') = 0.
Suppose that ¢’ € 7 '(q) and ¢’ has permissible parameters (z1,y1,%) such
that
T = sclzl,E = Z1
Then we either have a 3 point with v(¢’) < r — 1, or we are back in the form of
(132) with e; decreased by i.
Suppose that ¢ € D and (133) holds at ¢. Then d; > j for all j. Suppose
that ¢ € 71 *(¢) and Oy, o has regular parameters (z1,y1,%) such that

T=x1,y=21(y1 + @)

with a # 0. Then ¢’ is a 1 point so that v(¢') < r and v(¢') < r by Lemma 8.6.
Suppose that ¢’ € 7 '(q) and ¢’ has permissible parameters (z1,y1,%) such
that
T=21,Y = T1Y1
Then v(q¢') = 0.
Suppose that ¢’ € 7 '(q) and ¢’ has permissible parameters (z1,y1,%) such
that
T=T1Y1,Y =%
Then we either have a 2 point with v(¢’) < r — 1, or we are back in the form of
(133) with d; decreased by 1.
After a finite number of blow-ups of 2 curves m; : Y,,, — Y we have that there
are no 2 curves D on Y, such that D is r-1 big. By Lemmas 8.6, 8.7, and since
all 3 points g € (rom)~!(p) have v(q) < r—2 (if ¢ is a 3 point and v(q) = r —1
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so that ¢ satisfies (132), then either d; > j for all j or e; > j for all j), there
exists a neighborhood U; with the properties asserted by the statement of the
Theorem.

The only 2 points ¢ € (7 om)~!(p) where v(q) = r — 1 and y(q) > r either
satisfy (131) with some d; = j —1 and e; = 1 (so that 7(¢) > 1) or satisfy (133)
with v(¢) = r — 1 and d; < i so that e; > i. Furthermore, T = 0 is a local
equation at ¢ of the strict transform of the surface with local equation x = 0 at

p.
Suppose that D C S,.(X) is a curve containing p, and D is the strict transform
of D on U;. D can only intersect (m o m1)~!(p) at points ¢ such that ¢ is a 2
point and v(q) = r or v(¢) = r —1 by Lemma 7.7 and Lemma 7.6. We must
either have v(q) < r or ¢ satisfies (131) or (133).
Suppose that ¢ € DN (wom;) ™! (p) satisfies (131) or (133) and 7 € fﬁ 4~ Then
there exist a; € k such that 7

Fy- Y0 _C_d €@+ @ f@2)

where 3 = f(Z,%) = 0 are local equations of D at ¢ (by Lemma 6.26). This is
impossible by the form of Fy. Thus 7 € I
Suppose that ¢ satisfies (131). We have

I5, = (@7 — ¢())
for some series ¢. There exist a; € k such that, when renormalizing with respect
to these new parameters,

F=Y a0 _C_d €@+ (7,7 ¢()

by Lemma 6.26. Setting z = 0 in

F, — Zaj —c—d ,

we get 74 1A,_1(7,%) or ¥ -1A,_1(7,Z) + éy" for some ¢ € k, m € N. Thus
(Z—0@)" 17" Ara(7.7)
or
(Z=o@)" 17" Area (7.2 + "

which is nonzero since T J F,. As v(A,_1(7,%)) < 1, this is a contradiction.
Thus ¢ cannot have the form of (131).

Suppose that ¢ satisfies (133). We have fﬁ’q = (Z,z — ¢(y)) for some series
¢. There exists a; € k such that

Iy — Z% — d €@+ (@7 - ¢(7)

by Lemma 6.26. Setting z = 0 in

F Z aj (:E_acy_d )
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we get @,_1 (7, 2)y%r =121 or @,_1 (7, 2)ylr—1z% -1 +&y" for some ¢ € k, m € N.
Thus
(z-o@)" |gizo
or
(z=¢@)" | @1 (7, 2)y" 2z + "

which is nonzero since ) F,. In either case, we have

(2= o(g)y gz

since
O 4 e Y e —1m _ Oa,_1_
%(aﬂ,«_lydrilz r—1 + Cy ) =7 r—1 1ydr71(e,r._1a/r—1 + az ),
which implies that e,_1 > 7 and ¢(y) = 0. Thus T = z = 0 are local equations
of D at q.

Suppose that D is such that D is r small and ¢ € (7 o 1)~ (p) N D satisfies
v(q) = r and v(q) = r. By Lemma 8.10, there exists a sequence of quadratic
transforms oy : Wi — Y,,, such that the strict transform D of D intersects o7 (q)
in a 2 point ¢’ such that v(¢') = r—1 and v(¢’) = r. Furthermore, there are no 2
curves C' in o; *(q) such that C is r-1 big, and 1’. - 3’. of the conclusions of the
Theorem hold at all points of o, 1(q). Thus there exists a sequence of quadratic
transforms o : W — Y,,,, centered at 2 points {q1,...,qmn} such that v(¢;) =r
and 7(q;) = 7 on the strict transform D of curves D in S,.(X) containing p such
that if D C S, (W) is the strict transform of a curve D C S,.(X) containing p,
and D is r small then D intersects (7 oy 0 o)~ 1(p) in 2 points g of the form of
(133), and in 2 points ¢ such that v(q) = r — 1 and (q) = r. W contains no 2
curves C such that C is 1-1 big, S, (W) makes SNCs with Bo(W) and v(q) < 7
for all exceptional 1 and 2 points of o, v(q) = 0 for all exceptional 3 points of o.

Suppose that D C W is the strict transform of a curve D in S,.(X) containing
p. First suppose that D is r big. If ¢ € DN (7 o7 o0)~(p), then ¢ must be a
2 point with v(q) = v(¢) = r. Suppose that \; : Z; — W is the blow-up of D.
By Lemma 8.8, 1’. - 3’. of the conclusions of the Theorem hold on Z;, and the
conclusions of Uy hold in a neighborhood of A\;*(q).

If D is r small, then if ¢ € D N (7 o7 0 o)~ (p), ¢ must be either a 2 point
where v(q) = r — 1 and y(q) = r or ¢ satisfies (133) and T = Z = 0 are local
equations of D at g.

Let A\; : Z; — W be the blow-up of D. If g € DN (mrom oo) L(p) is a 2
point such that v(p) = r — 1 and v(p) = r, then 1.” - 3.7 of the conclusions of
the Theorem hold and the conclusions of Uy hold in a neighborhood of A\[*(q)
(since r > 3) by Lemma 8.10.

Suppose that ¢ € D N (7w o 7w o o)~ (p) satisfies (133). T = Z = 0 are local
equations of D at ¢ and d; < i. Since D C S,.(W), we have e; > i.

Since A,.(X) holds, y(¢') = r if ¢ € D is a 1 point. Then e,_; = r in (133).
Suppose that ¢’ € A\7*(q), ¢ has permissible parameters (1,7, 21) such that

T=x1,z2=x1(21 + )



MONOMIALIZATION OF MORPHISMS FROM 3 FOLDS TO SURFACES 141

¢’ is a 2 point. e; > i implies

F,
L =7+ 1,0
Ly

so that v(q) = 0.
Suppose that ¢’ € A\]'(q) has permissible parameters (21,7, 21) such that

T = xlzl,E: Z1

Then we either have a 3 point with v(¢’) < r — 1, or we are in the form of (132)
with e; decreased by ¢, d; < 7, and ¥ = Z = 0 is a local equation of a 2 curve
which is a section over D. Since we have e,_1 = 1 in (132), we must have e; < ¢
(since r > 2), d; < i so that v(¢’) < r — 1 by Remark 9.19.

Thus the conclusions of Us hold in a neighborhood of A7 *(¢) by Lemma 8.10.

Then if X : Z — W is the sequence of monoidal transforms (in any order)
centered at the strict transforms of curves C in S,.(X), the conclusions of 1. -
3’. of the Theorem hold, except possibly at a finite number of points g of the
form of (133) with d; < i and e; > i. There are no 2 curves C' C Z such that C
is r-1 big.

If g € (mom oo o))~!(p) does not satisfy one of 1’ - 3’ of the conclusions of
the Theorem then ¢ satisfies (133), 7(¢) = 0 and d; < 0 so that e; > i. T =0 is
then a local equation of the surface with local equation z = 0 at p.

e; > i implies F, € (7,z)"~!. Since r > 3, this implies (by Lemma 6.22)
that there exists an algebraic curve D C S,_1(Z) such that T =%z = 0 are local
equations of a formal branch of D. D is necessarily the strict transform of a
curve D C S,_1(U), since T € fﬁ’q and § & fﬁq. D is thus nonsingular at
q, by the conclusions of Theorem 12.1. Thus * = Z = 0 are local equations
of an algebraic curve D at ¢q. If e; > i, then D C S,(Z) and if ¢; = 4, then
DcC gr_l(Z).

Since the strict transforms of all curves in S,.(X) have been blown up in the
map Z — W, we must have e; = 1.

Thus at ¢, (133) holds, e; =i, d; < i and 7(q¢) = 0. Let T" be the component
of Ex with local equation x = 0 at p. 7(¢) = 0 implies d; > 0, which implies
dj > 0 for all j, so that F, = 72" ~! + 7. Since T = 0 is a local equation of the
strict transform 77 of T, the only curve in S, _1(Z)NT" containing q is the curve
D with local equations T = z = 0, since a curve in S,_1(Z) N T’ containing ¢
must be the strict transform of a curve in S,_1(U) N T.

and Iy, = 727! +7Q, where 7 is a unit.
We will show that there does not exist a curve C C S,_1(Z) containing ¢
(and a 1 point) such that 7 € Z¢ .
After a permissible change of parameters, we may assume that 7,z € Ox 4
with
F,=72""1 +75Q.



142 STEVEN DALE CUTKOSKY

b

Zcg = (U,9(7,%)). Set T = 2°. By Lemma 6.29, either there exists a series f

such that

#m U, — f(i°7) € (3, 9(2",2)" + @) kl[Z,7, 7] (142)
if bc —ad > 0 or

Fy — f(@°9)*" € ((3,9(2",2)" ' + ()" ?) kl[7,7,Z]] (143)
if ad — be > 0.

If (142) holds, since v(gq) > 0, we have v(f) > 0, which implies

g(ib, z)r—l | .%b(r—l)—l—bc—ad’

and g = 7, a contradiction since C' is then a 2 curve.
Suppose that (143) holds. Let ¢ = f(0).

7(z,0,2)2°0 Y — ezt = p(z,2)g(i% z)" !

for some series h. If ad —bc = b(r —1) then ad —b(c+r —1) = 0, a contradiction
to the assumption that Fj; is normalized.

Let
g { min{b(r — 1),ad — bc} ifc+#0

| b(r—1) ife=0.

7(7,0,7)300 D — ggad—be — pzd

where A is a unit. Then g¢(z° 7z) !

since C' is then a 2 curve.
- Thus the conclusions of 1’. - 3’. of the Theorem hold and the conclusions of
Us hold on Z. OJ

is a power of z, and g = 7, a contradiction

Theorem 12.3. Suppose that r = 2, A3(X) holds, p is a 2 point with v(p) =

r—1 =1, and L(x,0,0) # 0, as in the assumptions of Theorem 12.1. Let

R = Ox . Suppose that w:Y, — Spec(R) is the morphism of Theorem 12.1.
Let

=Y, ==Y =Y,

be a sequence of permissible monoidal transforms centered at 2 curves D such
that D is 1 big. Then there exists ng < oo such that

V, =Y., 5 Y, = spec(R)
extends to a permissible sequence of monoidal transforms
U, -U—=>U

over an affine neighborhood U of p (with the notation of Theorem 12.1) such
that Uy contains no 2 curves D such that D is 1 big or 2 small, and for q € U1,
1. If g is a 1 or a 2 point then v(q) < 2. v(q) = 2 implies v(q) = 2.
2. If q is a 3 point then v(q) =0.
3. So(U1) makes SNCs with Bo(Uy).
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There exists a sequence of quadratic transforms W, — V), such that if Z, — W,
is the sequence of monoidal transforms (in any order) centered at the strict
transforms C" of curves C in So(X), followed by monoidial transforms centered
at any 2 curves C which are sections over C' such that C is 1 big, then

Zy = W, =V, =Y, = spec(R)
extends to a permissible sequence of monoidal transforms
T Ug — Ul — U —U

over an affine nez’ghborﬁooiofp such that U, contains no 2 curves D such that
D is 1 big or 2 small. So(Us) makes SNCs with B2(Us), and if ¢ € T (p),

1’.: v(q) <2 ifqisalor?2point. v(q) =2 implies v(q) = 2.

2’.: If q is a 2 point and v(q) = 1, then either q is resolved or v(q) = 2.

3’.: v(q) =0 if q is a 3 point.

Proof. We can construct
W=w,2V,=Y,, 3 Y =Y, 5 spec(R)
exactly as in the proof of Theorem 12.2.
If ¢ € (mom oo) (p) satisfies 133), then
U — (anb)m

F, =T+7%. (144)

If D C S5(X) contains p, and D is the strict transform of D on W, and
g€ DN (momoo) (p), then either q satisfies (144),

F,=7%+z%

with e; > 2 and T = Z = 0 are local equations of D at ¢, or ¢ is a 2 point with
v(q) =1, v(q) = 2, or D is 2 big and ¢ is a 2 point with v(q) = v(q) = 2.

Suppose that D C Sy(W) is the strict transform of D C So(X) such that
p € D. Let A\ : Z; — W be the blow-up of D.

First suppose that D is 2 big. Suppose that ¢ € DN (7 o7 o)~ (p). Then
q is a 2 point with v(q) = v(¢) = 2. By Lemma 8.8, 1’ - 3’ of the conclusions of
the Theorem hold on Z;, and the conclusions of Us hold in a neighborhood of
M)

Suppose that D is 2 small. If ¢ € D N (7 o7 o0)~!(p), then either ¢ is a 2
point with v(q) = 1, v(q) = 2, or ¢ satisfies (144) with e; > 2, T = Z = 0 are
local equations of D at g.

If g€ DN(mrom o) L(p) is a 2 point with v(¢) = 1, v(q) = 2, then by
Lemma 8.10 and Lemma 8.11, either 1’ - 3’ of the conclusions of the Theorem
and the conclusions of Uy hold in a neighborhood of A7 *(q) or there exists a 2
curve C' which is a section over D, such that if \y : Zy — Z; is the blow-up of
C, then 1’ - 3’ of the conclusions of the Theorem hold and the conclusions of Us
hold in a neighborhood of (A1 o A2)"*(q).

Suppose that ¢ € DN (7w o 00)~(p) satisfies (144) with e; > 2,2 =2 =0
are local equations of D at q. Since A5(X) holds, v(¢') = 2if ¢ € Dis a1
point, so that e; = 2. If ¢ € A\[*(¢) we have v(¢’) = 0 except if ¢’ is the 3
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point with permissible parameters (z1,7, 21) such that T = x121, Z = 21. Then
Fq/ =x1 + 21.

Let C be the 2 curve through ¢’ with local equations z; = z; =0 at ¢/. C is
a section over D. By Lemma 8.1, F, € I , forallae C, so that C is 1 big.

Let Ay : Zy — Z; be the blow-up of C. Then 1’ - 3’ of the conclusions of the
Theorem, and the conclusions of Us hold in a neighborhood of (A o A2)~1(q).

Then if X : Z — W is the sequence of monoidal transforms (in any order)
centered at the strict transform of curves C' in So(X), followed by the monoidal
transforms centered at 2 curves C' which are sections over ¢’ such that C is 1
big, we have that there are no 2 curves C' C Z such that C is 1 big.

The only points of Z which may not satisfy the conclusions of 1’ - 3’ of the
Theorem are the 2 points ¢ € (7 o m o 0 o A\)~!(p) which satisfy (144) with
7(q) = 0. Then (after a permissible change of parameters)

U _ (Eagb)m
F, =z+4+7z
with e, > 2.

By Lemma 6.22, there exists an algebraic curve D C S3(Z) such that Z =
z = 0 are local equations of D at ¢q. Since T = 0 is a local equation of the
strict transform of the component of Ex with local equation = 0, and D is
not contained in the component of Ex with local equation 7 = 0, D is the strict
transform of a curve in S,.(X) containing p, a contradiction to the construction

of Z. Thus q is a resolved point.
O

Theorem 12.4. Suppose that r > 2, A.(X) holds, p € X is a 3 point with
v(p) = r — 1, and we have permissible parameters (x,y,z) at p for u,v (with
y,z € Ox ) such that

U _( ya—i—nb a—}-(n—i—l)b)m
v _ P( b a—|—nb a—l—(n—l—l)b) +xdyc—i-n(d—l—r)Zc+(n+1)(d+r)Fp
Fy o Y a2 (145)
with n >0, a,b > 0, L(x,0,0) # 0, so that 7 is a unit, and (eq510)
ald+r—1)—bc=0 (146)
or
U — (xbyazb)m
v = P(xbyz )-l—:c dyczd+rp, (147)

Fp = 7" 1 + Z ., az(y’ ) r—i—1
withn >0, a,b >0, L(z,0,0) # 0, so that T is a unit, and
ald+r—1)—bc=0 (148)

Let R = Ox . Let C be the 2 curve with local equationsy = z = 0 at p. Then
there exists a finite sequence of permissible monoidal transforms m : Y — Spec(R)

centered at sections over C = V(y,z), such that for ¢ € 7=1(p), F, has one of
the forms (131), (132) or (133) of Theorem 12.1.
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In all these cases T = x and * = 0 s a local equation at q of the strict
transform of the component of Ex with local equation x =0 at p.

There exists an affine neighborhood U of p such that Y — spec(R) extends to
a sequence of permissible monoidal transforms U — U such that A,.(U) holds.

v(q) < 1 at a generic point q of C, so that all points ¢’ on the fiber of the
blow-up of C' over q are resolved.

Suppose that r > 3. Let D; be the curves in S,_1(X) which contain p, and
T € ZD p- We further have that the strict transforms D; of the D; on U are
nonsingular, disjoint, and make SNCs with Bo(U).

Proof. We modify the proof of Theorem 12.1 to prove this Theorem. In the
sequence of (134) we must add a new case,

Case 0:
u = (% (yl 2“)'“ )™
v =Pz a’(yi zi k) + a° yZ elF
Case Oa:
Yi = Yi+1, 2 = Yi+12i+1
Case Ob:
Yi = Yi+1Zi+1, 20 = Zit1
Case Oc:

Ci

Yi = Yit1(Zig1 + 1) it

b;

— yz+1(z1—|—1 + az—l—l) bq

In the sequence (134), YO has the form Case 0 (and not Case 2). The trans-
formations of type Oa and type Ob produce a p;11 of the type of Case 0, and
Fz' = Fi—l—l-

If all transformations in (134) are of types Oa or Ob, then we eventually get a
p; of type (132) by Lemmas 9.16, 9.17 and Corollary 9.18.

Otherwise, we eventually reach a first p; where p;;; is obtained by a trans-
formation of type Oc. We have F; = F),.

sy = (g gy
v o= Pia%yM) 2y (2 + ai)MF,
e;b; — d;c;
d;+1 = d; +€;. Thus p;11 has the form of Case 1, with

Y

gir1(zi+iy; _ff)

7,+1
xe yz—f-l

Thus p; 41 satisfies the assumptions of Theorem 12.1, provided v(F;+1(z,0,0)) =
r— 1.
p; has permissible parameters (z,y1, 21) with y1 = y;, 21 = z; such that

Fip1 = (zi41 + qig1) Fp —

)
y =yl 2=y 20
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with ad — By = +1,
pi+1 has permissible parameters (x,ys,22) with yo = y;11, 22 = 2;4+1 such
that

Y1 =y2,21 = y2(22 + @)
with @ # 0.
First suppose that we are in the situation of (145) and (146). Set
A1 = ala+nb) +vy(a+ (n+1)b) + B(a + nb) + §(a + (n + 1)b),
A2 = B(a+nb) +d6(a+ (n+ 1)b).
A2

Yo = Ya(z2 + @) ™
_ (xby?(a—&—nb)—i-'y(a—l—(n—i-l)b)Zlﬂ(a+nb)+5(a+(n+1)b))m
= (a%y5" (22 +@)2)"
= (275" )"
xd+r—1yc+n(d+r) Zc—f—(n—l—l)(d—i—r)

_ xd+r—1y?(c+ﬂ(d+r))+v(c+(n+1)(d+r))Zlﬁ(c+n(d+7"))+5(c+(n+1)(d+T))

u

= mdﬁdilyg\g ('22 +a)>\4 Ao A
= 2l (2 )M TR
where
Az = a(ct+n(d+r))+v(c+(n+1)(d+7))+B(c+n(d+r))+d(c+ (n+1)(d+1)),

M =0(c+n(d+71))+d(c+ (n+1)(d+r)).
b)\g— (d—l—?“—l))\l
=b[(a+ B)(c+nd+7))+ (y+8)(c+ (n+1)(d+7))]
—(d+7—D[(+ B8)(a+nb) + (v + ) (a+ (n+1)b)]
=(a+B8+y+0)|[bc— (d+r—1)a]+nbla+ L +~v+ )+ b(y+9)
=n(a+B8+v+8)b+ (y+ )b > 0.

Since we cannot remove oo
__ 22473

TO@ALI N xd—l—’l”—lyg\g
from xdyc—l—n(d—l—?”)ZC-I—(n—i-l)(d—l—T)Fp, where o = 7-((),()’ O)’ when normalizing to
obtain F),, ,, we must have v(F,,_, (¢,0,0)) =r — 1.

Now suppose that we are in the situation of (147) and (148). Set
A1 = aa + b+ Ba + b,
A2 = fBa + 6b.

_ 22
Yo = Yoz +@) ™

o b aa+vyb _Ba+db
u = (%Y )"

= (a%yy" (22 +@))"
= (z"75")"
Set
As=ac+y(d+r)+ Pe+d(d+T),
Ay = PBe+6(d+r).
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_ d 6(d

d—l—r lyczd—i—r — xd—l—r 1y§c+’)’( +T)Zlﬂc+ (d+7r)
— d+T—1y 3(22+a>)\4

Ao A

_\ Ay — 273

d+T ly 3(Z2+a) 4 A1

b)\g—)\l(d—i-r—l)
=blac+y(d+7r)+ Bc+6(d+7r)) — (ca+ b+ Ba+ db)(d+r — 1)
= (a+B)bc—ald+r—1)]+(y+8)bd+7)—bd+r—1)

=(y+8)b#0
Thus v(F),,,(2,0,0)) = 7 — 1 in this case also. The proof now preceeds as in
Theorem 12.1. |

Theorem 12.5. Suppose that r > 3, A,.(X) holds, p is a 3 point with v(p) =
r—1, and we have permissible parameters (x,y, z) at p for u,v (withy,z € Ox )
such that

U — (xbya-l-nbza—l-(n—l—l)b)m
v = P(xbystnby a+(n+1)b) + xdyc—l—n(d—l—?")Zc+(n+1)(d+q~)Fp
F, =7z 1+>7" 16Lz(y, 2)ar—i=l
withn >0, a,b >0, v(p) =r —1, L(x,0,0) # 0, so that T is a unit, and
ald+r—1)—bc=0

or
u = (aby )"
v = P(z%y*2?) + 2y F,
R e T
withn >0, a,b >0, v(p) =r —1, L(x,0,0) # 0, so that T is a unit, and
ald+r—1)—bc=0

Let R = OXJ).
Suppose that 7 :'Y,, — Spec(R) is the morphism of Theorem 12.4.
Let

=Y, ==Y =Y,

be a sequence of permissible monoidal transforms centered at 2 curves D such
that D is r-1 big. Then there exists ng < oo such that

V, =Y., Y — spec(R)
extends to a permissible sequence of monoidal transforms
U, —-U—=>U

over an affine neighborhood U of p (with the notation of Theorem 12.4) such that
U, contains no 2 curves D such that D is r-1 big or r small, and for ¢ € Uy,
1. If g is a 1 or a 2 point then v(q) < r. v(q) = r implies y(q) = r.
2. If q is a 3 point then V(q)é r—2.
3. S, (Uy) makes SNCs with Bo(U1).
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There exists a sequence of quadratic transforms W, — V), such that if Z, — W,
is the sequence of monoidal transforms (in any order) centered at the strict
transforms of curves C' in S, (X) then

Z, = W, =V, = Y, — spec(R)
extends to a permissible sequence of monoidal transforms
T:Uy—> U >U—>U
over an affine neighborhood of p such that Us contains no 2 curves D such that
D is r-1 big or v small. S, (Us) makes SNCs with B2(Usz), and if ¢ € 7 *(p),

1’.: v(q) <rifqisalor2point. v(q) =r implies y(q) =r.

2’.: If q is a 2 point and v(q) = r — 1, then either T7(q) > 0 or v(q) = r
or 7(q) = 0 and (133) holds at q with 0 < d; < i, e; = i and S,_1(Y1)
contains a single curve D containing q, and containing a 1 point, which
has local equations x = z = 0 at q.

3.: v(q) <r—2ifqis a3 point.

Ifp g S.(X), then Z =Y,,.

Proof. The proof of Theorem 12.2 applied to the conclusions of Theorem 12.4
proves this theorem. l

Theorem 12.6. Suppose that r = 2, A3(X) holds, p is a 3 point with v(p) =
r—1=1, and we have permissible parameters (z,y, z) at p for u,v (with y,z €
Ox p) such that

U — (xbya—i—nbza—l—(n—i—l)b)m

v — P(xbya+nbza+(n+1)b) + xdyc+n(d—|—2)Zc+(n+1)(d+2)Fp
F, =1z+ai(y,2)

withn >0, a,b >0, L(x,0,0) # 0 so that T is a unit and
ald+r—1)—bc=a(ld+1)—bc=0

or
U — (xbyazb)m

v = P(2Py?2®) + 2dy°29T2F,

F, =1+ ai(y,z)

withn >0, a,b >0, L(x,0,0) # 0 so that T is a unit and
ald+r—1)—bc=a(ld+1)—bc=0
LetR:OX’p.

Suppose that 7 : Y, — Spec(R) is the morphism of Theorem 12.4.
Let

=Y, ==Y =Y,

be a sequence of permissible monoidal transforms centered at 2 curves D such
that D is 1 big. Then there exists ng < oo such that

Vo =Y, GEY Y, — spec(R)
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extends to a permissible sequence of monoidal transforms
U —-U—U

over an affine neighborhood U of p (with the notation of Theorem 12.4) such
that U contains no 2 curves D such that D is 1 big or 2 small, and for ¢ € Uy,

1. If ¢ is a 1 or a 2 point then v(q) < 2. v(q) = 2 implies v(q) = 2.

2. If q is a 3 point then v(q) = 0.

3. So(Uy) makes SNCs with Bo(Uy).
There exists a sequence of quadratic transforms W, — V,, such that if Z, — W,
is the sequence of monoidal transforms (in any order) centered at the strict
transforms C' of curves C in Sa(X), followed by monoidal transforms centered
at any 2 curves C which are sections over C' such that C is 1 big, then

Zy, = Wy, =V, =Y, — spec(R)
extends to a permissible sequence of monoidal transforms
T Ug — Ul — U —U

over an affine neighborhood of p such that U,y contains no 2 curves D such that
D is 1 big or 2 small. S3(Us) makes SNCs with Bo(Us), and if ¢ € 7 *(p),

1’.: v(q) <2 ifqisalor?2point. v(q) =2 implies v(q) = 2.

2’.: If q is a 2 point and v(q) = 1, then either q is resolved or v(q) = 2.

3’.: v(q) =0 if q is a 3 point.

Ifp & Sa(X), then Z, =Yy, .

Proof. The proof of Theorem 12.3 applied to the conclusions of Theorem 12.4
proves the Theorem. [



13. RESOLUTION 1

Throughout this section we will assume that ®x : X — S is weakly prepared.

In this chapter we will need to consider the following condition on a 2 point
p € X such that v(p) = r and 7(p) = 1. The condition is that ®x(p) has
permissible parameters (u,v) such that u = 0 is a local equation of Ex at p and
p has permissible parameters (x,y, z) for (u,v) such that(eq998)

u = (xayb)m
v

— P(l’ayb) +xcdep (149)

and L, contains a nonzero y" 'z term with a(d +r — 1) —bc = 0. Up to
interchanging x and y, this condition is independent of permissible parameters
at p for (u,v).

Lemma 13.1. Suppose that X satisfies A.(X), withr > 2, and C is a 2 curve
on X such that C C S,(X). Suppose that

=Xy, ==X = X

is a sequence of permissible monoidal transforms centered at 2 curves C; such
that C; C S.(X;) are sections over C. Then this sequence is finite. That is,
there exists n < oo such that X,, contains no 2 curve C,, with this property.

Proof. Since A,.(X) holds, C must be r small. Suppose that ¢ € C' is a 2 point
and the sequence has infinite length. Let ¢, be the point on X, which is the
intersection of the fiber over ¢ and C,,. With the notations of (70) in the proof
of Lemma 8.6, there are permissible parameters (z,y, z) at ¢ such that

U — (xayb)m -
F, = Ezyr_l + Z]Z'JerT,kZOcijkxzyjzk.

For all n there are permissible parameters (x,,, y,, z) at g, such that

n
r = 'SCTUy — xnyn

Fy
Fq, = x?(ril)
If the sequence has infinite length, then ¢;j; = 0if j <7 — 1, so that y | F;, a

contradiction to the assumption that F, is normalized. [

Lemma 13.2. Suppose that X satisfies A.(X) with r > 2 and C is a 2 curve
on X such that C is r-1 big. Suppose that

= Xy ==X = X

15 a sequence of permissible monoidal transforms, centered at 2 curves C; such
that C; is a section over C and C; is -1 big. Then the sequence is finite. That
is, there exists n < oo such that X,, contains no 2 curves C,, with this property.

S.D. Cutkosky: LNM 1786, pp. 150-162, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Proof. Suppose that p € C'is a 2 point such that v(p) = r — 1. p has permissible
parameters (x,y, z) such that

u — (xayb)m
v = P(z%y’) + 2y’F,
F, = Zz‘ﬂ‘zrﬂ aij(2)x'y!
Let m: Y — spec(Ox ;) be the blow-up of C.
Suppose that ¢ € 7=1(p) is the 2 point with permissible parameters (21,91, 21)

r=T1Y1,Yy=U1

u = (zfyythm

Vo= Pty i S e G ) g

v(¢) <r—2unless L, = z"~!. Then v(q) =7 — 1.

Suppose that L, = "L
r—1
F,=7a""1 + Zybiai(y, Z)x"
i=1

where 7 is a unit and = fa;, y Ja;, b; > i for all i.
Suppose that the 2 curve C7 C Y containing ¢ is such that C is r-1 big.
Cl = V(.’,El,yl) in (150)

r—1

r—1 b;—1 r—1—1

Fq =12y ‘f'E Y1’ ai(y, 2)7) :
i=1

By induction on b;, after a finite number of blow-ups of 2 curves, we reach
A 1 Z — spec(Ox p) such that if D is a 2 curve in Z which is a section over C,
then D is not r-1 big. [

Definition 13.3. Suppose that X satisfies A,.(X) with r > 2. A 2 point p € X
contained in a 2 curve C is called bad if v(p) = r, 7(p) = 1 and one of the
following holds.

1. C ¢ S.(X).

2. C C S,(X) is r small and there exists a sequence of monoidal transforms
Xp = X1 — - = X1 — spec(Ox p)

and 2 curves C; C X; which are sections over C such that C; C gr(Xi)
is r small for i <n, C, ¢ S.(X;), Xiy1 — X; is centered at C; if i < n,
and if p, is the point on C,, over p then v(p,) = .

3. There erists a curve D C S,.(X) such that D contains a 1 point p € D,
and D s r big at p.

Suppose that r > 2 and A, (X) holds. Then there are only finitely many bad
2 points on X.
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Lemma 13.4. Suppose that A,(X) holds with r > 2 and p € X is a bad 2
point. Suppose that there does not exist a curve D C S, (X) such thatp € D, D
contains a 1 point and D is r big at p. Then there exists a sequence of quadratic
transforms 7w : X1 — X centered at 2 points over p such that A,.(X1) holds and
all 2 points q € 7 1(p) are good.

Proof. There exist permissible parameters (x,y, z) at p such that

U _ (mayb)m
v = P(zy’) + 2y’F,
F, = Zi—i—j—l—kZT aijkxzyjzk

Let m; : X1 — X be the blow-up of p. By Theorems 7.1, 7.3 and Lemma 7.9,
A, (X1) holds. Suppose that ¢ € 7= !(p) is a 2 point such that v(q) = r and
7(q) = 1. After a permissible change of parameters at p, we may assume that
q has permissible parameters (T1,7;,21) such that * = 719,y = Uy, 2 = Y121-
7(q) = 1 and v(q) = r implies that, after replacing z by a constant times z, that

L,=L(z,2) =dx" + 2" 2

for some d € k.

Suppose that there exists a 2 point ¢’ € 7~ !(p) such that v(¢’) = r and ¢
has permissible parameters x’,y’, 2’ such that z = 2/, y = 2'y/, 2 = 2/(2’ + «) for
some « € k. Then there exists a form L, and ¢ € k such that

Ly + Emayg if there exists @, b € N such that a4+ b =r
L,= and a(d +b) —b(c+a) =0
Ly otherwise.

where
Ly=Li(y,z —az) =ey" + f(z —ax)y"™"
for some e, f € k, with f # 0. This is not possible, since » > 2. Thus all 2 points
q1 € 7 (p) with v(¢q1) = r have permissible parameters (x1,y1,21) such that
T =T1Y1,Y = Y1,2 = y1(21 + a)

for some o € k. There exist at most finitely many bad 2 points ¢; € 77 *(p).

Consider the following sequence of quadratic transforms

= Xy =X ==Xy =2 X

with maps A\, : X,, = X, where 7; : X; — X;_1 is the blow-up of all bad 2 points
in \;',(p). We will show that there exists n < oo such that \;!(p) contains no
bad 2 points. Suppose not. Then there exist bad 2 points ¢; € X, such that
Wi(qi) =(qi—-1 for all s.
¢1 has permissible parameters (x1,y1, 2z1) such that
T =1T1y1,Y = y1,2 = y1(21 + 1)
for some a1 € k. v(g1) = r implies

qu = 81.@7{ + .CC7£_121 + y1Q1
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for some d; € k and series ;. Since v(q2) = r, and because of the existence
of the 2] '2; term in L,,, g2 must have permissible parameters (z2,y2, 22) such
that

T1 = TaYa, Y1 = Y2, 21 = Ya2(22 + a2)

for some g € k. v(g2) = r implies
Lq2 = ngg + J,‘g_lzg + yQQQ.

We see that there exists a series o(y) = >~ a;y’ such that if we replace z with
Z =z — o(y), we have permissible parameters (x,,, Yn, Z) at g, such that

Tr = xny;rzlay = Yn, 2 = gnyg-
Then
Fp(xnyZa Yns Yn Zn)
Yn'"
for all n, so that a;;, = 0 if i + k < r and F, € (z,Z)". By Lemma 6.22,
Ts,x)p C (x,%), so that x = Z = 0 are local equations of a curve D C S,.(X),
since A,(X) holds. D is r big at p by Lemma 8.2. O

F,

an —

Theorem 13.5. Suppose that A.(X) holds with r > 2. Then there exists a
sequence of permissible monoidal transforms X1 — X such that the following
properties hold:

1. A.(X1) holds.

2. All bad 2 points p € X1 satisfy (149).

3. Suppose that D C S,.(X) is a curve which is v big at a 1 point. Then
there exists at most one 3 point ¢ € D and D has a tangent direction at
q distinct from those of Bo(X) at q. Furthermore, if D is not r big, there
exists only one 2 point ¢ € D. If C is the 2 curve containing q, then C
1s not r-1 big or r small.

4. If C is a r small or -1 big 2 curve containing a 2 point p such that p € D
where D 1s a curve containing a 1 point and D 1is r big at p, then D is r
big.

Proof. By Theorems 7.1 and 7.8, there exists a sequence of quadratic transforms
71 : X1 — X centered at 3 points so that A,.(X7) holds and if ¢ € X; is a bad
2 point such that (149) doesn’t hold, and there exists a curve D C S,.(X;) such
that ¢ € D and D is r big at ¢, then D is r big. All exceptional 2 points for 7
which are bad must satisfy (149).

Let w5 : Xo — X; be the blow-up of such a D. By Lemma 8.8, A,.(X2) holds
and all 2 points in m, '(D) are good. We have that if ¢ € X5 is a bad 2 point
such that (149) doesn’t hold, and there exists a curve D C S,.(X3) such that
q € D and D is r big at ¢, then D is r big. If such a D exists, let w3 : X3 — X3
be the blow-up of D.

After a finite sequence of blow-ups, we then obtain Ay : Z; — X such that
A, (Z71) holds, and if ¢ € Z; is a bad 2 point which doesn’t satisfy (149), then
there doesn’t exist a curve D C S,.(Z;) such that D is r big at ¢. By Lemma
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13.4, there exists a sequence of quadratic transforms Ao : Zo — Z; such that
A, (Z3) holds, and if ¢ € Z5 is a bad 2 point, then (149) holds at q.

By Theorems 7.1 and 7.8, there exists a sequence of quadratic transforms
A3 : Zy — Zo centered at 3 points such that the conclusions of the Theorem
hold on Z3. ]

Theorem 13.6. Suppose that the conclusions of Theorem 13.5 hold on X. Then
there exists a finite sequence of quadratic transforms centered at 3 points X1 — X
such that

1. A.(X1) holds.

2. All bad 2 points p € X1 satisfy (149).

3. Suppose that D C S,(X) is a curve which is r big at a 1 point. Then
there exists at most one 3 point ¢ € D and D has a tangent direction at
q distinct from those of Bo(X) at q. If D is not r big, there exists only
one 2 point q € D. If C' is the 2 curve containing q, then C is not r-1 big
or r small.

4. If C is a r small or -1 big 2 curve containing a 2 point p such that p € D
where D is a curve r big at p, then D 1is r big.

5. If g € X1 is a 8 point with v(q) = r — 1, then either there are permissible
parameters (x,y, z) at q such that

L, depends on both y and z and F, € (y,2)"* (151)
or there are permissible parameters (x,y, z) at q such that
r—1 .
F,=7y"'+ Z a;(x, 2)x®i 2P yr=17 (152)
j=1

where T is a unit, a; are units (or zero), a; + B; > j for all j, and there
exists 1 such that

for all 7, and

Proof. X satisfies 1. - 4. of the conclusions of the Theorem. By Theorems 7.1
and 7.8, 1. - 4. are stable under quadratic transforms centered at 3 points.

Suppose that 7 : X7 — X is the blow-up of a 3 point p.

If L, depends on all three variables x,y, z then v(q) < r — 2 for all 3 points
g e (p).

Suppose that L, depends on both y and z. Then v(q) < r — 2 for all 3 points
q € m1(p), except possibly under the quadratic transform

r=2x1,Y = T1Y1,2 = T1%1.

At this 3 point g,

Fq: 1 :Lp(yl,zl)—i—le.
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By a sequence of quadratic transforms centered at 3 points, we can get the
Theorem to hold above p, except possibly along an infinite sequence

R=0xp,—R = - =Ry —---
where for all n R,, has permissible parameters (z,, yn, z,) with
T =2Tn,Y = xzyna z = .’,CZZ,L

and p(Le@n2nbnZuzn)y — | Thys F, € (y,2)" 1.

xn(r—1)

Now suppose that L, depends only on y. Then

r—1
F,=7y" '+ Z ai(z, z)y 1" (153)
i=1

where 7 is a unit.
If py € 771 (p) is a 3 point with v(¢) = r — 1, then p; has permissible param-
eters (x1,¥1,21) of one of the following 2 forms:

T =T1,Y = T1Y1,2 = T1%1

or
= T121,Y = Y121,z = 21

and

—a (x1,2121)

_ r—1 i\ L1y L1<1) 14
S I LG, (154)

; xh

1=1
or

—a (x121,21)
=1 i\41<1,<1) r—1—4
Fp o =myi )
i=1 1

Suppose that

= Xy =X ==X = X
is a sequence of quadratic transforms, m; : X; — X;_1 with induced maps
Ai © X; — X such that for all i, m; is the blow-up of a 3 point p;_;, with

v(pi-1) =7 — 1 and m—1(pi—1) = pi—2.
We will show that there exists n such that p, satisfies (152). Each p; has
permissible parameters (z;,y;.2;) such that either

Ti—1 = Tj, Yi—1 = Tili, Zi—1 = Ti%4
or
Ti—1 = TiZi, Yi—1 = YiZi, Zi—1 = Z4-
By (154), and resolution of plane curve singularities, there exists ny such that
n > ng implies F},, has the form
r—1

_ r—1 § : Qni i r—1—1
Fpn - Tyn + an,i (xn7 Zﬂ)xnm ngyn
=1

where a,, (2, z,) are units, and either

(Qnt1.iy Bnt1,i) = (Qnyi + Bnii — 1, Bnii)
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or
(an—Fl,ia ﬂn—l—l,i) — (an,ia Qng + ﬁn,i - Z)

for all 2. The proof now follows from Lemmas 9.20 and 9.21.
O

Theorem 13.7. Suppose that A.(X) holds with r > 2 and p € X is a 2 point
such that (149) holds. Then either

1. There exists a sequence of quadratic transforms m : Y — X centered at
points over p such that
(a) If g € 7= (p) is a 1 point then v(q) < r. v(q) = r implies v(q) = r.
(b) If g € 71 (p) is a 2 point then v(p) < r. v(p) = r implies T(p) > 2.
(c) ¢ € 7= X(p) a 3 point implies v(q) < r —1. v(q) = r — 1 implies q
satisfies the assumptions of (145) and (146) of Theorem 12.4. If D,
1s the 2 curve containing q, with local equationsy = z = 0 at q, in the
notation of Theorem 12.4, then Fy is resolved for all ¢ # ¢' € D,.
(d) A.(Y) holds.
or
2. There exists a curve C C S, (X) which is r big at p. Then there exists an
affine neighborhood U of p such that the blow-up of CNU, 7w :Z — U 1is
a permissible monoidal transform such that
(a) If g € 7= (p) is a 2 point then v(q) = 0.
(b) If g € 7 1(p) is the & point then either v(q) < r — 2 or q satisfies
the assumptions of (147)and (148) of Theorem 12.4. D, = 7~ *(p)
15 the 2 curve with local equations y = z = 0 at q in the notation of
Theorem 12.4.
(¢) A.(Z) holds.

Proof. We first assume that the assumption of 2. doesn’t hold. There are
permissible parameters (z,y, z) at p such that

u = (xa,yb)m

v = P(x%P) + 2yt F),. (155)
By assumption, L, has the form
Ly, = f(z,y) + 29(z,y) (156)
and L, contains a y" 'z term with
a(d+r—1)—bc=0. (157)

Let m : X7 — X be the blow-up of p.
Suppose that there exists a 2 point ¢ € 7; *(p) such that v(¢g) = 7 and ¢ has
permissible parameters (z1,y1,21) such that

TrT=21Y1,Y =Y1,2 = yl(zl +04)

After a permissible change of parameters, we may assume that « = 0. Then
F, = % and v(F,(0,0,21)) <1, so that ¢ is resolved.
1
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Suppose that p; € w7 ' (p) is a 2 point such that v(p;) = r and p; has permis-
sible parameters (z1,y1,21) such that

T =11,y =T1Y1,2 = T1(21 + ).

After making a permissible change of parameters, we may assume that a = 0.
Then L, depends only on y and z, and

L,=¢ey" + l;zyr_l

for some b, € k with b # 0.
Suppose that ¢ € ;' (p) is another 2 point such that v(q) = r, and ¢ has
permissible paramters (x1,y;, 21) such that

r =1,y =121Yy1,2 = 1(21 + @)
with a # 0.
Then there exists a form L such that
L(y,z — ax) or
L,=4 L(y,z—ax)+ cx®yP
for some ¢ € k, such that a(d+ ) —b(c+a) =0,a+ 5 =r.

L, =¢y" +baxy" ' +b(z —az)y !
implies L(y, 2z — ax) = L, — baxy" !, but

a=1,0=r—11is not possible, since
ald+r—1)—blc+1)=-b#0 (158)

Thus p; is the unique 2 point ¢ € w; ! (p) with v(¢) = r. There are permissible
parameters (x1,%1,21) at p; such that

T=2T1,Yy = T1Y1,2 = L1211

and L, = L(y,z) =ey” +by" "'z, L,, = L(y1,21) + 219,
If p’ € 7= 1(p) is the 3 point, then v(p') <r —1. If p’ € 7= (p) is a 1 point
then v(p') < r and v(p’) = r implies v(p’) = r by Theorem 7.3.
By Theorem 7.3, 7(p1) > 1. Suppose that v(p;) = r and 7(p;) = 1. Let
my : Xo — X7 be the blow-up of p;.
We can make an analysis of 7, ' (p;) which is similar to that of 7 *(p). (155)
is replaced with
T (ma—i—byb)m
v o= P<$a+byb) + xc+d+rde
7(p1) = 1 implies L,, has the form of (156). (157) holds at p;. (158) is then
modified to: @ = 1,3 = r — 1 is not possible since
(a+b)(d+r—1)—=blc+d+r+1)
=a(ld+r—1)+bd+7r)—b—bc—bld+7r)—b=-2b#0

We conclude that there is at most one 2 point ps € w5, (p1) with v(pz) = r,
and after replacing z with z—ax? for some « € k, we have that p, has permissible
parameters (xa, Y2, 22) such that

2 2
T = T2,Y = TY2, 2 = T522.
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Suppose that we can construct an infinite sequence of quadratic transforms
= X, == X = X

Where 7, : X;,41 — X, is the blow-up of a 2 point p,, € X,, over p such that
v(pn) = r and 7(p,) = 1. Then there exists a series o(x) such that if we make
a formal change of variables, replacing z with z — o(x), we get that there are
permissible parameters (z,, yn, 2,) at p, such that

n n
T=21,Y =T Y1,2 =T 21

pn, must be the only 2 point of 7,1 (p,_1) such that v(p,) = r and 7(p,) = 1.
To show this, the argument following (155) is modified by replacing (155) with

u = ($a+nbyb)m
v = P(xa+nbyb) +xc+n(d+r)de

where (157) holds at p,. (158) is modified to:

a=1,0=r—1is not possible since

(a+nb)(d+r—1)—blc+n(d+r)+1)
=a(d+r—1)4+nbld+r—1)—bc—nb(d+1)—0b
=-nb—b=—-(n+1)b#0

v(pn) = V(aiT’;) = r for all n implies that F, € (y,2)". i@(X),p C (y,2) by
Lemma 6.22, so that since A, (X) holds, y = z = 0 are local equations at p of
a curve C C S,.(X), which is r big at p by Lemma 8.2, a contradiction to the
assumption that the assumption of 2. doesn’t hold. Thus there exists a sequence
of quadratic transforms 7 : ¥ — X such that if ¢ € 7=(p) is a 2 point, then
v(q) < r, and v(q) = r implies 7(¢) > 1. By Theorem 7.3 and Lemma 7.9,
A, (Y) holds.

Suppose that ¢ € 7= !(p) is a 3 point such that v(q) = r — 1. There exist
permissible parameters (2, Y2, 22) at ¢, and there exists a 2 point p,, € X,, such
that v(p,) = r, 7(p,) = 1 and p,, has permissible parameters (x1,y1, 21) such
that

T =x1,y=2xTYy1,2 =272 (159)

T1 = T222,Y1 = Y222,21 = %2

u = (zftrtyh)m ) ) (160)
v o= Py 2y yd by 4 eyt + Q)
with b # 0
a+n a n+1)b m
T (x2+ byng(J: )1219 (d+r) +(n+1)(d+r) T
v o= P(ag ey T g Ty d S DI () (161)

with a(d 4+ r — 1) — bc = 0. Thus ¢ satisfies the assumptions of (145) and (146)
of Theorem 12.4, with © = ys,y = x2, 2 = 2.
On Y we have:
1. If g € 7= 1(p) is a 1 point then v(p) < r. v(p) = r implies v(p) = r.
2. If ¢ € 7= 1(p) is a 2 point then v(p) < r. v(p) = r implies 7(p) > 2.
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3. g € 7 1(p) a 3 point implies v(q) <r —1. v(q) = r — 1 implies ¢ satisfies
the assumptions of (145) and (146) of Theorem 12.4
4. A.(Y) holds.

Let T be the set of 3 points ¢ € 7~ !(p) such that v(q) = r — 1, so that ¢
satisfies (145) and (146) of Theorem 12.4.

Suppose that ¢ € T. In the factorization ¥ — X by quadratic transforms
there exists a factorization ¥ — X,, — X such that ¢ is an exceptional point
on the blow-up of a 2 point p,, of the form of (159) on X,,. Let 7: Y — X, be
this map, D, be the nonsingular curve D, C 7~ !(p,,) such that fDq,q = (x2, 22).
The other points ¢’ € D, have regular parameters (z’,y’, 2’) with the notation
of (159) such that

v1=2Y, =y, =y +a)
with o € k. At such a 2 point ¢/, we have v(F, (0,0, 2")) <1 by (160). Thus ¢’
is resolved.

We now prove 2. There are permissible parameters (x,y, z) at p such that
y = z = 0 are local equations of C' at p and

T (:L.ayb)m
v = P(z%P) + 2yt F,.
There exists a € k£ such that

L,=1ay" + zy’"_l

Let m : Y — spec(Ox ) be the blow-up of C. Suppose that q € 7 (p) is a 2
point. ¢ has permissible parameters (z,y1, 21) such that

y=1uy1,z=1y(z1+a)
for some o € k.
u = (zyh)™
vo=pi(a®yh) + YT (21 + o + 2 + Q)

with o’ € k, so that ¢ is resolved. At the 3 point ¢ € 7~ (p), there are permissible
parameters (x,y;, 21) such that

Y=Y171,2 = ~1.
u o= (zyya)"
v = Payh2) + 2oyl F,
F, =y ' +ay] + 2 + 20"
with a(d+r —1) —bc = 0. Either v(q) <r—2or v(q) = r—1 and q satisfies the
assumptions of (147) and (148) of Theorem 12.4 (with z = y1,y = z1,2 = 21).
The curve C blown up in Theorem 12.4 is the fiber 7=1(p), which is resolved

away from ¢. There exists an affine neighborhood U of ¢ such that if Z — U is
the blow-up of C N U, then A,(Z) holds by Lemma 8.8. O

Theorem 13.8. Suppose that A,(X) holds with r > 2. Then there exists a
finite sequence of permissible monoidal transforms X1 — X such that
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1. A.(X1) holds.

If p € Xy is a 3 point, then v(p) <r — 2.

3. If p € X1 is a 2 point such that v(p) = r and 7(p) = 1 then p has
permissible parameters (xz,y, z) such that

N

u = (:anb)m

v = P(z%P) + 2°y¢F, (162)
and L, contains a nonzero y" 'z term with a(d +r —1) —bc = 0.

4. S.(X1) makes SNCs with Bo(X1).

5. If C is a 2 curve on Xy, then C is not r small or r-1 big.

Proof. We may assume that the conclusions of Theorem 13.6 hold on X. Let
{D1,...,D,} be the curves D in X which intersect a r-1 big or r small 2 curve
at a 2 point such that D is r big there. By assumption, Dq,..., D, are r big.

Let o1 : W7 — X be the blow-up of D;. By Theorem 13.7 and Lemma 8.8
A.(Z;) holds. o7 '(D;) contains no bad 2 points. If ¢; € o7 *(D;) is a 3 point
with v(q1) = r — 1, then ¢; € o] *(¢) where ¢ is a bad 2 point. In this case, 2.
(b) of Theorem 13.7 holds at ¢;.

Let {Ds,...,D,} be the strict transforms of {Ds,...,D,} on Wi. These
curves are all r big, and are the curves D in Z; which intersect a r-1 big or r
small curve at a 2 point such that D is r big there.

We can blow up successively the strict transforms of D, ..., D, by a map
A W — X to get a W such that A,.(W) holds, the exceptional locus of A
contains no bad 2 points, and if ¢ is an exceptional 3 point with v(q) = r — 1
then ¢ must satisfy 2. (b) of Theorem 13.7.

Furthermore, if C' is an r-1 big or r small 2 curve on W, and p € C' is a bad
2 point, then there does not exist a curve D C S,.(W) such that D is r big at p.

By Theorem 13.7, after performing a sequence of quadratic transforms X; —
Z over bad 2 points p € X such that if C' is the 2 curve containing p € X then
C is r-1 big or r small, we have

1’.: The conclusions of 1. - 2. of Theorem 13.6 hold.
2.”: Suppose that C' is a 2 curve such that C is r-1 big or r small. If p € C
is a 2 point, then p is good.
3’.: If p is a 3 point such that v(p) = r — 1, then either
(a): p satisfies the assumptions of (145) and (146) of Theorem 12.4. If
D, is the 2 curve containing p, with local equations y = z = 0 at p, in
the notation of Theorem 12.4, then F; is resolved for all p # q € D,,.
or
(b): p satisfies the assumptions of (147) and (148) of Theorem 12.4.
If D, is the 2 curve containing p, with local equations y = z = 0
at p, in the notation of Theorem 12.4, then F, is resolved for all

p#qe D, or
(c): p satisfies (151) or (152) of Theorem 13.6.

Let {p1,...,pn} be the 3 points of X; which satisfy 3’. (a) or 3’ (b). By
Theorem 12.4, there exist sequences of permissible monoidal transforms, over
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sections of D), for 1 <i <mn,
)‘Pz‘ : Ypi - SpeC(Olepi)

such that the conclusions of Theorem 12.4 hold.

Since D, is resolved at points p; # g € D,,, the only obstruction to extending
Ap, to a permissible sequence of monoidal transforms of sections over D, in X;
is if the corresponding sections over D,, in X; do not make SNCs with 2 curves.
This difficulty can be resolved by performing quadratic transforms at the points
where the section does not make SNCs with 2 curves, since these points are
necessarily resolved.

We can thus extend the

)/pz' — SpeC(OXl ,pi)
to a sequence of permissible monoidal transforms
AY — X1

such that Y x x, spec(Ox, p,) =Y, for 1 <i <n, A.(Y) holds, 1’. and 2’. hold
onY — A t({p1,...,pn}), and if ¢ € Y — A" ({p1,... ,pn}) is a 3 point such
that v(q) = r — 1, then ¢ satisfies (151) or (152) of Theorem 13.6. Let

e = Ly == 41— Y

be a sequence of permissible monoidal transforms such that Z,, — Z,,_1 is the
blow-up of a 2 curve C' such that C' is r-1 big or r small.

We will show that there exists n < oo such that Z,, does not contain a 2 curve
C such that C'is r-1 big or r small, and that Z,, satisfies the conclusions of the
Theorem.

By Theorem 12.5, this holds above a neighborhood of A=*({p1,... ,pn}). We
must verify this condition over Y =Y — A" ({p1,... ,pn}).

Suppose that C is a 2 curve on Y, such that C' is r-1 big or r small and p € C
is a 3 point. Then all 3 points ¢ on C C Y have v(q) = r — 1, and satisfy (151)
or (152).

Let 7 : Y7 — Y be the blow-up of C. The assumption that all 2 points of C
are good and Lemma 8.6 imply that ¢ € 7=1(C) a 2 point implies v(g) < r and
if v(q) = r then either «(¢) = 7 or 7(q) = 1, q is a good 2 point, C C S,(X) and
if C'is the 2 curve containing ¢, then C is a section over C such that C' C S,.(X).
Lemma 8.6, the assumption that all 2 points are good, and Lemma 8.7 imply
A,.(Y7) holds. Further, by Lemma 8.6, if C C 7=1(C) is a 2 curve such that C is
r-1 big or r small, then C is a section over C. All 2 points of C are good points.

Suppose that ¢ € C is a 3 point with permissible regular parameters (z,y, z)
such that y = z = 0 are local equations of C' and

T ( a,ybzc)m
v = P(z%’2°) + 2%/ F,.
F, € (y,2)" L.

Suppose that ¢; € 77 !(q), and ¢; has permissible parameters (x,y1, z1) such

that

Y=Y, =UYix1
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If (151) holds at g,

F,
Fyo=—24 =Ly1,21) + y1Q + zA

h
implies v(q1) < r — 2. If (152) holds at ¢ we must have 3; > j for all j, and

Fyp=1+20

so that v(¢1) = 0.
Now suppose that ¢; € 771(q) and ¢; has permissible parameters (x,y1, 21)
such that
Y=Wz1,2=2
If (151) holds at g,

FQ1 = % = Lq(yla 1) + 2’19 + LITA

implies v(q1) < r — 2. If (152) holds at ¢, we must have 3; > j for all j, and

r—1 )

Py =70 D agle, z)a®iz 7y

j=1
so that either v(q;) < r — 2, or ¢; has the form of (152) also, but with 57
decreased by 1.

By Lemma 13.1 and Lemma 13.2, after a finite number of blow-ups of 2 curves

C such that C' is r small or r-1 big, we reach Y — Y such that Y contains no
2 curves C such that C' is r small or r-1 big. Since all 3 points ¢ of Y with
v(q) = r — 1 must satisfy (151) or (152), which implies that a; > j for all j or
B; > j for all j, so that there exists a 2 curve through ¢ which is r small or r-1

big, we must have v(q) <r —2if ¢ € Y is a 3 point.
O



14. RESOLUTION 2

Throughout this section we will assume that ®x : X — S is weakly prepared.
We define a new condition on X

Definition 14.1. Suppose that r > 2. We will say that C,.(X) holds if:

1. If p € X is a 1 point then v(p) < r. Ifv(p) =r then y(p) =r.
2. Ifpis a 2 point then v(p) <r. Ifv(p) =1 then v(p) =7r. Ifv(p) =r—1
then one of the following three cases must hold:
(a) 7(p) >0 or
(b) v(p) =1 or -
(c) r>3,v(p)=r—1,7(p) =0, p & S.(X), there exists a unique curve
D C S,_1(X) containing a 1 point such that p € D, and permissible
parameters (x,y,z) at p such that x = z = 0 are local equations of

D,
U — ($ayb)m
v = P(z%b) + 2°y¢F, (163)
Fy =1a" " + T ayly, 2)ytiztia

where T is a unit, a; are units (or 0). There exists i such thata; # 0,
e; =1, 0< d; < T,

b 45 & &
¢ J J

for all j, and

di e;
{7}+{7}<L
3. If p is a 3 point then v(p) < r — 2.
4. S.(X) makes SNCs with Bo(X).

Remark 14.2. If C.(X) holds then there does not exist a 2 curve C on X such
that C' is v small or r-1 big.

In this section we will prove a condition stronger than C,.(X) (Theorem 14.7).

Theorem 14.3. Suppose that r > 2, A.(X) holds, p € X is a 2 point such that
v(p) =r and 2 < 7(p) < r, then either

1. There exists a sequence of quadratic transforms @ :'Y — X over p such

that
(a) A.(Y) holds.
(b) If g € 7= Y(p) is a 1 point then v(q) < r. v(q) = r implies v(q) = 7.

)
(c) If g € 7 1(p) is a 2 point then v(q) <r — 1.
(d) If g € 7= 1(p) is a 3 point, then v(q) <r — 2.
(e) If D C w1(p) is a 2 curve, then D is not r small or r-1 big.
or
2. There exists a curve C C S,.(X) such that p € C and C is r big at p.
There exists an affine neighborhood U of p such that the blow-up of CNU,
m:Y — U s a permissible monoidal transform such that
(a) A.(Y) holds.

S.D. Cutkosky: LNM 1786, pp. 163—-175, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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(b) If g € 7= 1(p) is a 2 point, then v(q) <r — 1.
(c) If g € 7 1(p) is the 3 point, then v(q) <1 — 2.
(d) The 2 curve D = n=1(p) is not r small or r-1 big.

In either case, if X satisfies the conclusions of Theorem 13.8, then Y satisfies
the conclusions of Theorem 13.8.

Proof. p has permissible parameters (z,y, z) such that

U — (mayb)m
v = P(zy’) + 2y’F,
F, = Zi—i—j—l—kZT aijkxzyjzk

Suppose that there does not exist a curve C' C S,.(X) such that C is r big at

p.

Let 7 : X1 — X be the blow-up of p. We will first show that (a), (b) and (d)
of 1. hold on X; and if ¢ € 7~1(p) is a 2 point with v(q) = r then 7(q) > 7(p).
This follows from Theorem 7.1, Theorem 7.3 and Lemma 7.9. All exceptional
2 curves D of 7 contain a 3 point ¢ such that v(q) < r — 2. (e) thus holds by
Lemmas 8.1 and 7.7.

By Lemma 8.1 there are at most finitely many 2 points ¢ € 7 1(p) such
that v(q) = r. Suppose that there exists a 2 point ¢ € 7=(p) and v(q) = r.
After a permissible change of parameters at p, we have permissible parameters
(x1,y1,21) at ¢ such that © = x1,y = z1y1,2 = x121. Lp = Ly(y, 2) depends on
both y and z.

Supppose there also exists a 2 point ¢’ € 7~ 1(p) such that v(¢’) = r and ¢
has permissible parameters (z’, %', z') such that

z=12y y=y, 2=y (2 +a)
for some « € k. Then there exists a form L(x,z — ay) such that

L(x,z — ay) +cx®®  if there exists @,b € N such that

Ly(y, z) = a+b=r,a(d+b)—blc+a)=0

L(z,z — ay) otherwise
Thus

L,=d(z—ay) +ey"
for some d,¢ € k with d # 0, a contradiction to the assumption that 7(p) < r.
Let
=Y, =Y, ==Y =X

be the sequence of quadratic transforms 7, : Y,, — Y,,_1 constructed by blowing
up all 2 points ¢’ on Y,, which lie over p and have v(¢’) = r.

Suppose that this sequence has infinite length. Then there exists ¢, € Y,
such that m,(¢,) = ¢n—1 and v(g,) = r for all n. There exists a series ¢(x) =
3" axt such that after replacing z with z — ¢(z), ¢, has permissible parameters
(T, Yn, 2n) Such that

n

n
T=1Tn,Y =T, Yn,2 = T, 2p

and
F,, = Lg(Yn, 2n) + 080.

n
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F, = xlzqr for all n > 0 implies Fy, € (y,2)".

fET(X),p C (y,2) by Lemma 6.22. Since S,.(X) mitkes SNCs with By(X) at
p, y = z = 0 are local equations at p of a curve_C C S (X).

Now suppose that there exists a curve C' C S,.(X) such that p € C and C'isr
big at p. There exists an affine neighborhood U of p such that CNU makes SNCs

with Ba(U). Let 7 : Y — U be the blow-up of C N U. There exist permissible
parameters (x,y, z) at p such that y = z = 0 are local equations of C' at p,

U — (a;ayb)m
F, = Zi—i—jZT aij(x)y'z’.
At the 3 point ¢ € 7~ !(p), there are permissible parameters (z, 31, 21) such that

Y=Yz, =21

F, = };1 = Z ai; (0)yi + 21G + 29
i+i=r
we have v(q) < r — 2, since 2 < 7(p).
At a 2 point ¢ € 7~ !(p), after a permissible change of variables at p, there
exist permissible parameters (z,y1, 21) at ¢ such that

Y=Y,z =MY171
= = Z a;;( z1+y1G—|—xQ.

i+y=r
v(q) < r and y(q) < r since 7(p) < r. Furthermore, if D = 7~ !(p), then
F, & ]g o - There exists a possibly smaller affine neighborhood U of p such that
A, (Y) holds by Lemma 8.8.
O

Theorem 14.4. Suppose that the conclusions of Theorem 13.8 hold on X with
r>2,pe X is a 2 point with permissible parameters (z,y, z) such that

u = (xayb)m
v = P(zy’) + 2y’ F,
and v(p) =r—1, 7(p) =0, L, = f(x,y) depends on both x and y. Then there
exists a sequence of quadratic transforms w: Z — X over p such that
1. g € 7= Y(p) a 1 point or a 2 point implies that v(q) < r. v(q) = r implies

Y(g) =
2. g € 7 Y(p) a 2 point with v(q) = r — 1 implies that 7(q) > 0 or v(q) =
3. g€ mY(p) a 3 point implies v(q) < r — 2.
4. The conclusions of Theorem 13.8 hold on Z

Proof. Let
m: X1 —> X (164)

be the blow-up of p.
If py € 7 1(p) is a 1 point then v(p;) < r and v(p1) = r implies y(p1) = r by
Theorem 7.1. If p; € 7~ 1(p) is a 2 point then we must have v(p;) < r—2, by our
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assumption on f. Suppose that p; € 7= 1(p) is the 3 point. Then v(p;) <7 —1
and p; has permissible parameters (x1,y1, 21) such that

L= x121,Y = Y121, 2 = 21
Suppose that v(p;) = r — 1. Then
Ly, = f(z1,y1) + 210 (165)
Let
F, = Z aijkxiyjzk.
itjt+k>r—1
Suppose that we can construct an infinite sequence of quadratic transforms

=Xy ==X = X

where X,, 11 — X, is the blow-up of a 3 point p,, lying over p,,_1 with v(p,) =
r — 1. Then p,, has permissible parameters (x,,, yn, 2,) such that

_ n _ n _
xr = xnznay - ynznaz - Zn
and

(k4+n(e r+1
Fp, = n(T 1) Zazﬂkxnyn n+ (t4i=r+1),

Thus a;jx = 0if i +j < r — 1, which implies that F, € (z,y)" !, a contradiction
since the conclusions of Theorem 13.8 hold.
Thus by Theorem 7.1 and Lemma 7.9 there exists a finite sequence of qua-
dratic transforms
T Xym— =X =2 X

where X, 11 — X,, is the blow-up of a 3 point p,, lying over p,,_1 with v(p,) =
r — 1, such that A,.(X,,) holds, v(q) <r —2if ¢ € 7~ !(p) is a 3 point, and if
q € 7 (p) is a 1 point then v(q) < 7, v(q) = r implies v(¢q) = r. Suppose that
(' is a 2 curve which is exceptional for 7. Then C'is not r-1 big or r small since
C must contain a 3 point ¢’ with v(¢’) < r — 2. Suppose that ¢ € 7= 1(p) is a
2 point and v(q) > r — 1. Then there exists a largest n such that ¢ maps to a
3 point p, € X,,. The point ¢ is then a 2 point on X,,.;. p, has permissible
parameters (x1, %1, 21) such that

n n
T=T12],Y = Y121,2 = 21

By assumption, v(p,) =r — 1. Write

f= Z az’jxiyj-

i+j=r—1
We then have
+b
! (xlyl 1(a( 127) (c+d+r—1)
v = Platylz" ) + 2yl TTTTVE,

F; _ o I Y
Fp, = 550 = Ditjmra1 G TAY1 T Dy hmr—1,50 bighT1y121 + 2 (166)
1

with v(Q) > r.
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Since ¢ is a 2 point, O X,41,q Das regular parameters (x2,¥2, 22) of one of the
following forms:

T1 =T, Y1 = T2(Y2 + @), 21 = Tazo (167)
with a # 0, or

T = T, Y1 = TaY2, 21 = To(22 + ) (168)
with 3 # 0, or

T1 = ToYo, Y1 = Yo, 21 = Y2(22 + B) (169)
with 3 # 0.

First suppose that (168) holds. (169) is symmetrical, and the analysis of that
case is the same. Set
Ty = TQ(ZQ + ﬁ)_”_ﬂ
—_(n+1)(a+bd m —a. b\m

w o = (@ )yS)H; (733)

vo= Pq(fgyg) +Tén _ e )yqu

F, = [Zi+j:r—1 aijy% _ _

D ko0t ker_1 bijk¥s (22 + BYF + T = 3 Ty yy
where (@,b) = 1,
(n+1)(a+b)b; +d) —b((n+1)(c+d+r—1)+a;) =0,

If some b;;, # 0 in (166), we have v(¢) < r — 1 and v(¢q) = r — 1 implies that
7(q) > 0. So suppose that all b;;, = 0 in (166). If v(q) > r — 1, then we must
have ‘ ‘

Z aijy% = aiojoyéo + aO,r—lyg_l
where ag,—1 could be zero, 0 < i, a;, j, 7 0 (since f(z,y) depends on x and y)
and

(n+1)(c+d+r—1b—(n+1)(a+b)(jo+d) =0.

Thus

(C+T—1—j0)b—a(d+j0):0 (170)

We then have
eyl f = Qigjo L Y

which is normalized, so that a;, j, = 0 by (170). This contradiction shows that

we must have that v(q) < r — 2 in this case.
Suppose that (167) holds. Substitute (167) into (166). Set

c+r—1—jo0,,d+jo d+r—1

C
+ agr—127Y

To = fz(y2 + a)_m
w = (@ ap)miart
S P(féﬂ+1)(a+b) Z;(a—l—b)) + E;n—i-l)(c—}—d—}—r—l)Z;l(c—l—d—i—r—l)CTy

where

G = (y2 +a)* Z aij(ya + @)’ + Z biji(y2 + @) 25 + T2l |
itj=r—1 k>0,i+j+k=r—1
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with

b
= — +d+r—1)+d.
A b(cdr )+d

The only term which can be removed from the first sum

(™[ > ay(y2+a))
i+j=r—1

of G in obtaining Fj is the constant term. Thus v(q) <. O

Theorem 14.5. Suppose that r > 2 and the conclusions of Theorem 13.8 hold
on X, so that if C' is a 2 curve, then C s not r small or r-1 big. Suppose that
pe X isaloral2pomtand D is a generic curve through p on a component
of Ex. Then there exists a sequence of quadratic transforms centered over a
finite number of points on the strict transform of D, but not in the fiber over p,
m: X1 — X, such that the following conditions hold.

1. There exists a neighborhood U of D —p such that C,.(x~1(U)) holds. The
case 2. (c) of C,. does not occur in 7=(U).

2. Let D’ be the strict transform of D on X1. Suppose that ¢ € D' —p, and
(z,y,z) are permissible parameters at q such that x = z = 0 are local
equations of D" at q. If q is a 1 point then v(F,(0,y,0)) =1. Ifq is a 2
point then v(q) = 0.

3. The conclusions of Theorem 13.8 hold on X;.

Proof. Suppose that ¢ € D is a 1 point. Then we can find permissible parameters
(z,y,2) at ¢ such that z = y = 0 are local equations of D at ¢. The multiplicity

Qb(Q) = V(FQ(Ov 0, Z))
is independent of such permissible parameters at g. Furthermore, the set
{ge DN (X - Ba(X)) | o(q) > 2}

is Zariski closed in D N (X — By(X)). By Lemma 6.30, F, ¢ Ip, if ¢ € D.
At most 1 points ¢ on D, ¢(q) = 1. Thus there are at most a finite number of
points ¢ € D — p such that the conclusions of the Theorem do not hold at q.

1) Suppose that ¢ € D —p and v(q) = r. Then q is a generic point on a curve
C of S.(X). qis a 1 point.

1a) Suppose that C'is r big. Then there exist permissible parameters (x, y, z)
at q such that

u =z
v = P(x)+2°F,

_ R P Y
F, = Zi—i—kzr,jZO Aijkl Y 2

where x = z = 0 are local equations of C at ¢, x = y = 0 are local equations of
D at q. v(q) = r implies ago, # 0.
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Let 7 : Y — X be the blow-up of ¢. Then v(¢’) = 0 if ¢’ is the point on the
intersection of the strict transform of D and 7—!(g). Points of m71(q) satisfy
the condition of C, by Theorem 7.3 and Lemma 7.9.

1b) Suppose that C' is r small. By Lemma 6.24,

Fy= ) ai(y)a's +7(y)a""
i+j>r
where x = z = 0 are local equations of C' at ¢, x = y = 0 are local equations
of D at ¢, (with v(7) > 1). Since ¢ is a generic point of C', v(7) = 1, and after
a permissible change of parameters, we have 7 = y. y(q) = r implies ag,(y) is
a unit. Let 7 : Y — X be the blow-up of ¢q. Then v(¢') = 0 if ¢’ is the point
on the intersection of the strict transform of D and 7~!(q). Points of 771(q)
satisfy the condition of C),. by Theorem 7.3 and Lemma 7.9.

2) Suppose that ¢ € D — p, v(q) = r — 1 and the conclusions of the Theorem
do not hold at q.

2a) Suppose that ¢ is a 1 point and » > 3. Then ¢ is a general point on a
curve C in S,_1(X). There are permissible parameters (x,y,2) at ¢ such that
x = z = 0 are local equations of D at q.

Let m : X7 — X be the blow-up of p. Theorem 7.1 implies v(¢') < r — 1 for
all ¢ € 77 '(q) and ¢’ € 77 (¢) a 2 point with v(¢’) = 7 — 1 implies 7(¢’) > 0.

At the 2 point ¢; € 77 ' () on the strict transform of D, there are permissible
parameters (x1, %1, 21) such that

=Ty, Y = Y1,z = Y1z
Suppose that v(q1) = r — 1. We must have 7(q1) > 0. Let m : Xo — X;
be the blow-up of ¢;. By Theorem 7.3, if ¢ € 771(qy), then if ¢’ is a 1 point
v(¢') <r—1.If ¢ is a 2 point, v(¢') < r —1, v(¢) = r — 1 implies 7(¢’) > 0.
¢’ a 3 point implies v(¢') < r — 2. Let ¢z € ;' (q) be the 2 point on the strict
transform of D. There are permissible parameters (z2, Y2, 22) at go such that

T1 = T2Y2,Y1 = Y2,21 = Y2%22.

If v(g2) = r — 1, then 7(g2) > 0.
Suppose that we can construct an infinite sequence of quadratic transforms

=Xy, Xpg =2 X =2 X

centered at the point ¢, on the strict transform of D over ¢ on X,,, where ¢,, are
blown up as long as v(g,) =r — 1.

By Theorem 7.3, all points ¢’ on X,, lieing over p satisfy v(q’) < r — 1,
v(¢) <r—21f ¢’ is a 3 point and if ¢’ is a 2 point with v(¢’) = r — 1. Then
7(q") > 0.

Suppose that v(g,) = r — 1 for all n. Then ¢, has permissible parameters
(z1,y1,21) such that

— n _ _ n
r=TiY1,Y =Y,z = 21Y;
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Fy= E aijkxiyjzk
itj+k>r—1
_ q  _ i, J+n(i+k—(r—1)) k
Fy, = o) = E QijkT1Y] Z1
Y1 i+jt+k>r—1

implies a;;x = 0if i +k < r — 1, so that F, € (z,2)""'. This is a contradiction
since Fy, ¢ fD,q.

Thus after a finite sequence of quadratic transforms, = : Z — X the strict
transform of D intersects 7~ 1(q) at a 2 point ¢; with v(q1) < r —1, so we are in
case 3) below.

2b) Suppose that ¢ is a 2 point. Suppose that C is the 2 curve through q.
By Lemma 6.25, our assumption that C' is not r-1 big, and since ¢ is a generic
point of C', we have 7(q) > 0. There exist permissible parameters (z,y, z) at ¢
such that

U — (xayb)m
v = P(z%b) + 2°y?F, o o (171)
Fq = Zi-l-er—l,kzo Clz'jk;ili'zyjzk + Zl’zoyjo

with ig + jo =7 — 2. x = z = 0 are local equations of D at ¢ and 7(q) > 0.

Let 7 : X3 — X be the blow-up of q. Then v(q;) < r — 1 at all points
q € 7 Hq), v(@n) < r—2if g € 77 (q) is a 3 point and all 2 points ¢q; of
7 (q) with v(q1) = r — 1 satisfy 7(q1) > 0 by Theorem 7.3.

The strict transform of D intersects m=1(q) at a 2 point ¢’ such that

T =2T1Y1,Y =¥Y1,2 = Y1<1
i, (i+i+k)—(r—=1) k

_ _ E . 10
Fq1 = —1 = QijkT1Yq 21 + 2127
Y > r—1,k>0

x1 = z1 = 0 are local equations of the strict transform of D at ¢’. If v(¢') <r—2
we are in case 3). Otherwise, ¢; is a 2 point with v(¢1) =7 — 1 and 7(¢1) > 0
(so that ig =r —2). Let

o= Xy 2 Xy =2 Xy = X

be the sequence of quadratic transforms centered at the point ¢,, on the strict
transform of D over ¢ on X,, where points ¢, are blown up as long as v(q,) =
r — 1. By Theorem 7.3, all points ¢’ on X,, lieing over p satisfy v(¢') < r — 1,
v(¢') <r—2if ¢’ is a 3 point, and if ¢’ is a 2 point with v(¢’) = r — 1, then
7(q") > 0.

Suppose that v(g,) = r—1 for all n. g, has permissible parameters (x1,y1, 21)
such that

— n — — n
r=T1Y1,Y=Y1,2 = z1Y;

_ q _ i jn(i+k—(r—1)) k r—2
Fy, = =) E AijkT1Y71 2; + 217y
U1 i+j>r—1,k>0
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Thus i +k — (r—1) > 0 whenever a;;; # 0 and F, € (x,2)" 1, so that F}, € Zp,,
which is a contradiction.

After a finite sequence of quadratic transforms, 7’ : X’ — X, the strict
transform of D thus intersects (7')~1(q) at a 2 point ¢’ with v(¢’) < r — 2, so
the result follows from Case 3).

3) Suppose that ¢ € D —p, v(q) < r — 2, and the conclusions of the Theorem
do not hold at ¢q. ¢ is a 1 point or a 2 point and D makes SNCs with the 2 curve
through C'. The result then follows from a similar but slightly simpler argument
to that of Case 2, by Theorems 7.1 and 7.3. O

Theorem 14.6. Suppose that X satisfies the conclusions of Theorem 13.8 with
r > 2. Then there exists a sequence of permissible monoidal transforms X7 — X
such that C.(X1) holds.

Proof. Let T be the finite set of 2 points p on X such that (162) holds at p, and
p € D for any r big curve D which contains a 1 point.

By 1. of Theorem 13.7, there exists a sequence of quadratic transforms mg :
Xo — X centered over points p € T such that

1. If p € Xg is a 1 point then v(p) < r, v(p) = r implies v(p) = r.

2. If p € Xy is a 2 point then v(p) < r. v(p) = r implies 7(p) > 2, or (162)
holds at p and there exists an r big curve D C S,.(Xp) containing p.

3. If p € Xy is a 3 point, then v(p) <r — 1. v(p) = r — 1 implies p satisfies
the assumptions of (145) and (146) of Theorem 12.4. If D, is the 2 curve
containing p with local equations y = z = 0 at p in the notation of
Theorem 12.4, then Fj, is resolved for all p # q € D,,.

4. A, (Xo) holds.

5. If C is a 2 curve on Xy, then C' is not r small. If C is r-1 big, then
v(ip)=r—1forallpeC.

Let T} be the 3 points of Xy which satisfy (145) and (146) of Theorem 12.4.

For p € Ty, let A\, : Y, — spec(Ox, ) be the sequence of monoidal transforms
centered over sections of D), such that the conclusions of Theorem 12.4 hold. By
Theorem 12.5 (or Theorem 12.6 if » = 2), there exists a sequence of monoidal
transforms V,, — Y}, centered at 2 curves C such that C is r-1 big so that V},
satisfies the conclusions of 1. - 3. of Theorem 12.5 (or Theorem 12.6 if r = 2).

Since D, is resolved at all points p # ¢ € D), the only obstruction to extending
Ap to a permissible sequence of monoidal transforms of sections over D, in Xy
is if the corresponding sections over D, do not make SNCs with 2 curves. This
difficulty can be removed by performing quadratic transforms at the (resolved)
points where the section does not make SNCs with the 2 curves.

By 5. above and Lemmas 8.6, 8.7 and 13.2, we can thus construct a sequence
of permissible monoidal transforms 7, : X — X such that

X xx, spec(Ox, p) =V,

for p € T1,
and X|) satisfies:



172 STEVEN DALE CUTKOSKY

—_

. p € X} a1l point implies v(p) < r. v(p) = r implies vy(p) = 7.

. p € X} a2 point implies v(p) < r. v(p) = r implies 7(p) > 2 or (162)
holds at p, and there exists a r big curve D C S,.(X() containing p.

3. p € X{ a 3 point implies v(p) < r — 2.

4. S,(X}) makes SNCSs with Ba(X}).

5. If C'is a 2 curve on X, then C' is not r small or r-1 big.

[N}

Let 41,... ,7, be the r big curves in S,.(X}). Each v; necessarily contains a
1 point.

Let m : X1 — X{, be the sequence of monoidal transforms (in any order)
centered at the (strict transforms of) v1,... ,vn.

By Lemma 8.8, 2. of Theorem 14.3, and 2. of Theorem 13.7,

1. If p € X5 is a 1 point then v(p) < r. v(p) = r implies v(p) = 7.

2. If p € X; is a 2 point then v(p) < r. v(p) = r implies 7(p) > 2. If
v(p) = r and 7(p) < r, then p does not lie on a r big curve E in S,.(X).

3. p € X; a 3 point implies v(p) < r — 1. v(p) = r — 1 implies p satisfies
the assumptions of (147) and (148) of Theorem 12.4. If D, is the 2 curve
containing p with local equations y = z = 0 at p in the notation of
Theorem 12.4, then Fj, is resolved for all p # q € D,,.

4. A,(X;) holds.

If C'is a 2 curve on Xy, then C is not r small or r-1 big.

6. There are only finitely many 2 points p € X; such that v(p) = r.

o

6. is a consequence of 5. Let T be the set of 3 points on X; satisfying (147)
and (148) of Theorem 12.4.

By Theorem 14.3, there exists a sequence of quadratic transforms 7y : X9 —
X centered over the 2 points p of X7 with v(p) = r and 2 < 7(p) < r such that

1. If pe Xy is a1 or 2 point then v(p) <r. If v(p) = r then v(p) = 7.
2. If p € X5 is a 3 point then v(p) <r —1. If v(p) =r — 1, then p € T5.
3. A, (X2) holds.

4. If D C X5 is a 2 curve, then D is not r small or r-1 big.

For p € T5, let
AP 1Y, — spec(Ox, p) (172)

be a sequence of permissible monoidal transforms over sections of D), such that
the conclusions of Theorem 12.4 hold.

Since D, is resolved at all points p # ¢ € D), the only obstruction to extending
AP to a permissible sequence of monoidal transforms of sections over D), in X»
is if the corresponding sections over D, do not make SNCs with 2 curves. This
difficulty can be removed by performing quadratic transforms at the points where
the section does not make SNCs with the 2 curves.

By Theorems 7.1 and 7.3, we can thus construct a permissible sequence of
monoidal transforms 73 : X3 — X5 such that

1. If p € T5, then X3 x x, spec(Ox, p) =Y.
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2. If ¢ € X3 — 731 (T), and ¢ is a 1 or 2 point then v(q) < r. If v(q) = r,
then v(q) = 7.

3. If ¢ € X3 — 713 '(T») and ¢ is a 3 point then v(q) < r — 2.

4. A.(X3) holds.

5. If D C X3 — 3 (Ty) is a 2 curve, then D is not r small or 1-1 big.

By 5. and Theorem 12.5 (or Theorem 12.6 if » = 2), we can perform a
sequence of permissible monoidal transforms ¢ : 79 — X3 centered at r-1 big 2
curves C to get that

1. If p€ Zy is a 1 or 2 point, then v(p) < r. v(p) = r implies y(p) = 7.
2. If p € Zy is a 3 point, then v(p) <r — 2.

3. There are no 2 curves C' in Z5 which are r small or 1-1 big.

4. S,(Z3) makes SNCs with By(Z,).

Since 3. holds, there are only finitely many 2 points {q1,... , s} on Z3 such
that v(¢;) =7 — 1 and 7(¢;) = 0.

By Theorem 14.4, we can perform a sequence of quadratic transforms o :
Wi — Z3 over the finitely many 2 points ¢; in Z, such that v(g;) = r — 1,
7(¢;) = 0 and L, depends on both x and y (where (z,y,z) are permissible
parameters at ¢;) so that

1. v(q) <r and v(q) = r implies v(q) = r at 1 and 2 points of W7.

2. v(q) <r—2 at 3 points of W1

3. If ¢ € Wy is a 2 point with v(¢) = r—1 and 7(q) = 0, then either v(q) = r
or there exist permissible parameters (x,y, z) at ¢ such that L, depends
only on x.

4. There are no 2 curves C' on W; which are r small or r-1 big.

5. S, (W;) makes SNCs with Bo(W7).

Over the (finitely many) points {a1,...,a,} of W; which are 2 points with
v(p) =r—1,v(p) > r, 7(p) = 0, and there exist permissible parameters (x,y, z)
at a; such that L,, depends only on x, by Theorem 12.1, there exist sequences
of permissible monoidal transforms

Yo, — spec(Ow, ;)

where Y,, — spec(Ow, ;) is a sequence of blow-ups of sections over a general
curve through a;, and satisfies the conclusions of Theorem 12.1.

By Theorem 14.5 there exists a sequence of permissible monoidal transforms
7 : Wy — W7 such that

Wa Xw, SpeC(OWhai) =Y,

for all i, and for g € 71 (Ws — {a1,... ,an}),

1. v(q) <7, v(q) =r implies v(q) < r if ¢ is a 1 or 2 point.

2. g a 2 point and v(q) = r — 1 implies 7(¢) > 0 or v(q) = 7.

3. v(q) <r—2if ¢ is a 3 point.

4. There are no 2 curves C in 71 (W5 — {ay, ... ,a,}) which are r small or
r-1 big.

5. A, (W3) holds.
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Since all 2 curves C' C W5 which are r-1 big must map to some a; by 4., there
exists a sequence of permissible monoidal transforms w3 : W3 — W5 centered at
2 curves C which are r-1 big such that

W5 — (7o Wg)_l({a’ coeyan ) 2 Wy — ﬁ_l({al, ceeyapn})

and W3 Xy, spec(Ow, q,) satisfies the conclusions of V,, of Theorem 12.2 (or of
Va, of Theorem 12.3).

Then the sequence of quadratic transforms W,, — V,, of Theorem 12.2 (or
of W,, =V, of Theorem 12.3) extend to w4 : W4 — W3 such that

Wy — (fomgomy) *{ar,...,an}) ZWo — 7 '{a,... ,an})

and Wy X, spec(Ow, q4,) = W,, for 1 <i < n in the notation of Theorem 12.2
(or of Theorem 12.3).

Now assume that r > 3. Let {D} be the strict transform on Wy of the curves
{D} in S, (W}) which contain some a;. Each D contains a 1 point and D is r
small since D makes SNCs with Bo(W;) and v(a;) = 7 — 1. By Theorem 12.2
and Lemma 8.10, and since by Lemma 6.26 there does not exist a 2 point ¢ € D
such that v(q) = r — 1 and 7(q) > 0, there exists a finite sequence of quadratic
transforms W5 — W, centered at points disjoint from any fiber over some a;
such that if W — W5 is a sequence of monoidal transforms centered at the
strict transforms of the D then C,.(Ws) holds.

Now suppose that r = 2. Let {D} be the strict transforms on Wy of the
curves {D} in S, (W1) which contain some a;. Each D contains a 1 point and D
is not r big. By Theorem 12.3, Lemmas 8.10 and 8.11 there exists a sequence of
quadratic transforms W5 — W, centered at points disjoint from any fiber over
some a; such that if Wg — Ws is a sequence of monoidal transforms centered
at the strict transforms of the D, and then followed by a sequence of monoidal
transforms Wy; — Wg centered at the strict transforms of 2 curves C' on Wy
which are sections over one of the D blown up in Wg — W5 and such that C' is
1 big, then C,.(Ws) holds. O

Theorem 14.7. Suppose that C,.(X) holds with v > 2. Then there exists a
sequence of quadratic transforms m: X7 — X such that C,.(X1) holds and if C
is a 2 curve on X1 such that C contains a 2 point p with v(p) = r and p lies on
a curve D in S, (X1), then forp#qc C—B3(X), v(q) <r—1andv(q) =r—1
implies v(q) = r — 1.

Proof. Let m: X7 — X be the product of quadratic transforms centered at all 2
points ¢ € X such that v(q) = r and ¢ is on a curve D C S,.(X).
Suppose that ¢ € X is a 2 point on a 2 curve C' such that ¢ € D, for a curve
D C S,(X). There exist permissible parameters (z,y, z) at ¢ such that
T (xayb)m
v = P(z"y’) + 2y’ F,
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where x = z = 0 are local equations of D at q. Suppose that v(q) = r so that
v(q) = r. By Lemma 8.5, after a permissible change of variables,

F,=12"+ Z ai(z,y)z "
i=2

with 7 a unit, v(a;) > 4. At a 1 point ¢’ € 77 (q) we have v(¢') <, v(¢) =r
implies v(¢’) = r.
The 2 points ¢’ € 77 1(¢) have permissible parameters (x1,y1,21) such that

T =z1Y1,y = Y1, 2 = y1(21 + @)
or

T =11,y =T1Y1,2 = T1(21 + ).
In either case

Fy =7(x1 +a)" + terms of order <7 —2in 2z

implies v(¢') < 7, v(¢') < r — 1 if a # 0. Thus each exceptional curve C of 7
contains at most one 2 point ¢’ such that v(q’) = r. At the 3 point ¢’ € 7~ 1(q),

r=o121,Y = Y121,z = 21

and v(¢’') = 0.

Thus by Lemma 7.9, C,.(X;) holds. Let C’ be the strict transform of C, D’
the strict transform of D on X;. C’ and D’ are disjoint. C’ intersects 7] *(gq)
at the 3 point ¢’ with v(¢’) = 0. By Lemma 7.9 there is at most one curve
E in S,(X;) such that E C 7~!(q), and FE intersects each 2 curve in at most
one point. If F intersects an exceptional 2 curve C in a point ¢’ such that
v(q¢') = r, then for ¢ # ¢" € C, v(¢"") < r —1 (by the above analysis). Thus
each exceptional 2 curve C for m; satisfies the conditions of the conclusions of
the Theorem.

The strict transform C’ of a 2 curve C' on X; contains no 2 points ¢ with

v(q) = r which are contained in a curve D in S,.(X1).
O



15. RESOLUTION 3
Throughout this section we will assume that ®x : X — S is weakly prepared.

Lemma 15.1. Suppose that C C X is a 2 curve. Suppose that t is a natural
number or oo. Then the set

{g € C|q is a 2 point and v(q) > t}
is Zariski closed in C — Bs(X).

Proof. Suppose that p € C is a 2 point. There exist permissible parameters

(z,y,z) at p such that (x,y, z) are uniformizing parameters in an étale neigh-
borhood U of p in X. At p,

v = P(z"y’) + ay?F(z,y, 2).

Set
_v— Py (a:ayb)

with A > c+d. w e I'(U,Ox). If ¢ € CNU, there are permissible parameters
(x,y,24 = 2 — ) at ¢ for some « € k. There exist a;(q) € k such that

Fg=w - Zai(Q) (=

{geCnNU|22(0,0,a)=0,0<i<t}

b\i

{g€CNU | v(F,(0,0,2) >t} = if-ad = be 7;;0 _
{eeCNU | 57#(0,0,a) =0,0 <i <t}
if ad —bc =0

is Zariski closed.
Since U is an étale cover of an affine neighborhood V' of p,

{¢g € C|qisa?2point and v(q) >t} NV
is Zariski closed in V N C. [

Lemma 15.2. Suppose that C is a 2 curve and there exists p € C with permissi-
ble parameters (xp, Yp, 2p) at p such that z, =y, = 0 are local equations of C' at
p and v(F,(0,0,2,)) < co. If g € C then v(Fy(0,0,2,)) < 00, where (Tq,Yq, Zq)
are permissible parameters at ¢ and x4 = 0,y, = 0 are local equations for C' at
q.

Proof. If v(F4(0,0,z2,)) = oo, then F, € I , o that F, € I , forall p € C by
Lemma 8.1. Thus v(F},(0,0,z2,)) = oo for all peC,a contradlctlon O

Theorem 15.3. Suppose that C,.(X) holds with r > 2 and the conclusions of
Theorem 14.7 hold on X. Then there exists a sequence of permissible monoidal
transforms ™ : Y — X centered at r big curves C in S, such that C,.(Y) and the
conclusions of Theorem 14.7 hold on'Y and if D is a curve in S,.(Y'), then D is
not r big.

S.D. Cutkosky: LNM 1786, pp. 176—-184, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Proof. Suppose that the C C S,(X) is r big. C must contain a 1 point. Let
m:Y — X be the blow-up of C.

By Lemma 8.8, C;.(Y') holds and the conclusions of Theorem 14.7 hold on Y.
There is at most one curve D C S,.(Y) N7~ (C). If this curve exists it must be
a section over C.

Let p € C be a 1 point. As in (71) of the proof of Lemma 8.8, there exist
permissible parameters (x,y, z) at p such that fcjp = (z, 2),

U =z
F, =72"4+Y _,ai(z,y)z""

where 7 is a unit, 2 | a; for 2 <i <r.
As shown in the proof of Lemma 8.8, the only point ¢ € 7~ !(p) which could
be in S,.(Y) is the 1 point with permissible parameters z = 1,2z = x12;.

(173)

u =xaf
_ r T ai(x1,y) r—i
Fy =721+, T2

Ty

In this case, (174) has the form of (173) with

(174)

min{‘z, such that 27 | a;, 27T Ja,; for 2 <i <r}
i

decreased by 1.
By induction on

min Z such that 27 | a;, 27T Va; for2<i<r
{ ,
)

we can construct a sequence of permissible blow-ups of r big curves in S, such
that the conclusions of the Theorem hold. [

Theorem 15.4. Suppose that C,.(X) holds_wz'th r > 2, the conclusions of The-
orem 14.7 hold on X and if C is a curve in S,.(X), then C is not r big. Suppose
that p € S,.(X) is a 1 point, D is a general curve through p. For a 1 point q € D,
define

(D, q) = v(F4(0,0,2))
where (x,y,z) are permissible parameters at q so that Ip q=(z,y) and

u =zx°

v = P(z)+z°F,.

Then there exists a sequence of blow-ups of points on the strict transform of
D, but not at p, A : Z — X such that

1. C;(Z) and the conclusions of Theorem 14.7 hold on Z.

2. Let D be the strict transform ofD on Z. Then E(D q) =1 for all 1 points
q #*p on D v(q) =01ifq¢€ Disa?2 point, and there are no 3 points on
D.

3. Suppose that p is a fundamental point of \.

(a) If g € A=X(p) is a 1 point then v(q) <r — 1.
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(b) If g € \=Y(p) is a 2 point, then v(q) <r. If v(q) = r then v(q) = 7.
If v(q) = r —1, but 7(q) = 0, then v(q) = r and q is on the strict
transform of a curve in S, (X).
(c) If g € X71(p) is a 3 point then v(q) <1 — 2.
4. There does not exist a curve C C S,.(Z) such that C is r big.

Proof. The existence of Z and the validity of C,.(Z) and 2. follow from Theorem
14.5.

Suppose that D contains a 1 point ¢ # p such that v(q) = r. Then D
intersects a curve C in S,.(X) transversally at ¢, and ¢ is a generic point of C.
By Lemma 6.24 and Lemma 8.5, since C' is not r big, v(¢) = r and ¢ is a generic
point of C, there are thus permissible parameters (x,y, z) at ¢ such that

u =z
r—1 i T—1 -1
Fo, =72" 4+ 5ai(z,y)z®z" " +a"y

A

where a;; > i, 7 is a unit and x Ja,; for 2 <i <r—1, fc,q =(2,2),Ip 4= (x,y).
Let m : X1 — X be the blow-up of q.
Suppose that ¢; € 7 *(¢) and there are permissible parameters (z1,y1, 21) at
q1 such that

r=x1,y=21(y1 + ),z =x1(21 + ).

Then
v  =xf
=BT+ T et T (- B) T (1 + a)

Thus, after normalizing to get F,/, we have that v(¢’) < r—11if g # 0, and
v(¢') =1,if B =0.

Suppose that ¢; € 7 *(¢) and there are permissible parameters (x1,y1, 21) at
q1 so that

T =T1Y1,Y = Y1, 2 = y1(21 + @)
If a # 0, then ¢’ is a 2 point with v(¢') <r —1. If @« = 0, then ¢’ is a 2 point on
the strict transform of C, v(¢') <r —1 and v(¢’') < r.
Suppose that ¢, € 71 '(¢) and there are regular parameters (z1,%1,2;) in
Ox, ,q so that

r=oT121,Y =1Y121,2 = 21

Then ¢ is a 2 point with v(¢’) = 0. ¢ is the point in 7 *(¢) on the strict
transform of D. Thus 3. holds for A=1(q).

If ¢ € Dis a1l point with v(q) <7 —1 or a 2 point with v(q) <r —2, 3. for
A71(q) follows from Theorems 7.1 and 7.3 (or the proof of Theorem 14.5).

If ¢ € D is a 2 point with v(q) = r — 1, then ¢ is a generic point of a 2 curve
C C S,_1(X) (or such that F, € Z¢, if r = 2). Since C,(X) holds, C is 1-1
small. Since ¢ is a generic point of C', we must have 7(¢) > 0 by Lemma 6.25.
1. - 3. for A™1(q) then follow from Theorem 7.1 and Theorem 7.3.

The conclusions of Theorem 14.7 hold since this condition is stable under
quadratic transforms. [
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Definition 15.5. Suppose that C is a 2 curve of X. Then C satisfies (E) if For
qeC,
1. v(q) =0 if q is a 3 point.
2. v(q) <1 at all but finitely many 2 points q € C, where either
(a) v(q) =7(q) =7 or
(b) v(q) =r—1, v(q) =7 and 7(q) = 0.

Theorem 15.6. Suppose that C,.(X) holds with r > 2, the conclusions of The-
orem 14.7 hold on X and C is a 2 curve of X containing a 2 point p such that
either v(p) = v(p) =r, or v(p) =r —1, v(p) = r and 7(q) = 0. Then there
exists a sequence of quadratic transforms w :Y — X (over points in C') such
that the following properties hold. Let C be the strict transform of C. Suppose
that q is an exceptional point of w. Then

1. If q is a 1 point, then v(q) <1 — 1.

2. If q is a 2 point, then v(q) <r —1. Ifv(q) =r —1 then 7(q) > 0.

3. If q is a 3 point then v(q) < r — 2

Furthermore, C satisfies (E), C(Y) holds and the conclusions of Theorem 14.7
hold on Y .

Proof. By our assumption on p, and Lemma 8.1, Fy ¢ fcyq/ at all points ¢’ € C.
There thus cannot exist ¢ € C' which satisfies (163), since then F € Z¢, .

Suppose that ¢ € C. Then there exist permissible parameters (z,y, z) at ¢
such that Ze,, = (x,y) and F, & Zc,.

First suppose that ¢ is a 3 point and v(g) > 0. Suppose that m; : X; — X is
the blow-up of ¢. Suppose that ¢’ € m;'(q). Since v(q) < r — 2, we have that
v(¢() <r—1if ¢ is a1 point, v(¢') < r—1if ¢’ is a 2 point, v(¢') =r —1
implies 7(¢') > 0, and v(¢') < r—2if ¢’ is a 3 point by Theorem 7.1. The strict
transform of C' intersects 7] *(¢) in a 3 point.

Consider the infinite sequence of blow-ups of points X,,+1 — X,,, centered at
the points ¢,, on the strict transform of C' on X,, over g,

= Xy, == X = X
¢n has permissible parameters (x,,, yn, z,) defined by

_ n _ n _
T = xnznay - ynznaz - Zn

Fqn = #
Z’n =1 St
where s; = v(g;). Since F, ¢ (x,y) we have that v(g,) = 0 for all sufficiently
large n.
Let

W ={q € C|q is a 2 point with v(q) > 1}.
W is a finite set by Lemma 15.1, and since 7(q) < 1 at a generic point of C.
Suppose that ¢ € W is a 2 point. Suppose that either v(q) < r — 2 or ¢ is
such that v(q) = r — 1 and 7(q) > 0. Then arguing as in the case when ¢ is a 3
point, and using Theorems 7.1 and 7.3 we can produce a sequence of blow-ups
of points 7 : X,,, — X, centered at the points ¢,, on the strict transform of C' on
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X, over ¢, such that v(¢,;,) = 0, and the conclusions of the Theorem hold in a
neighborhood of 771(q). O

Theorem 15.7. Suppose that C,.(X) holds with r > 2 and the conclusions of
Theorem 14.7 hold on X. Then there exists a permissible sequence of blow-ups
m:Y — X such that forpeyY
1. v(p) <r—11ifpis a1 point or a 2 point.
2. Ifpis a 2 point and v(p) =r—1, then 7(p) > 0 orr > 3 and (163) holds
at p.
3. v(p) <r—2ifpisad point

Proof. By Theorem 15.3, we can assume that if C' is a curve in S,.(X) then C
is not r big. Furthermore, since C,.(X) holds, each curve in S,.(X) contains a 1
point. There are finitely many 1 points {p1,... ,pm} in X such that each p; is in
S-(X), and p; is either an isolated point in S,.(X), or is a special point of a curve
in S,.(X) (A special 1 point on a curve in S,.(X) is a point which is not generic
in the sense that the conclusions of 1. (a) of Lemma 8.10 do not hold). Let D,,
be a general curve through p; for 1 < i < m. By Theorem 15.4, after possibly
performing a finite sequence of quadratic transforms at points # p; on the D,,,
we may assume that e(D,,,q) = 1 for all 1 points ¢ # p; on D,,, v(q) = 0 if
g € D,, is a 2 point, and there are no 3 points on any D,,.

There are no exceptional 1 points in S,.(X) created by the sequence of blow-
ups in Theorem 15.4.

For each p;, let t,, be the number | computed in Theorem 11.5 (or Theorem
11.6 if r = 2) for p;. By Theorem 11.4, for 1 < i < m, there exist sequences of
monoidal transforms

APt X (i) — spec(Ox p,)

where X (i) — spec(Ox p,) is a sequence of permissible monoidal transforms
centered at sections over D,,, such that the conclusions of Theorem 11.4 hold on
X1(7) (with ¢t > ¢t,,). Since D,, is resolved at all points p; # g € D,,, the only
obstruction to extending AP¢ to a permissible sequence of monoidal transforms
of sections over D), in X is if the corresponding sections over D, in X do not
make SNCs with the 2 curves. This difficulty can be resolved by performing
quadratic transforms at the points where the section does not make SNCs with
the 2 curves.

By Theorem 15.6, we can then perform a sequence of quadratic transforms
centered at 2 points, so that if C' is a 2 curve containing a point p such that
either

or
v(p)=r—1,7(p) =rand 7(p) =0
then C satisfies (E). There are no exceptional 1 points in S,.(X) in this sequence
of blow-ups.
We can thus extend the maps X;(i) — spec(Ox p,) to a sequence of per-

missible monoidal transforms centered at sections over D, and points, A :
Y - X. C.(Y =X '({p1,... ,pm})) holds and the conclusions of Theorem
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14.7 hold on Y — A=Y ({p1,... ,pm}), there are no special or isolated 1 points in
Sp(Y) = A ({p1, -+ om});

Y xx spec(Ox p,) = X1 (7)
for1 <i<mandifqge S.(Y)—A"1({p1,...,pm}) is a 2 point with

v(q) =r,7(q) =,
or
v(g) =7 —17(¢) =rand 7(¢) =0
then the 2 curve containing ¢ satisfies (E).

Let {q1,...,qn} be the 2 points of Y such that v(g;) = r and ¢; is contained
in a curve of S,.(Y). Let C,, be the 2 curve containing ¢; for 1 < i < m. Then
v(q) <1if ¢ # q € C,, is a 2 point, and y(¢) = 0 if ¢ € Cy, is a 3 point since
C,, satisfies (E) and the conclusions of Theorem 14.7 hold on Y. For each g;,
let t,, be the number | computed in Theorem 11.5 (or Theorem 11.6 if r = 2)
for p;. For 1 <1 <mn, let

A Y1 (i) — spec(Oyg,)

be a permissible sequence of monoidal transforms centered at sections over C,
such that the conclusions of Theorem 11.4 hold on Y (¢) (with ¢t > ¢,,).

Since Cy, is resolved at all points ¢; # ¢ € C,, the only obstruction to
extending A% to a permissible sequence of monoidal transforms of sections over
Cp, in Y is if the corresponding sections over C,, in Y do not make SNCs with
the 2 curves. This difficulty can be resolved by performing quadratic transforms
at the points where the section does not make SNCs with the 2 curves.

We can thus extend the Yi(i) — spec(Oy,,) to a sequence of permissible
monoidal transforms centered at points and sections over Cy,, ¢ : Z — Y, so
that

Z xy spec(Oyq,) = Y1(9)
for 1 <i <n, and if

Zo=2Z—-¢ "({ar,-- @n}) — (Ao ) " ({p1s- - . Pm})

then C,.(Zy) holds and Z; satisfies the conclusions of Theorem 14.7. Z; contains
no special or isolated 1 points. If D C S,.(Z) and D is r big then DN Zy = (). If
q € Zy is a 2 point which does not satisfy the conclusions of the Theorem, then
v(q) =rand v(q) =r—1orv(q) =r. If C C Z is the 2 curve containing q,
then C satisfies (E). If v(¢) = r, then ¢ is not contained in a curve D C S,.(Z).

By Lemma 8.10 and Theorem 11.5 if » > 3 (or Lemma 8.10, Lemma 8.11
and Theorem 11.6 if r = 2) there exists a sequence of permissible monoidal
transforms ¢ : W — Z consisting of a sequence of blow-ups of r big curves
D c §,, followed by a sequence of blow-ups of r small curves D C S,, and
finally followed by a sequence of quadratic transforms if » > 3 (or quadratic
transforms and monoidal transforms centered at 2 curves C such that C'is 1 big
and C is a section over a 2 small curve blown up in constructing ¢ if r = 2)
such that C,.(W) holds, S, (W) is a finite union of 2 points, and the conclusions
of the Theorem hold everywhere in W, except possibly at a finite number of 2
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points p. If C is a 2 curve on W containing a 2 point p where the theorem fails
to hold, then (E) holds on C. In particular, there are no 2 curves in S,.(W).
Suppose that C' C W is a 2 curve containing a 2 point such that the conclu-
sions of the theorem do not hold. Then C satisfies (E).
Let {q1,...,qs} be the two points on C such that

1. v(g;)) =1,v(q;) =71 or
2. v(qi) =7 —1,v(q:) = r and 7(q;) = 0.

v(q) <1lifqge C—{q,...,qs} is a 2 point, and v(q) = 0if g € C' is a 3
point. No ¢; is contained in a curve in S, (W), since S,.(W) is finite.

We will now show that there exists an affine neighborhood U of {¢1,... ,qs}
and uniformizing parameters , y, Z on U such that £ = y = 0 are local equations
of C on U, and all points of C' N U are 2 points.

Let Ay and A be the components of Ey such that C' is a connected com-
ponent of A; N As. There exist very ample divisors Hy, Hy, H3, Hy on W such
that AlNHl—HQ, AQNH?,_H4 andqu/Hj fOI'lS’iSS, 1§j§4

Let U =W — (Hy UHy;UHsU Hy). U = spec(A) is affine and there exist
Z,y € A such that £ = 0 is an equation for A; NU in U, y = 0 is an equation for
A NU in U. After possibly replacing U with a smaller affine neighborhood of
{q1,-..,¢s}, we may assume that UNC = UNA;NAs and EwNU = (A1UA2)NU.

There exists a morphism 7 : C' — P! such that  is étale over 7(g;), 1 < i < s,
and 7(q;) # oo for any i (We can take m to be a generic projection). Let
z be a coordinate on P! — {co}. After replacing U with a possibly smaller
affine neighborhood of {q1,...,¢s} we have an inclusion 7* : k[z] — A, so that
U — spec(k[Z,y, 2]) is étale.

There exists a component F of Dg such that ®y (A;) C E and $y (A2) C E
(since @y : W — S is weakly prepared). There exists an affine neighborhood
V of {®w(q1),...,Pw(gs)} in S and u € T'(V,Os) such that u = 0 is a local
equation of Dg. Then u = 0 is a local equation of Ey in 613‘}/1(7) NU. Thus if
we replace U with q)‘}/l(V) NU, u extends to a system of permissible parameters
at @y (p) for allp e CN &, (V)NU.

There exist a,b € N such that u = %"y where ¥ € A is a unit in A. Let
v =74, B=A[y], V =spec(B). Then h:V — U is étale.

Let 2 = v&. k[x,vy, 2] — B defines a morphism g : V — A3. g € g7 1(z = 0)
if and only if € m, which holds if and only if # € m,. Thus g~ !(z = 0) =
h=1(Z = 0). g is étale at all points of g~!(z = 0). Since this is an open condition
(c.f. Prop 4.5 SGA1) there exists a Zariski closed subset Z; of V' which is disjoint
from h=1(Z = 0) such that g | V — Z; is étale. Let U; be an affine neighborhood
of {q1,...,qs} in U which is disjoint from h(Z;). Let V3 = h=1(Uy).

After replacing U with U; and V' with Vi, we have that V' — U is an étale
cover and (z,y, z) are uniformizing parameters on V.

There exist v; € Og ¢, (q;) such that (u,v;) are permissible parameters at
Dy (g;) and u = 0 is a local equation of Ey at ¢; for 1 < i < s. For each g;
there exist z; such that (x,y, z;) are permissible parameters at ¢; for (u,v;) for
1 <4 < s which satisfy the conclusions of Lemma 8.5.
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The morphism 71 : Yy, — spec(Ow,q,) of Theorem 11.2 (or Theorem 11.7
if v(g;) = r — 1) extends to a sequence of permissible monoidal transforms
w1 : Y7 — V centered at sections over C.

Yfl Xspec(Ow,qy) Spec(@wan) - Spec(@Wﬂh)

extends to a sequence of permissible monoidal transforms Y,, — spec(@W,qQ) of
the form of the conclusions of Theorem 11.2 (or Theorem 11.7).
Yy, — spec(Ow,q,) extends to a sequence of permissible monoidal transforms

Vo BV —a (@) = V= {h (@)}

Preceeding inductively, we extend

Ys—1 Xspec(Ow,q,) SpeC(OW’qS) - SpeC(OW7qS)

to a sequence of permissible monoidal transforms Y, — spec(Oy.,.) of the form
of the conclusions of Theorem 11.2 (or Theorem 11.7).
Y,. — spec(Ow,q,) extends to a sequence of permissible monoidal transforms

Ve B Y1 —(mo-ome1) ' (h (gs=1) > V = {aq1,--. ,qs—1}-

For 1 <i <s, let t,, be the value of [ in the statement of Theorem 11.5 (or
Theorem 11.7) for the point g;.
Let w; € A, 1 <1 < s be such that

ta, A
w; =7 mod mg;’ Ow,g, .

By the Chinese Remainder Theorem, there exists w € A such that after possibly
replacing U with a smaller affine neighborhood of {q,...,qs}, we have that
(wZ,y, Z) are uniformizing parameters on U and

- ta; A
wZ =z mod mg;' Ow,q,

for 1 <7 <s.

We can thus replace & with wZ in (112) of Theorem 11.4 for 1 <i < s. With
this choice of Z, The map Y, — spec(Oyw 4, ) of Theorem 11.4 (or Theorem 11.7)
then satisfies the assumptions of Theorem 11.5, and extends to a permissible
sequence of monoidal transforms centered at sections over C'

)\11?1—>U.

The map Y, — spec(Oyyq,) of Theorem 11.4 (or Theorem 11.7) satisfies the
assumptions of Theorem 11.5 (or Theorem 11.7) and extends to a permissible
sequence of monoidal transforms centered at sections over C,

YE g Yl — )\1_1((]1) — U — {Q1}

Preceeding inductively, the map Y, — spec(Ow,,.) of Theorem 11.4 (or
Theorem 11.7) satisfies the assumptions of Theorem 11.5, and extends to a
permissible sequence of monoidal transforms centered at sections over C

Y, 24 YVioi—(o-0X 1) gsm1) = U—{aq1, - 1qs—1}-
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Since all points of C' — U are resolved, there exists a sequence of permissible
monoidal transforms \; : Y/ — W consisting of quadratic transforms centered
at points over C' — U and permissible monoidal transforms centered at sections
of C such that all points of A7 *(C — U) are resolved, and Y] xy U = Y7,

By Theorems 11.5 and 11.7 (or Theorems 11.6 and Theorem 11.8 if r =
2), there exists a sequence of permissible monoidal transforms Z; — Y{ (with
induced maps ¥ : Z; — W) centered over points and curves which map to ¢;
such that all points of 17 ! (q1) satisfy the conclusions of the Theorem.

By Theorem 7.1 and 7.3,

Yy = Vi — A @)

then extends to a sequence of permissible monoidal transforms Ao Y] — Z
consisting of quadratic transforms centered at points over C' — (U — {¢1}) and
permissible monoidal transforms centered at sections over C' such that all points
of (A1 0 Ag)"1(C' — U) are resolved, all points of (A o Ay)"(q1) satisfy the
conclusions of the Theorem and
Y2/ XW (U — {ql}) = Y2.

By Theorems 11.5 and 11.7 (or Theorems 11.6 and 11.8 if » = 2), there exists
a sequence of permissible monoidal transforms Zy — Y, with induced maps
Yo Zy — W centered at points and curves that map to ¢» such that all points
of 15 ' (o) satisfy the conclusions of the Theorem.

By induction on s, we can then construct a sequence of permissible monoidal
transforms 1 : Z; — W centered at points and curves supported over C' such
that all points of 1, *(C) satisfy the conclusions of the Theorem, and all points
of ;1 (C —{qu,...,qs}) are resolved.

By induction on the number of 2 curves C' C W which contain a 2 point which
does not satisfy the conclusions of the Theorem, we can construct a sequence of
permissible monoidal transforms W — W such that W satisfies the conclusions

of the Theorem.
O



16. RESOLUTION 4
Throughout this section we will assume that ®x : X — S is weakly prepared.

Theorem 16.1. Suppose that r > 1 and forp € X,
1. v(p) <7 ifpis a 1 point or a 2 point.
2. If p is a 2 point and v(p) = r, then T7(p) > 0 orr > 2, 7(p) = 0 and
there exists a unique curve D C S,.(X) (containing a 1 point) such that
p € D, and permissible parameters (x,y,z) at p such that x = z =0 are
local equations of D.
U — (xayb)m
v = P(x%P) + 2°y?F, ‘ (175)
Fy =71a" + Z§:1 a;(y, z)yh 2% 2"
where T is a unit, a; are units (or 0), there exists i such that a; # 0,
e, =1, 0<d; <1,
d d; e e

RS
? J 1 J

GNOm

3. v(p) <r—11ifpisa 8 point

for all j and

Then there exists a sequence of permissible monoidal transforms m : X; — X
such that A, (X7) holds. That is,

1. v(p) <rifpe X is a 1 point or a 2 point.

2. If pe X is a 1 point and v(p) = r, then vy(p) = r.
3. If pe X is a 2 point and v(p) = r, then 7(p) > 0.
4. v(p) <r—1ifpe X is a 3 point

Proof. If p is a 1 point such that v(p) = 1, then (p) = 1. Thus A,(X) holds if
r = 1. For the rest of the proof we will assume that r > 2.
Let
W(X) = {p € 1 points of X|v(p) =r and v(p) > r}.
W (X) is Zariski closed in the open subset of 1 points of X. Let W (X) be the
Zariski closure of W(X) in X.

Suppose that p € W(X) is a point where W (X) does not make SNCs with
Bo(X). Then p can not satisfy (175). Let m : X; — X be the quadratic
transform with center p. By Theorems 7.1 and 7.3, all points of 7= 1(p) satisfy
the assumptions of Theorem 16.1, and there are no points of 7! (p) which satisfy
(175). If pis a 1 point, = | L, implies v(¢) <r —1if ¢ € 7~ (p) is a 1 point, so
7! (p) contains no curves of W (X;). By Theorems 7.1 and 7.3, 7~*(p) contains
no curves of W(X7) if p is a 2 or 3 point.

Thus there exists a sequence of quadratic transforms 7 : X; — X such that
W (X,) is a disjoint union of nonsingular curves and isolated points, X; satisfies
the assumptions of Theorem 16.1, and W (X;) makes SNCs with By(X;). By
Theorems 7.1 and 7.3 and Lemma 7.9, we can further assume that S,.(X;) makes
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SNCs with By(X1), except possibly at some 3 points of X, and if C C S,.(X;)
is a curve which contains a 2 point satisfying (175), then C' contains no 3 points.
We can then without loss of generality assume that X = X;.

Suppose that C C W (X) is a curve. C makes SNCs with the locus of 2 curves.
We either have that C is r big or r small.

For a curve C, or isolated point p in W (X), We will show that we can construct
a sequence of monoidal transforms 7 : Y — X, centered at points and curves
over C' (or over p), such that the assumptions of the theorem hold on Y, and 2.
of the conclusions of the theorem hold at points over C' (over p).

We can then iterate this process to obtain Z — X such that the assumptions
of the theorem hold on Z, and if p € Z is a 1 point with v(p) = r, then ~v(p) = r.

Suppose that C is r small Since C is r small, (175) cannot hold at any
p € C. By Lemma 8.9, we can construct a sequence of monoidal transforms
m:Y — X, centered at points on C' and the strict transform of C, such that
the assumptions of the theorem hold on Y, and the conclusions of the theorem
hold at points of 7~1(C).

Suppose that C' is r big

Let 7 : X1 — X be the blow-up of C. We will show that the assumptions of
the theorem and 2. of then conclusions of the theorem hold at points above C.

Suppose that p € C' is a 2 point with 7(p) > 0 or a 1 point. Then all points
of 7=1(p) satisfy the conclusions of the Theorem by Lemma 8.8.

Suppose that p € C'is a 2 point such that (175) holds. Then x = z = 0 are
local equations of C' at p.

Suppose that ¢ € 77 1(p) is a 2 point. ¢ has permissible parameters (x1,y, 21)
such that © = 21,2 = 21 (21 + «).

u = (zfy’)" .
v = Plafy?) + a5ty
F, =712" +yQ
implies
F Q
il o
Ly 1

ad — b(c+r) # 0, since F,, is normalized, which implies that v(q) = 0.
Suppose that ¢ € 7w~ !(p) is the 3 point. ¢ has permissible parameters
(z1,y, 21) such that
r=T121,8 = Z1.
u = (xfy’2f)"
v = Platyhaf) + 25yl gt
where
F, N i e
Iy = z_f =72+ Y @y, z1)yha] 2
By assumption d; +r —i+¢e; —i <r. Thus v(q) <r —1.
Suppose that p is an isolated point in W (X)
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There are permissible parameters (z,y, z) at p such that

U =z

v =Px)+2°F,
L, =z'Qx,y,z2)
with0<t<r, x JQ.

Let 7 : X1 — X be the blow-up of p. If ¢ € 7y *(p) is a 2 point then v(q) < r
and v(q) = r implies 7(q) > 0 by Theorem 7.1. If ¢ € 77 *(p) is a 1 point then
vig) <r—t<r

We are now reduced to assuming that W(X) = (), so that v(p) =rif p € X
is a 1 point with v(p) = r.

Now suppose that p € X satisfies (175) so that the curve D in S,.(X) that p
lies on satisfies v(q) = r if ¢ € D is a 1 point.

By our initial reduction, we may assume that D is nonsingular, and makes
SNCs with B3(X). Since F, € If, ,, C' is r big.

Let m : X1 — X be the blow-up of D. If p € D is a 2 point with 7(p) > 0
or a 1 point, then all points of 7=1(p) satisfy the conclusions of the Theorem

by Lemma 8.8. The case when p satisfies (175) is exactly as in the case when
C C W(X) is r big. O



17. PROOF OF THE MAIN THEOREM

Theorem 17.1. Suppose that ®x : X — S is weakly prepared, r > 2 and A, (X)
holds. Then there exists a permissible sequence of monoidal transforms Y — X

such that A,_1(Y) holds.

Proof. The Theorem follows from successive application of Lemma 10.3 and
Theorems 13.8, 14.6, 14.7, 15.7 and 16.1 [

Theorem 17.2. Suppose that ®x : X — S is weakly prepared. Then there exists
a sequence of permissible monoidal transforms ' Y — X such that ®y : Y — S is
prepared.

Proof. For r >> 0 A,(X) holds by Zariski’s Subspace Theorem (Theorem 10.6
[3]). The theorem then follows from successive application of Theorem 17.1, and
the fact that A;(X) holds if and only if &x : X — S is prepared. O

Theorem 17.3. Suppose that ® : X — S is a dominant morphism from a 3 fold
to a surface and Dg C S is a reduced 1 cycle such that Ex = ® 1(Dg)yeq con-
tains sing(X) and sing(®). Then there exist sequences of monoidal transforms
with nonsingular centers m : S1 — S and oy : X1 — X such that ®x, : X1 — 51
is prepared with respect to Dg, = 7T2_1(Ds)red.

Proof. This follows from Lemma 6.2 and Theorem 17.2. [

S.D. Cutkosky: LNM 1786, p. 188, 2002.
(© Springer-Verlag Berlin Heidelberg 2002



18. MONOMIALIZATION

Throughout this section we will suppose that ® : X — S is a dominant
morphism from a nonsingular 3 fold to a nonsingular surface, Dg is a reduced
SNC divisor on S, Ex = ®!(Dg);eq is a SNC divisor on X, and sing(®) C Ey.

If p € Ex we will say that pis a 1, 2 or 3 point depending on if p is contained
in 1, 2 or 3 components of Ex. q € Dg will be called a 1 or 2 point depending
on if ¢ is contained in 1 or 2 components of Dg.

Regular parameters (u,v) in Og, with ¢ € Dg are permissible if:

1. uw =0 is a local equation of Dg if ¢ is a 1 point or
2. uwv = 0 is a local equation of Dg if ¢ is a 2 point.

Definition 18.1. We will say that ® is Strongly Prepared at p € X (with respect
to Dg) if one on the following forms hold.

1. ® is prepared at p (as defined in Definition 6.5) or

2. There exist permissible parameters (u,v) at q and reqular parameters
(z,y,2) in @X,p such that one of the following hold:
(a) p is a 2 point and

(b) p is a 3 point and

(with a,b,c > 0).
(c) pis a 3 point and

(with a,b,c,d > 0).

Suppose that p € X is strongly prepared and (u, v) are permissible parameters
at ®(p). Regular parameters (z,y, z) in @ xp are called *-permissible parameters
at p for (u,v) if one of the forms of Definition 18.1 holds in Ox,,. We will also
say that (u,v) are strongly prepared at p. If a form 1. holds at p, *x-permissible
parameters are permissible as defined in Definition 6.4.

Throughout this section we will assume that ® : X — S is strongly prepared.

Lemma 18.2. Suppose that Ox , — R is finite étale, and there exists T,y,z € R
such that (Z,y,Z) are regular parameters in R, for all primes ¢ C R such that
qNOx , = my. Then there exists an étale neighborhood U of p such that (T,y,Z)
are uniformizing parameters on U.

Proof. There exists an affine neighborhood V; = spec(A) of p € X and a finite
étale extension B of A such that B ®4 A,,, = R. Set Uy = spec(B). Let
7w : Uy — Vi be the natural map. There exists an open neighborhood Us of
7~ 1(p) such that (Z,7,z) are uniformizing parameters on Uy. Let Z = U; —
Uy. Set W = m(Z), U3 = Uy — 7 Y(W). Us — Vo = Vi — W is finite étale.
Thus there exists an étale neighborhood U of p where (7,7, Z) are uniformizing
parameters. [

S.D. Cutkosky: LNM 1786, pp. 189223, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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Lemma 18.3. Suppose that permissible parameters (u,v) for ®(p) € Dg are
strongly prepared at p € Ex. Then there exist x-permissible parameters (x,y, z)
at p such that (x,y,z) are uniformizing parameters on an étale neighborhood of
p, and one of the following forms hold:

1. p s a 1 point, u =0 is a local equation of Ex and
u =z
v = P(z)+zby
where P(x) is a polynomial of degree < b.
2. pis a 2 point, u =0 is a local equation of Ex and
u = (xaybyn
v = P(IL’ayb) +3§'Cyd
where (a,b)=1, ad—bc # 0, P(t) is a polynomial of degree < [maz{<, $}].
3. pis a 2 point, u =0 is a local equation of Ex and
T (:Uayb)m
v = P(z%°) + z°y?z
where (a,b) =1, P(t) is a polynomial of degree < [ maz {£, 4}].
4. pis a 3 point, u =0 is a local equation of Ex and
T (xaybzc)m
v = P(z%2¢) + 2%ye2f

where (a,b,c) =1, P(t) is a polynomial of degree < [ max {%, 7 %}}
5. pis a 2 point, uv = 0 is a local equation of Ex and
uw=z%v =y’
6. p is a 3 point, uwv = 0 is a local equation of Ex and
u=x"y’ v =2°
(with a,b,c > 0).
7. pis a 3 point, uv = 0 is a local equation of Ex and
w= g%’ v =y
(with a,b,c,d > 0).
Proof. Suppose there exist regular parameters (z,y, z) in O x,p such that

u =zx°
v = P(x)+ xby.

There exist a € @X,p and T € Ox such that x = a7, and a® € Ox . Set
R = Ox plal. Let L be the quotient field of R. R is finite étale over Ox .

P(az) — Py(ax
v— Py(aT) = (aby—l— ( <a$)_b b<a$)> z°
T
implies
_ v—PFax A
y=""0 ¢ (f)nL=r,



MONOMIALIZATION OF MORPHISMS FROM 3 FOLDS TO SURFACES 191

(by Lemma 2.1 [14]) for all maximal ideals ¢ C R. Thus § € NR, = R. Choose
z € Ox p such that

z =z mod m?)(f)x,p.
Then m,R = (Z,7y,Z). By Lemma 18.2 there exists an étale neighborhood U of
p such that (7,7, %z) are uniformizing parameters on U.

Suppose there exist regular parameters (x,y, z) in @ x,p such that
u = (xayb)m
v = P(x%P) + x¢y?

There exists a1, as € @X,p and 7,y € Ox , such that v = a1 7,y = apy. Set
{c d
e=| max {—, - }|.
a b

u = (afag)™(@'g")".

Set v = agal. Let K be the quotient field of Ox .
u A
’)’m = Tbm € OXJ)QK = OXJ,.

z"y’)
Set R = Ox [v]. R is finite étale over Ox ,. Let L be the quotient field of R.
Set

P(a®alzo7) — P, a®abzohb v— P, a®abTo70 ~
w:a'fozg+ (af a3 y)_c_d(12 y): (_01_d2 y)E(Rq)ﬁL:Rq
Ty -y

for all maximal ideals ¢ of R. Thus w € NR; = R. Set f = ad — bc. Set

SIS
I

=
<

Choose z € Ox , such that z = Z mod m%@x,p. Then
%,9,% € R = R[(v%w™)T, (y~w")7]

are regular parameters at all maximal ideals of R;. By Lemma 18.2, there exists

an étale neighborhood U of p such that z,y, Z are uniformizing parameters on
U.
Suppose there exist regular parameters (x,y, z) in O x,p such that
T (xayb)m
v = P(x%®) + 2°yz.
There exist aq,ay € @X,p and 7,y € Oxp such that x = a7,y = apy. Set
e = [ max {£,4}]. Let K be the quotient field of Ox ,,.
u = (afag)™(@'g")".
Set v = adad.

m U A
Y :WGOX,])QK:OX,})'
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Set R = Ox p[v]. R is finite étale over Ox ,. Let L be the quotient field of R.
Set
v — Pe(afa3z'y’)

7z =

—— € (Ry)NL =R,
Ty

b
for all maximal ideals ¢ of R. Thus z € NR; = R. Set T = a4 T. 2,9, %2 €
b
Ry = Rloias] and (2,9,Z) = mpR. By Lemma 18.2 there exists an étale
neighborhood U of p such that (Z,7, %) are uniformizing parameters on U.
Suppose there exist regular parameters (x,y, z) in Ox , such that
u = (xaybzc)m
v = P(z%P2%) + 2%y,

There exist aq, a9, a3 € @XJ, and 7,7,z € Ox p such that z = o7, y = oy,
z = a3Z. Set g = [max {2 ¢ %}]

a’ b’

u = (afa5ag)" (@ 7'7)".

Set v = afabas. Let K be the quotient field of Ox .

u

T G SO T O

Set R = Ox p[v]. R is finite étale over Ox ,. Let L be the quotient field of R.
Set

v Pylefabos 7T py

w =
Tz

for all maximal ideals g of R. After possibly permuting x,y, z, we can assume
that h = ae — bd # 0. Set

(Z,9,Z) = mpRy. By Lemma 18.2 there exists an étale neighborhood U of p
such that (Z,9,%z) are uniformizing parameters on U.
The arguments for the remaining cases 5., 6. and 7. are easier. 0
Remark 18.4. Suppose that p € X is a prepared 3 point, so that
u = (xaybzc)m
v = P(x%’2°) + xdy°2/,

u =0 is a local equation of Ex and

a b c
mnk‘(d . f>—2.

Then at most one of ae — bd,af — cd,bf — ce is zero.
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Proof. By assumption, a,b,c are all nonnegative. Suppose that two of these
forms are zero. After permuting x,y, z, we may assume that ae — bd = 0 and

af—cd =0. Thene = %, f= %d and bf—ce = bde—%d = 0, a contradiction. [J

Definition 18.5. Suppose that ® : X — S is strongly prepared with respect to
Dg. Suppose that p € Ex We will say that p is a good point for ® if there exist
permissible parameters (u,v) at ®(p) and x-permissible parameters (x,y, z) at p
for (u,v) such that one of the following forms hold:

p is a 3 point, u =0 is a local equation of Ex at p and

a,b,c
u =x%y’z
A (176)
with
a b c
mnk( i e f ) =2
p is a 3 point, uv = 0 s a local equation of Ex at p,
a,b
u =ax%
v = 5C (177)
p s a 3 point, uv = 0 s a local equation of Ex at p
a,b
u =x%
v = yczd (178)
with a,b,c,d > 0.
p is a 2 point, u = 0 is a local equation of Ex at p,
a,b
u =x%
b (179)

with ad — bc # 0
p is a 2 point, u = 0 is a local equation of Ex at p and there exists a € k
such that

u = (xa b)m
v o= a(xayb)t + (xayb)tz (180)
with (a,b) = 1.
p s a 2 point, u =0 is a local equation of Ex at p
u = %y’
v (181)
with ad — bc # 0
p s a 2 point, uv = 0 s a local equation of Ex at p
u =z
v =y (182)

p is a 1 point, u = 0 is a local equation of Ex at p and there exists o € k
such that
u =z

v =az’+ % (183)
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p € X will be called a bad point if p is not a good point.

Remark 18.6. Suppose that p € X is a good point of one of the forms (176),
(177), (178), (179), (180), (181), (182) or (183). Then (as in Lemma 18.3)
there exist x-permissible parameters (x,y, z) at p such that (z,y, z) are uniformiz-
ing parameters on an étale neighborhood of p, and one of the forms (176), (177),
(178), (179), (180), (181), (182) or (183) hold.

Suppose that p € X is a 1 point and (u,v) are permissible parameters at
®(p), (x,y,z) are *-permissible parameters at p for (u,v) such that

u =x°
v = P(x)+ z°.

with deg (P) < c¢. Set d =ord (P) € N U {o0}.
Suppose that (u1,v1) are also permissible parameters at ®(p) and (1, y1, 21)
are *-permissible parameters at p for (uy,v;) such that

u; = a7’
— C1
1 —Pl(.’l’)l)—l—xl Y1.

with deg (P1) < ¢1. Set dy = ord (P;) € N U {o0}.

We will compare a,c,d and aq,cq,d;.

If (u,v) = (u1,v1) then there exists an a-th root of unity w € k such that
r = wx1, so that ¢ = ¢q, and

Pl(ZL‘l) = P(wa:l).

Thus a = a1, c=c1, d =d;.

Suppose that (u,v) and (u1,v1) are related by a change of parameters of the
type of Case 1.1 of the proof of Lemma 6.7. This case can only occur if ®(p) is
a 2 point. We have v; = v and u; = v. Then d = ord(P) < ¢. The analysis of
Case 1.1 in Lemma 6.7 shows that there are x-permissible parameters (7,7, %)
for (uy,v1) such that

Qu

V=1
u= P(T) +z¢tedy

(431
U1

where ord(P) = a. Thus a1 =d, ¢y =a+ ¢ —d and d; = a.

Suppose that (u,v) and (uq,v1) are related by a change of parameters of the
type of Case 1.2 of the proof of Lemma 6.7. We have u; = au and v; = v where
a(u,v) is a unit series. The analysis of Case 1.2 in Lemma 6.7 shows that there
are *-permissible parameters (7,7, z) for (u1,v) such that

Uy = z¢
v =P +7%
where ord(P) = d. Thus a; = a, ¢; = c and d; = d.
Suppose that (u,v) and (uq,v1) are related by a change of parameters of the
type of Case 1.3 of the proof of Lemma 6.7. We have u; = u and v; = au + (v
where a(u,v), 3(u,v) are series, ( is a unit series. If ®(p) is a 2 point then
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a = 0. The analysis of Case 1.3 in Lemma 6.7 shows that there are x-permissible
parameters (Z,y,z) for (uy,v1) such that

a

T
P(x) + z°y

U1
U1

such that - . ‘ .
P(r) = SouatCH Py £ 5 gy Py
= BooP(z) + 3 ajpz®*tD mod zd+1,

a1 =a,c1=c¢,dy <difa fd If «a =0, we have a; =a, ¢c; = ¢, dy =d.
Suppose that E is a component of Ex, p € E, f € Ox ), v = 0 is a local
equation of F at p. Then define

ve(f) = max {n such that z" | f}.

Definition 18.7. Suppose that p € X is a 1 point, and E is the component of
Ex containing p. Suppose that (u,v) are permissible parameters at ®(p) such
that uw = 0 is a local equation of E at p. If (x,y,z) are x-permissible parameters
at p for (u,v), then there is an expression

u =z
v = P(x)+ z.

For fized (u,v), a,c and vg(v) are independent of the choice of permissible pa-
rameters (x,y, z) for (u,v). Define

A(®,p) = min (¢ —ve(v))

where the minimum is over permissible parameters (u,v) at ®(p) such that u =0
15 a local equation of E at p.

If A(®,p) > 0, define
C(®,p) = min (c—vg(),vp(v)+a)

where the minimum (in the lexicographic order) is over permissible parameters
(u,v) at ®(p) such that u =0 is a local equation of E at p.

Suppose that E is a component of Ex, p € F is a 1 point. Suppose that (u,v)
are permissible parameters for ®(p) = ¢ such that u = 0 is a local equation of E
at p, (x,y, z) are *-permissible parameters for (u,v) at p. There is an expression

u =z

v = P(x)+ z%. (184)

¢ > 0 is equivalent to ®(E) = ¢q. ¢ = 0 is equivalent to ®(F) is a component of
Dg with local equation v = 0 at q.

Suppose that ®(F) = g is a 1 point on S. By the discussion before Definition
18.7, A(®,p) = ¢ — vg(v) if and only if @ J ord(P) or ¢ = ord(P). If P(x) =
> a;x*, we can make a permissible change of parameters at ¢, replacing v with
v — > a;qu’ to achieve A(®,p) = c —vg(v).

Suppose that ®(E) = ¢ is a 2 point on S. By the discussion before Definition
18.7, A(®,p) = c — vg(v).
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Suppose that ®(F) is a component D of Dg. This is equivalent to ¢ = 0 in
(184). Then

0=A(P,p) =c—vg(v).
In all these cases, if A(®,p) =c —vg(v) > 0, then we have

C(®,p) =(c—ve),a+rvg(v)).

and there exists an open neighborhood U of p such that A(®,p’) = A(®,p) for
all p € ENU and C(®,p") = C(®,p) if A(P,p) > 0. Then A(P,p') = A(P,p)
and C(®,p') = C(P,p) at all 1 points p’ € E. We can then define

A(®, E) = A(D,p)
and

C(®,E) =C(2,p)
for p € E a 1 point.

Lemma 18.8. Suppose that p € X is a 2 point and E1, Ey are the components
of Ex containing p. Then there exist permissible parameters (u,v) at ¢ = ®(p)
and x-permissible parameters (x,y, z) for (u,v) at p such that, if p satisfies (18)
of Definition 6.5,
u = (xayb)k
v = P(z%®) + z°y?
or if p satisfies (19) of Definition 6.5,
T (xa,yb)k:
v = P(ax%y®) + 2°yz
where x = 0 is a local equation of E1, y =0 is a local equation of Es, then
AP, Ey) =c—vg,(v), AP, Ey) =d —vg, (v).
If A(®,Eq) > 0 then
C(®,Ey) = (¢ —ve,(v),vE, (v) + ak).
If A(®, Es) > 0 then
C(®,Es) = (d—vg,(v),vE,(v) + bk).

Suppose that p € X is a 3 point, p satisifes (20) of Definiton 6.5, and E,
FEs, E5 are the components of Ex containing p. Then there exist permissible
parameters (u,v) at ¢ = ®(p) and x-permissible parameters (x,y, z) for (u,v) at
p such that

u = ( aybzc)m

v = P(x%2%) + 2%yczf
where x = 0 is a local equation of E1, y = 0 is a local equation of E5, z =0 is a
local equation of E3, and

Ao, Fr) =d—vg,(v), A(D, Es) = e —vg,(v), A(®, E3) = f —vg, (v).
If A(®,E1) > 0, then
C(®, E1) = (d - vE, (v),vp, (v) + am),
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If A(®,Es) > 0, then

C(®,Es) = (e —vg,(v),vE,(v) + bm),
If A(Pg,) > 0, then

C(®,E3) = (f —vp,(v),vE, (v) + cm),

Proof. Suppose that p € X is a 2 point satisfying (18), (u,v) are permissible
parameters at ¢ and (x,y, z) are uniformizing parameters for (u,v) at p such
that

u = (xayb)k:

vo=P(z%y’) +zoy?
and (x,y,z) are uniformizing parameters on an étale neighborhood of p. Let
P(t) = > a;t'. If ¢ is a 1 point, then we can replace v with v — ", a;u’, so that
k Jord (P).

If c=0, then 0 = A(®,E1) =c—vpg, (v), and if d = 0, then 0 = A(D, Es) =
d— Vg, (U)

Suppose that ¢ > 0. Then ®(E;) = q. If p’ is a 1 point on E; near p then
there exist *-permissible parameters (Z,%,z) at p’ such that

u =7z%
v = Py(T)+ T
where Py (T) = P(Z*) + az for some nonzero « € k.

If g is a 1 point we have ak Jord (P, ) or ¢ = ord (P, ). By the discussion
before Definition 18.7, we have that A(®, 1) = ¢ —vg, (v), and if A(®, Eq) > 0,
then

C(®,Ey) = (¢c—vg, (v),vE, (v) + ak).

A similar argument shows that A(®,Es) = d — vg,(v) if d > 0, and if

A(®, E3) > 0, then
C(P,Ey) = (d—vg,(v),ve,(v) + bk).

If p satisfies (19) or (20) then the proof is similar. O

Remark 18.9. Ifp is a 1 point then A(®,p) = 0 if and only if p is a good point.

Set
A(®) = max {A(®, F) | FE is a component of Fx}.
If A(®) > 0, define
C(®) = max {C(®,F) | E is a component of Ex }.

Lemma 18.10. Suppose that p € X is a 1 point, (u,v) are permissible pa-
rameters at ®(p) such that u = 0 is a local equation of Ex at p, (x,y,z) are
x-permissible parameters at p for (u,v) such that
u =z
v = P(x)+z%
with deg(P) < c. Set d = ord(P) € N U {oc0}.
1. Suppose that ®(p) is a 1 point. Then p is a bad point if d < ¢ and a ) d.
2. Suppose that ®(p) is a 2 point. Then p is a bad point if d < c.
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Proof. Suppose that (u;,v;) are permissible parameters at ¢ = ®(p) such that
u; = 0 is a local equation of Ex at p, and (u1,v1) realize p as a good point. We
will find a contradiction.

If ¢ is a 1 point then there exist series @, (3, 7 in u, v such that

Uy =au
v1 = fu+ .

Thus (u1,v1) is obtained by transformations of the form of Case 1.2 and Case
1.3 of Lemma 6.7. The conclusions of the Lemma now follow from the analysis
preceeding Definition 18.7.

Suppose that ¢ is a 2 point. Then there exist unit series @, 3 in u, v such that

U = aou

V1T = BU
or

Uy = au

V1 = Eu

In the first case we have, with the notation preceeding Definition 18.7, that
a1 = a, c1 = c and dy = d so that d; < ¢;. In the second case we have a; = d,
c1 =a—+c—dand dy =a so that di < cq. pis thus a bad point. O

Theorem 18.11. Suppose that ® : X — S is strongly prepared. Then the locus
of bad points in X is a Zariski closed set of pure codimension 1, consisting of a
union of components of Ex.

Proof. We will first show that the good points of X are a Zariski open set in
Ex.

Suppose that p € X is a good 3 point. Then there exists an open neighborhood
U of p, uniformizing parameters (z,y, z) in an étale cover of U such that v = 0
is a local equation of Ex in U and

u = JIabeC

v = alyezt.

If ¢ € U is a 2 point, then we have (after possibly permuting z, y, z) that (x,y, 21)
are regular parameters at ¢ where z = z; +a (with a # 0). Set x = z1(2; +a) " @
Then (z1,y, 21) are permissible parameters at ¢, and

u o =afy’
cd

v =ady(z +a)f 7.

If ae — bd # 0, we can make a permissible change of variables (Z, 7, Z) at g to get

x

U
v =

dz?
ye.
If ae — bd = 0 then f — % # 0, so that we can make a permissible change of
parameters to get

u (:10“1 bl)

= B(ay'y")" + (#1'y") 'z

<
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If ¢ € U is a 1 point, then we have (after possibly permuting z,y,z) that
(z,y1,21) are regular parameters at ¢ where y = y; + o, z = 21 + 0 (with

o, 8 #0). Set © = 21(y1 + @)« (21 + B) . Then (x1,y1,21) are permissible
parameters at ¢, and

u =axf
v =xzf +rf(ny + e o)

where v, 71,72 € k, v # 0 and either v, # 0 or 72 # 0 since we cannot have both
e— % =0and f — % = 0. Thus all points in U are good points.

Suppose that p € X is a good 2 point and (180) holds at p. Then there exists
an open neighborhood U of p, uniformizing parameters (x, y, z) in an étale cover
of U such that u = 0 is a local equation of Ex in U and

T (xayb)k
vo=Btyh) + (a%y) 2
If ¢ € U is a 2 point, then we have that (z,y, 21) are permissible parameters at
q where z = 21 + a and ¢ is a good point.
If ¢ € U is a 1 point, then we have (after possibly permuting z,y) that
(z,y1,21) are regular parameters at ¢ where y = y; +a, 2 = 21+ (with a # 0).
Set x = x1(y1 + a)_g. Then (x1,y1,21) are permissible parameters at ¢, and

u =k

vo=(B+ Pt +ai'n
Thus all points in U are good points.

Suppose that p € X is a good 2 point, and (179) holds at p. Then there exists
an open neighborhood U of p, uniformizing parameters (x,y, z) in an étale cover
of U such that u = 0 is a local equation of Ex in U and

u =z’
v = xy?

where ad — bc # 0. If ¢ € U is a 2 point, then we have that (x,y,z1) are
permissible parameters at ¢ where z = z; + «, and ¢ is a good point.

If ¢ € U is a 1 point, then we have (after possibly permuting z,y) that
(x,y1,21) are regular parameters at ¢ where y = y; +«a, z = z1 +  (with a # 0).
Set © = x1(y1 + a)_g. Set v = ad= %, §; = (y1 + oz)d_thc — . Then (x1, 71, 21)
are permissible parameters at ¢, and

u =azf
v =727+ 2
Thus all points in U are good points.
If p is a good point satisfying (177), (178), (179), (181), (182) or (183), a

similar argument shows that there is a Zariski open neighborhood U of p of
good points.

We will now show that the bad points of X have pure codimension 1 in X.
It suffices to show that any bad point lies on a surface of bad points.
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First suppose that p is a bad 3 point. Then there exists an open neighborhood
U of p, uniformizing parameters (z,y, z) in an étale cover of U such that u =0
is a local equation of Ex in U and
U (xaybzc)k
v = P(z%2%) + 2%y

where (after possibly permuting z,y, z) we have

Iy

max{ b .

Thus ord(P) < %, since ord (P) > L L implies that z%y°zf|P(z"y’z°), and p is
thus a good point.

If ®(p) is a 1 point, we can make a permissible change of parameters so that
we have that k Jord (P).

Let ¢ € U be a 1 point on the surface z = 0. ¢, f > 0 imply 2z = 0 is a
local equation of a component of EFx which maps to ®(p). There are regular
parameters (r1,y1,2) at ¢ where x = x1 + a, y = y1 + 3 with «, 8 # 0. There
are permissible parameters (x1,¥1,21) at ¢ where

z=(r1+a) c(y1+p) ez

u = 25

v =P(5)+ (21 + a) *%1 +B) % 2]
= P(2) + ad % ge= % T+ (et )

where 71,72 € k and 71 or 2 # 0.

Suppose that ®(p) is a 1 point. Then ®(q) = ®(p) is a 1 point. ¢ is a bad
point by Lemma 18.10, since ck Jc ord(P) and c ord(P) < f

Suppose that ®(p) is a 2 point. Then ®(q) = P(p) is a 2 point. ¢ is a bad
point by Lemma 18.10 since ¢ ord (P) < f.

Suppose that p is a bad 2 point satisfying (19). There exists an open neigh-
borhood U of p and uniformizing parameters (x, y, z) on an étale cover of U such

that

u (mayb)k

v = P(z%°) + z°y%z.
We can (after possibly permuting z,y) assume that ad — bc > 0. Since p is a
bad point, ord (P) < %. If ®(p) is a 1 point we can make a permissible change
of parameters so that k Jord (P). Let ¢ € U be a 1 point on the surface y = 0.
b,d > 0 implies y = 0 is a local equation of a component of Ex which maps to
®(p). There are regular parameters (z1,y1,2) at ¢ where z = 1+, 2 = 21 +
(with « # 0). There are permissible parameters (z1,y1,21) at ¢ where

y=(z1+a) by
u =y

v =P+ (2, + Q)= (21 + B)yf
+Zz

= P(y}) + a7 Byf + 21y
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®(q) =
b ord (P

18.10.
A similar argument shows that there is a surface of bad points passing through
a bad point satisfying (18) or (17). O

®(p) so that ®(q) is a 1 point if and only if ®(p) is a 1 point. Since
) < dand bk )b ord (P) if ®(q) is a 1 point, ¢ is a bad point by Lemma

Lemma 18.12. Suppose that ® : X — S s strongly prepared, q € Dg and
p € ®Y(q) is such that one of the forms 1. - 7. of Lemma 18.3 hold at p. Then
maOx p 15 not invertible if and only if one of the following holds:

p s a 1 point

u =ak
S (185)
with ¢ < k.
p is a 2 point

v = P(x%P) + x¢y?
with a,b > 0, (a,b) =1, ad — bc # 0,

. .c d c d
mm{a, Z} < ord (P) < max{a, E}’
d
mzn{c b} < k.
p is a 2 point
u = (z%")
vl (187)

with a,b > 0, (a,b) =1, ad — bc # 0,
. .c d c d
mfm{a, Z} <k< max{a, E}
p is a 2 point

U :(xayb)k
v = P(J,‘ayb) —I—achdZ (188)

with a,b > 0, (a,b) =1, ad — bc # 0,
_.c d c d
mm{a, Z} < ord (P) < max{a, E}’

c d
n{—, -} < k.
min(<, 2}
p is a 2 point
u = (xayb)k
b e (189)
with a,b > 0, (a,b) =1, ad — bc # 0,

c d
n{—, — k.
mm{a,b}<
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p is a 2 point

T (xayb)k:
v = (z%°)'z
with a,b > 0, (a,b) =1, t < k.
p s a 2 point
u =2
v =1
p is a 3 point
u = (xaybzc)k

v = P(x%yb2°) + xdy°zS
with a,b,c > 0, (a,b,c) =1,

. d e f d e f
- - L d (P -z L
min{S, 2, Ly < ord (P) < maaf 2,72,
de f
k> min{—, -, =}.

mm{a 7 c}

p is a 3 point
U :(.’,anbzc)k
v o= atyczs
with a,b,c > 0, (a,b,c) =1,
o.de f de f
— o, = k - =, =h
mm{a’b’c}< <max{a,b,c}

p is a 3 point

u = %P

v =z

with a,b,c > 0.

p is a 3 point

u =z’

v :yczd

with a,b,c,d > 0.

Proof. Suppose that p is a 1 point. Then (185) follows easily.

Suppose that p is a 2 point with
u = (xayb)k
v =Pty +aty’,

(190)

(191)

(192)

(193)

(194)

(195)

P #0and e = ord (P) < max{<, 4}. Set Ay = max{¢, 4}, A\; = min{%, ¢}.
u | vif and only if e > k and \; > k. v | w if and only if e < A\ and e < k.

Thus (u,v)Ox , is not invertible if and only if Ay < k and A\; <e.

Suppose that p is a 2 point with
u = (xayb)k
v = x%y?
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Set A1 = min{<, 4}, Xy = max{<, 4}. u | v if and only if k < Ay, v | u if and
only if & > X2. So (u,v)Ox , is not invertible if and only if Ay < k < Ag.
Suppose that p is a 2 point with
T (xayb)k
v = P(ax%y®) + 2°yz
with ad — bc # 0, e = ord (P) < max{%,%}. Set Ay = min{%, ¢}, Xy =
max{<,4}. u | v if and only if e > k and k < A. v | u if and only if e < k and
e < A1. So (u,v)Ox p is not invertible if and only if A\ < k and A\; <e.
Suppose that p is a 2 point with
u = (Iayb)k
v = aylz
and ad — bc # 0. (u,v) is invertible at p if and only if ¢ > ka and d > bk. Thus
(u,v) is not invertible at p if and only if k£ > min{<, ¢}, and we get (189).
Suppose that p is a 2 point with
u = (ajayb)k
v = P(z%P) + (z%y)'z
with P # 0 and e = ord (P) < t. We will show that (u,v) is invertible at p.

If £ < e then u|v. Suppose that k& > e. There are new permissible parameters
(Z,7,Z) such that

with ord (P) = k. Thus v|u.
Suppose that p is a 2 point with
T (xayb)k
v = (z%°)'z
Then (u,v) not invertible at p if and only if ¢ < k, and we get (190).

Suppose that p is a 3 point with

u = (xaybzc)k

v = P(a%yb2°) + xdyc2S

with P # 0 and ord (P) < max{%, ¢, %} Set
d e f
ab !
u|v is equivalent to ord (P) > k, k < A;. v|u is equivalent to ord (P) < k and
ord (P) < A1. That is, (u,v) is not invertible at p if and only if ord (P) > \;
and k > A\;. We thus get (192).

Suppose that p is a 3 point with

Ao = max{a, g, %}, A1 = min{

u = ((,L.aybzc)k
v o= atycs
Set d f d f
& . (&
/\g—max{a,g,g}, Al—mln{aagaz}
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ulv is equivalent to k < A;. v|u is equivalent to k > As.
Thus (u,v) is not invertible at p if and only if Ay < k < A3, and we get
(193). 0

Lemma 18.13. Suppose that ® : X — S s strongly prepared. Let Si be the
blow-up of S at a point ¢ € Dg. Let U be the largest open set of X such that
the rational map X — S7 is a morphism ®; : U — S;. Then ®1 is strongly
prepared.

Proof. This follows from the analysis of Lemma 18.12. OJ

Theorem 18.14. Suppose that ® : X — S s strongly prepared, p € X 1is a
1 point and the rational map ®1 from X to the blow-up S1 of ¢ = ®(p) is a
morphism in a neighborhood of p. Then A(®1,p) < A(®,p). If A(Py,p) =
A(®,p) > 0, then C(P1,p) < C(P,p).

Proof. At p we have permissible parameters such that
k

u T
v = P(x)+z%

and C(®,p) = (¢ —vg(v),ve(v) + k).
First suppose that P # 0 and e = ord (P) < ¢. If e > k then we have
permissible parameters ui, v, at ¢ = ®1(p) such that

U= U1,V = U1?1.

Then
Uy = ZCk
v, = —Pm(,f) + Q:C_ky

A(®1,p) < (c—k—(e—k)) = A(®,p) and if A(®1,p) = A(P, p) then C(Py,p) <
(c—k—(e—k),e—k+k)=(c—e,e)<(c—ee+k)=C(D,p).

If e = k then there exists 0 # « € k such that P(z) = ax® + - --. There exist
permissible parameters (u1,v1) at g1 = ®1(p) such that

u=1u1,v=u(v + ).

U1 :.%'k
P _
vy :—x(,f)—oz—{—:nc ky.

Thus A(®1,p) < (c—k) — (e — k) = A(D, p).
If e < k then we have permissible parameters ui, v, at ¢ = ®1(p) such that

U= UuUyv1,v = 1.

We have permissible parameters (7,7, z) at p such that

(&4

v =T
u = P(Z)+zteey
where ord (P) = k.
Then
(%1} =7x°
u = PE@ 4 ghte—2ey
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A(q)la ) (]{3—|—C—2€—(]€—€)):A<q),p)
and if A(®q,p) = A(®,p) then C(P1,p) < (k+c—2e—(k—e),(k—e)+e) <
C(®,p).
Now suppose that P(x) = 0. Then

u :ZCk

v o =x%
with ¢ > k. There exist permissible parameters (uq,v1) at ¢3¢ = ®1(p) such that
U=U1,V = U1V

and
A(®1,p) = A(®,p) = 0.
O

Theorem 18.15. Suppose that ® : X — S is strongly prepared and q € S. Then
the locus of points Z in X where ® does not factor through the blow-up of q is a
pure codimension 2 subscheme. Z makes SNCs with By(X) except possibly at 3
points of the form (192).

Suppose that C is a component of this locus which makes SNCs with By(X),
and m: X1 — X 1s the blow-up of C, E1 = W_l(C)red, b, =Pomw. Then &4 s
strongly prepared and either A(®1, F1) =0 or

A(®q, Eq) < A(D)

Proof. Suppose that p € X is a 3 point such that m,0Ox , is not invertible

and (192) holds at p. We may assume that there exists an open neighborhood

U of p such that (z,y, z) are uniformizing parameters on an étale cover of U.
After possibly interchanging z,y, z, we can assume that

and
f def
c a'bc’

We will now determine the locus of points in U where m,Oy is not invertible.
First suppose that ¢’ is a 2 point on the curve x = z = 0. ¢’ has regular
parameters (z,y;,z) where y = y; + a. Thus ¢’ has permissible parameters
(z1,y1,2) where z is defined by

r=x1(y1 + ) @

Set A = (a,c), a1 = ¢, c1 = .
U :(xillzcl)kA
v =P z)) + a2 (1 + o)

We have a1 f — c¢1d > 0 and Aord (P) < E' We can make a permissible change

of variables to get

U ( al—C1)k>\

v = P((@{ze)N) +3dzl
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k > ¢ implies Ak > ail and ord (P) > ¢ implies Aord (P) > %. q thus has the
form of (186), and we see that (u,v) is not invertible on the curve with local
equations r = z = 0.

Now suppose that ¢’ is a 2 point on the curve y = z = 0. ¢ has regular
parameters (z1,y,z) where z = 1 + . Thus ¢’ has permissible parameters
(z1,y1,2) where y; is defined by

oo

y=yi(z1+a)”

Set A = (b,c), by =2, ¢ = £.

U — (y?1 ZC1)k>\

vo=P((y"z)) + (1 + @) T yp
First suppose that bf —ce # 0. Then bf —ce > 0, and by f — c1e > 0. Since
dord (P) < %, we have by (186) that (u,v) is not invertible at ¢’ if and only
if dord (P) > ¢ and Ak > ¢ so that (u,v) is not invertible at 2 points ¢’ on
y = z = 0 if and only if ord (P) > § and k > .

Now suppose that bf — ce = 0, so that by f — c;e = 0. Since Aord (P) < %,
(190) cannot hold, and we then have that (u,v) is invertible at 2 points ¢’ on
y=z=0.

Now suppose that ¢’ is a 2 point on the curve x = y = 0. ¢ has regular
parameters (z,y,z1) where z = 2z + . Thus ¢ has permissible parameters

(z1,y,21) where z is defined by

Qo

r = .CCl(Zl + Oé)_

Set A = (a,b), a1 = L
= (%1 ybr)RA
= P((x}'y")*) + 2y (21 + a)f =
First suppose that ae —bd # 0 and ord (P) < §. Then aje — bid > 0 and
Aord (P) < 3. By assumption Ak > ail and Aord (P) > %. By (186), (u,v) is
not invertible at 2 points ¢’ on x =y = 0.

Now suppose that ae — bd # 0 and ord (P) > £. Then aje — byd > 0 and

b
Aord (P) > =, so that we can choose permissible coordinates at ¢’ so that

_ (xiuylln)k)\

u
T
By assumption Ak > ail, so that by (187), (u,v) is not invertible at 2 points ¢’
onr =y =0if and only if k < 7.

Suppose that ae—bd = 0 and ord (P) < . Then aje—b1d = 0 and Mord (P) <
3 Since (190) can then not hold at ¢/, we have that (u,v) are invertible at 2
points ¢’ on z =y = 0.

Now suppose that ae — bd = 0 and ord (P) > 7. Then aje — b;d = 0 and
dord (P) > 3> S0 that we can choose permissible coordinates at ¢’ so that

u o= ()
(%

= (B + ol = ¥) (@i ) + (25 )z
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where t = £\, 3 € k is the degree ¢ coeflicient of P. For ¢’ in a possibly smaller
neighborhood of py, (190) can then not hold at ¢’, so that (u,v) are invertible
at 2 points ¢’ on z =y = 0.

Suppose that ¢’ is a 1 point in U on z = 0. ¢’ has regular parameters (z1,y1, )
where x = 1+, y = y1 + 0 with «, 8 # 0. Thus ¢’ has permissible parameters
(z1,y1,21) where 27 is defined by

r=(z1+a) f(y1+8) ¢xn

_ ck
u = 2f

v =P + (@1 + @)y + B) T A
Since by assumption ¢ ord(P) < f, ¢’ cannot be in the form of (185), so that
(u,v) is invertible at 1 points on z = 0.
Suppose that ¢’ is a 1 point in U on y = 0. ¢’ has regular parameters (z1,y, 21)

where r = 21+, 2 = z1 + 3 with «, 3 # 0. Thus ¢’ has permissible parameters
(z1,y1,21) where y; is defined by

y=(z14+a) " (z1+6) Py
u - y%k ae ec
v =P+ (x1+ )T (2 + B) Tyt

If bord (P) < e or bord (P) > e then ¢’ cannot have the form of (185), so
that (u,v) is invertible at all 1 points on y = 0. If k < §, then (u,v) is invertible
at all 1 points on y = 0.

Suppose that b ord (P) = e and k > §. Then we can write P(t) = yt5 + -
where v # 0. We have (u,v) is invertible at ¢’ on y = 0 unless

QTR =0
which holds only if («, 3) are on the algebraic curve
ﬁbf—ce — (_,Y)baae—bd.
In this case (u,v) is not invertible on the curve with local equations

y = 0, be—ec + (_,y)bxae—bd —0.

If ¢ is a 1 point in U on xz = 0, then there are permissible parameters
(z1,y1,21) at ¢’ such that
u = ¢k

v o= P@d) +ai(y +a) T (2 + )

with o, # 0. Thus (u,v) is invertible at 1 points on x = 0 in U since
a ord (P) > d.

If 7 : X1 — X is the blow-up of a 2 curve through p, then ®; = ® o 7 is
strongly prepared above p. w7 1(p) is a 2 curve, so there are no 1 points in
! (p).

Suppose that p € X is a 3 point such that m,0Ox , is not invertible,
and (193) holds at p. We may assume that there exists an open neighborhood
U of p such that (z,y, z) are uniformizing parameters on an étale cover of U.
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After possibly interchanging x,y, 2z, we can assume that

d
i mln{ '3 E}

and
/ de f
= max
c { "y c}
We will determine the locus of points in U where m,Oy is not invertible. First
suppose that ¢’ is a 2 point on the curve x = z = 0. ¢’ has regular parameters
(z,y1,2) where y = y; +a. Thus ¢’ has permissible parameters (x1,y1, 21) where

x1 is defined by
r=z1(y1 + )"

Set A = (a,c), a1 = ¢, c1 = .

We have a1 f — c1d > 0. % <k< % implies ail < kA< % ¢’ thus has the form
of (187), and we see that (u,v) is not invertible on the curve with local equations
r=2z=0.

Suppose that ¢’ is a 2 point on the curve y = z = 0. ¢ has permissible
parameters (z1,%1,2) where x = x; + «, y; is defined by y = y;(z1 +a)~%. Set
A=(bc), b1 =2, ¢c1=%.

u = ()t

v o= (z1+ )Tyl

First suppose that bf — ce # 0. Then bf —ce > 0 and by f — c1e > 0. Since
kX < %, we have by (187) that (u,v) is not invertible at 2 points ¢’ on y = z = 0
if and only if ;= < kA, which holds if and only if § < k.

Now suppose that bf —ce = 0, so that by f —c1e = 0. Then (u,v) is invertible
at 2 points ¢’ on y = 2 = 0.

Now suppose that ¢’ is a 2 point on the curve x = y = 0. ¢ has regular
parameters (x,y, z1) where z = z; + a. ¢’ has permissible parameters (x1,y, 21)
where z; is defined by = = x1(21 + a)~«. Set A = (a,b), a; = S, b1 = %

u = (z{ybr)FA

y
v o=afy(z +a)f

First suppose that ae — bd # 0. Then a;e — byd > 0. By assumption % < kA
We have by (187) that (u,v) is not invertible at 2 points ¢’ on x = y = 0 if and
only if kA < = which holds if and only if k£ < 3.

Now suppose that ae — bd = 0. Then a;e —b1d = 0 and (u,v) is invertible at
2 points on the curve x =y = 0.

Suppose that ¢ isa 1 point in U on z = 0. ¢’ has regular parameters (z1, y1, 2)
where x = z1+a, y = y1 +5 (with «, 6 # 0). Thus ¢’ has permissible parameters
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. _a _%
(z1,y1,21) where z1 is defined by z = (z1 + )" ¢ (y1 + 8) < 21.

T

af bf
voo=(z1+a) (g + B) e 2]

Thus (u,v) is invertible at all 1 points of z = 0.

Similarily, (u,v) is invertible at all 1 points of x = 0 and y = 0.

If m: X1 — X is the blow-up of a 2 curve C through p, then ®x, is strongly
prepared above p. 7~ 1(p) is a 2 curve, so there are no 1 points in 7—1(p).

Suppose that p € X is a 2 point such that m,Ox , is not invertible,
and (188) holds at p. We may assume that there exists an open neighborhood
U of p such that (x,y, 2) are uniformizing parameters on an étale cover of U,
and the conclusions of Lemma 18.8 hold for p. After possibly interchanging x
and y we may assume that ad — bc > 0. We will determine the locus of points in
U where m,Oy is not invertible. First suppose that ¢’ is a 2 point on the curve
x =y = 0. ¢ has regular parameters (z,y, z1) where z = z; + . Thus ¢’ has
permissible parameters (7,7, Z) such that

—a=b

u = (@y")"
Since £ < e =ord (P) < 4, and k > £, we are in the form of (186). Thus (u,v)
is not invertible along the curve z =y = 0.

Suppose that ¢’ is a 1 point near g. ¢’ has permissible parameters (x1, y1, 21)
where either

m:$1(y1+a)_§,y:y1—|—0¢,z:z1+ﬁ (196)
with a # 0 or
x:xl+oz,y:y1(:c1+oz)_%,z:zl+ﬁ (197)
with @ # 0. If ¢’ has permissible parameters satisfying (196), then since
ord (P) > ¢,
u = ¢k
v = P@}) + 25y + )" (21 + B) (198)

bc _
= Bal= % 2§ + 25z

(u,v) is not invertible at ¢’ if and only if ¢’ satisfies (185). Since ¢ < ak by
assumption, this holds if and only if g = 0.
If ¢’ is a 1 point near p on x = 0 (so that (198) holds) then A(®,q’) = 0.

If ¢ has permissible parameters satisfying (197), then
_ bk
oo b c—4e  d (199)
v =Py)+ (x1+a) " v yi(z1 + B)

(u,v) is invertible at ¢’, since bord P < d by assumption, so that ¢’ cannot
satisfy (185).
If ¢’ is a 1 point near p on y = 0 (so that (199) holds) then

A(®,¢')=d—bord (P).
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We will now consider the invariant A on the blow-up of V(x,y) or V(x, z)
over p.

Let m : X1 — X be the blow-up of C = V(x,y). ®; = ® o7 is strongly
prepared above p. If ¢ € 7 '(p) is a 1 point, then ¢ has regular parameters
(z,y1,2) defined by

=1,y =21(y1 + )
with o # 0. There are permissible parameters (Z1,y, 2) at ¢ where T is defined
by

r1 =21(y1 + Oé)_“L“’

Thus
u = Ega—l—b)k
(ctd)b
v =Pt + 2y + o) e 2

If (a + b)ord(P) > ¢+ d, then A(®1,q) = 0. Assume that (a + b)ord p < ¢+ d.
Since ord (P) > £, we have that

c+d—(a+b) ord(P) = (d—bord(P))+ (¢c—aord(P)) <d—bord(P)

Thus
A(®1,q9) <c+d—(a+b)ord(P) <d—0bord(P) < A(D).

If m : X7 — X is the blow-up of C' = V(z, 2z), then ®x, is strongly prepared
above p, and there are no 1 points in 7, *(p).

Suppose that p € X is a 2 point such that m,Ox , is not invertible,
and (189) holds at p. We may assume that there exists an open neighborhood
U of p such that (x,y,2) are uniformizing parameters on an étale cover of U.
After possibly interchanging x and y, we may assume that ad — bc > 0. We will
determine the locus of points in U where m,Oy is not invertible. First suppose
that ¢’ is a 2 point on the curve x = y = 0. ¢’ has regular parameters (x,y, z1)
where z = z; + a. Thus ¢’ has permissible parameters (7,7, z) such that

T (Eagb)k
v =z

Since £ < k, we are in the form of (187), and (u,v) is not invertible along the
curve z = y = 0 if and only if k£ < %.

Suppose that ¢’ is a 1 point near p. ¢’ has permissible parameters (x1, y1, 21)
where either

_b
a

r=n(nto) y=ptaz=xn+p (200)

with a # 0 or

t=z4+oy=y(ri+a) b, z2=2+p (201)

with o # 0. If ¢’ has permissible parameters satisfying (200), then

u = x4k

v o=a5(y +a)E (21 + B)
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(u,v) is not invertible at ¢’ if and only if ¢’ satisfies (185). Since ¢ < ak by
assumption, this holds if and only if 3 = 0.

If ¢’ is a 1 point near p on = = 0 (so that (200) holds) then A(®,q’) = 0.

If ¢ has permissible parameters satisfying (201), then

u =y )
v o= (z1+a) Tyi(z1 +B)

u =yt

vo=a Pyl +yim
Thus (u,v) is invertible at ¢’ if 8 # 0, and if § = 0, then (u,v) is invertible at
¢' if and only if d > kb.

If ¢’ is a 1 point near p on y = 0 (so that (201) holds) then A(®,q") = 0.

We will now consider the invariant A on the blow-up of a curve V(z,y),
V(y,z) or V(z, z) where (u,v) is not invertible on the curve.

Let m : X3 — X be the blow-up of C = V(z,y). &1 = ® o m is strongly
prepared over p. If ¢ € 7~!(p) is a 1 point, then ¢ has regular parameters
(z,y1, 2) defined by

r=1x1,y=r(y +a)
with o # 0. There are permissible parameters (x1,y 2) at ¢ where z; is defined
by

r1 =7T1(y1 + oz)_a%b

Thus
_(a+b)k
u = xﬁ“ )
_ (ctd)b
v =Ty )t

and A(®4,q) =0.

If 7 : X1 — X is the blow-up of C =V (z,2) or V(y, 2), then &1 = ® oy is
strongly prepared over p, and there are no 1 points in 7= (p).

Suppose that p € X is a 2 point such that m,Ox , is not invertible,
and (190) holds at p. We may assume that there exists an open neighborhood
U of p such that (x,y,2) are uniformizing parameters on an étale cover of U.
We will determine the locus of points in U where m,Op is not invertible. First
suppose that ¢’ is a 2 point on the curve z = y = 0. ¢’ has permissible parameters
(z,y,21) where z = 21 + a.

u = (xayb)k
vo=o(z®y’) + (29y")'n
Thus (u,v) is invertible along the curve x = y = 0, if a # 0.
Suppose that ¢’ is a 1 point near p. ¢’ has permissible parameters (x1, y1, 21)
where either

r=x(y1+a) T y=y1+a,2=2+f (202)
with a #£ 0 or

r=z+a,y=y(z1+a) b, z2=2+p (203)



212 STEVEN DALE CUTKOSKY

with « # 0. If ¢’ has permissible parameters satisfying (202), then

u =k

v =iz +0)

Thus (u,v) is invertible at ¢’ if 5 # 0, and ¢’ is not invertible along V' (x, z) since
t < k by assumption.
If ¢’ has permissible parameters satisfying (203), then

u =yt
v =y'(a1+ )

Thus (u,v) is invertible at ¢’ if 5 # 0, and ¢’ is not invertible along V (y, z) since
t < k by assumption.

If m : X1 — X is the blow-up of V(z,z) or V(y,z2), then &; = ® o 7 is
strongly prepared over p and there are no 1 points in 7= 1(p).

Suppose that p € X is a 2 point such that m,0Ox , is not invertible,
and (186) holds at p. After possibly interchanging = and y, we may assume
that ad — bc > 0. We may assume that there exists an open neighborhood U of
p such that (z,y, z) are uniformizing parameters on an étale cover of U and the
conclusions of Lemma 18.8 hold for p. We will determine the locus of points in
U where m,Oy is not invertible. If ¢’ is a 2 point on the curve x = y = 0, then
¢’ has the form of (186), so that Thus (u,v) is not invertible along the curve
r=y=0.

Suppose that ¢’ is a 1 point near ¢’. ¢’ has permissible parameters (x1, y1, 21)
where either

£U=$1(y1+04)_§,y=y1+04,Z=Z1+ﬁ (204)
with a # 0 or
r=z+a,y=yi(z1+a) b, z2=2+p (205)
with o # 0. If ¢’ has permissible parameters satisfying (204), then
u = x4k
v =Paf) +af(y +a)t

= o~ Faf +afy
for some permissible parameters (x1,7, z), since a ord (P) > ¢. Thus (u,v) is
invertible at ¢, since we have o # 0.
A(®,q") = 0 at points ¢’ near p where (204) holds.
If ¢’ has permissible parameters satisfying (205), then

u =yt )
vo=Py)+o vyl +yim
(u,v) is invertible at ¢’ Since b ord(P) < d by assumption.
At points ¢’ near p where (205) holds, we have A(®,q') =d — b ord (P) > 0.

Let my : X3 — X be the blow-up of C = V(z,y). Then &; = ®om
is strongly prepared above p. If ¢ € m 1(p) is a 1 point, then ¢ has regular
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parameters (x,y;, z) defined by
r =1,y =21(y1 + )

with o # 0. There are permissible parameters (Z1,y z) at ¢ where 7 is defined
by

T =T1(y1 + ) a+e
Thus

I _(a—i—b)k

d— (c+d)b

v —P( a+b>+xc+d(y +a) e
c+d)
_P(—a+b>_|_—c+d d— (at_dbb +xc+d§1

If (a+0b)ord (P) > c¢+d then A(®1,q) = 0. Assume that (a + b)ord(P) < c¢+d.
Since ord(P) > £, we have that

c+d— (a+b)ord(P) = (d—bord(P))+ (c—a ord(P)) < d—bord(P)

Thus
A(P1,q9) <c+d—(a+b)ord (P)<d—bord (P) < A(P)

Suppose that p € X is a 2 point such that m;Ox , is not invertible,
and (187) holds at p. After possibly interchanging = and y, we may assume
that ad — bc > 0. We may assume that there exists an open neighborhood U
of p such that (z,y, z) are uniformizing parameters on an étale cover of U. We
will determine the locus of points in U where m,Oy is not invertible. If ¢’ is a
2 point on the curve x = y = 0, then ¢’ has the form of (187), so that (u,v) is
not invertible along the curve x =y = 0.

Suppose that ¢’ is a 1 point near p. ¢’ has permissible parameters (1, y1, 21)
where either

1U=371(y1+06)_§,y=y1+04,2=21+5 (206)
with a # 0 or
r=zi+a,y=yi(z1+a) b, z2=2+p (207)
with « # 0. If ¢’ has permissible parameters satisfying (206), then
u = x¢k
vo= xl(yl + a)d— %

=l % Caf + 2§y,

(u,v) is thus invertible at ¢’.
A(®,q') = 0 at points ¢’ near p where (206) holds.
If ¢’ has permissible parameters satisfying (207), then

u =y )
vo=(z1+a) T yf

Thus (u,v) is invertible at ¢’.
A(®,q") =0 at points ¢’ near p where (207) holds.
The locus of points where (u,v) is not invertible near p is V (z,y).
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Let m : X3 — X be the blow-up of C = V(z,y). &1 = ® o m is strongly
prepared above p. If ¢ € 7 1(p) is a 1 point, then ¢ has regular parameters
(z1,y1, 2) defined by

r =1,y =21(y1 + )
with o # 0. There are permissible parameters (Z1,y, 2) at ¢ where 7 is defined
by
_ _ b
r1 =T1(y1 + ) aFs.

Thus
P _(a—l—b)k
_ (c+d)b
vo= xfrd(y + )t e

—ctd d— (ct+d)b —c+d
= ot T

and A(®,q) =0.

Suppose that p € X is a 1 point such that m;Ox , is not invertible, so
that (185) holds at p. We may assume that here exists an open neighborhood
U of p such that (x,y,2) are uniformizing parameters on an étale cover of U.
We will determine the locus of points in U where m,Oy is not invertible.

Suppose that ¢’ is a 1 point near p. ¢’ has permissible parameters (x,y1, 21)
where

y=y1ta,z=2+p
u ="
v =az’+ 2
(u,v) is thus only not invertible on the curve V(x,y).

Let 7 : X1 — X be the blow-up of V(z,y). ®; = ® o m is strongly prepared
above p. If ¢ € 771(p) is a 1 point, then ¢ has permissible parameters (z,y1, 2)
defined by

r=x1,y=121(y1 + @)

with a # 0.
u =k
vo= -’L’iﬂ(yl + )

and A(®4,q) =0.

Suppose that p € X is a 3 point such that m,0Ox , is not invertible
and (194) holds at p. We may assume that there exists an open neighborhood
U of p such that (x,y,2) are uniformizing parameters on an étale cover of U.
The locus of points in U where m Oy is not invertible is the union of the 2
curves V(z, z) and V(y, z).

Let 7 : X; — X be the blow-up of C =V (z,2), &, = ®ox. If ¢ € 77 1(p) is
a 2 point, then ¢’ has permissible parameters (z1,y;, z) where

r=x1,z2=1x1(21 + @)

with a # 0.

so that ®, is strongly prepared at q’



MONOMIALIZATION OF MORPHISMS FROM 3 FOLDS TO SURFACES 215

Suppose that ¢ € 7~ %(p) is a 3 point and ¢’ has permissible parameters
(x1,y1,2) where © = 1,2z = x121. Then

vo=afy
u = x{z]

so that ®; is strongly prepared at ¢’. Suppose that ¢’ € 7~ 1(p) is a 3 point and
¢’ has permissible parameters (x1,y1, 2) where

r=T121,2 = Z1.

Then

u = atyha

v o= 2zf
so that @4 is strongly prepared at ¢’. A similar analysis shows that the blow-up
of V(y, z) composed with ® is strongly prepared.

Suppose that p € X is a 3 point such that m,Ox , is not invertible
and (195) holds at p.

We may assume that there exists an open neighborhood U of p such that
(z,y, z) are uniformizing on an étale cover of U. The locus of points in U where
myOy is not invertible is the union of the 2 curves V(z,2), V(z,y,) (if ¢ > b)
and V(y,z) (if b > ¢). If 7 : X; — X is the blow-up of a 2 curve through C,
and ®; = ® o7, then @, is strongly prepared at points ¢ € 7~ 1(p).

Suppose that p € X is a 2 point such that m,0x , is not invertible,
and (191) holds at p. We may assume that there exists an open neighborhood
U of p such that (x,y,2) are uniformizing parameters on an étale cover of U.
The locus of points in U where m,Op is not invertible is the 2 curve V(z,y).

Let 7 : X; — X be the blow-up of C =V (z,y), ®; = ®on. If ¢ € 77 1(p) is
a 1 point, then ¢’ has permissible parameters

r=x1,y=2x1(y1 +a)

with a # 0.
u =zf
v 28 (y1 + ).

Set 7; = (y1 + @)’ — o to get

a

u — le
voo= ozb:l:ll’ + xl@l
so that A(®1,q¢") = 0. ®; is strongly prepared at points of 7=1(p). O

If a, B are real numbers, define

S(O‘7ﬁ) = max {(047ﬂ)7 (6’ a)}

where the maximum is in the Lexicographic ordering.

Suppose that ® : X — S is strongly prepared. Suppose that ¢ € Dg and
C C X is a 2 curve such that m;Ox is not invertible along C'. At a generic
point p of C' (186), (187) or (191) holds.
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If (186) holds, then ®(C) is a 1 point ¢ € S. Suppose that P(t) = > a;t’.
Since ¢ is a 1 point, we can, after possibly replacing v with v — Y a;zu*, assume
that k£ Jord(P) in (186). With this restriction, define

S(lc—aord (P)|,|d—>bord (P)])
o(C) = if c — ord (P),d — ord (P) have opposite signs,
—o0 if they have the same sign.
If (187) or (191) holds, define
o(C) = —oc.

o(C) is well defined (independent of choice of permissible parameters (u,v) at ¢
with the restriction that k£ Jord(P) in (186)). This follows from Lemma 18.8.
If myOx is invertible, define

0q(P) = —o0.
If myOx is not invertible, define
5, (D) = o(C) |C C X isa?2curve
Tq\®) = max such that m,;Ox is not invertible along C' |-

Lemma 18.16. Suppose that X is strongly prepared, g € S is such that m Ox is
not invertible. Then there exists a sequence of blow-ups of 2 curves X1 — X such
that the induced map ®1 : X1 — S is strongly prepared, A(®1,E) < A(Py) =
A(®) if E is an exceptional component of Ex, for X1 — X, and the forms
(186), (188) and (192) do not hold at any point p € X where myOx, , is not
invertible.

Proof. Set o(®) = 7,(®). a(P) > 0 if and only if there exists a point p € X
such that m,Ox, , is not invertible, and a form (186), (188) or (192) holds at p.

Suppose that (®) > 0. Let C' be a 2 curve such that o(C) = 7(®). Let
7w : X7 — X be the blow-up of C'. By Theorem 18.15, we need only verify that
if C; C 7 1(C) is a 2 curve such that m,Ox, is not invertible along C; then
O'(Cl) < 5((13)

First suppose that (' is a section over C. Let p; € (7 be a generic point.
Then p = 7(p1) is a generic point of C. There exist permissible parameters
(z,y,z) at p such that

u = (xayb)k
v = P(z%°) + 2°y?
min{g, E} < ord (P) < max {2; g}
and

min{g, ‘—Z} <k, k Jord(P).
We may assume, after possibly interchanging = and y that
o(®)=0(C)=(c—aord (P)|,| d—bord (P)]).
Assume that p; has permissible parameters (x1, ¥, 2) such that

T =o1,Y = T1Y1
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and x1 = y; = 0 are local equations of C at p;.

U (:13“+b byk
v —P( a+b b)+xc+dy1

k Jord(P) implies by Lemma 18.8 that
o(C1) <S(| (c+d)—(a+0b)ord (P) |,|d—0bord (P)]).
If c—aord (P)>0andd—»bord (P) <0 then
0<(c—aord (P)+ (d—bord (P)) <c— ord (P)

so that o(C1) < o(C).
If c—aord (P)<0andd—bord (P) > 0 then

0>(c—aord (P)+(d—0bord (P)) >c— ord (P)
so that o(C7) < a(C).
Assume that p; has permissible parameters (x1,y1, z) such that
=Ty, Y=Y
and x1 = y; = 0 are local equations of C at p;.
= (2fyi )"

x1Yq

v o= Pafyi™) +afyit

u

k Jord(P) implies
o(C1) <S(| (c+d)—(a+0b) ord (P) |,| ¢ —a ord (P) |).
If c—aord (P)>0and d—bord (P) <0 then
0<(¢c—aord (P)+ (d—bord (P)) <c— ord (P)

so that o(Cy) =
If c—aord (P )<Oandd b ord (P) > 0 then

0> (c—aord (P)+ (d—0bord (P)) >c— ord (P)

so that o(C7) = —oc.

Now suppose that C; C 7~ 1(C) is an exceptional 2 curve. Then p = 7(C})
satisfies (192). Let ¢ = ®(p). ¢q is a 1 point. If Ey, Fy, E5 are the components
of Ex containing p, then ®(F;) = ®(E2) = ®(F3) = q. Suppose that P(t) =
3" a;tt. Since ¢ is a 1 point, we may replace v with v—>" a;,u’ so that k Jord(P).
We may also assume, after possibly interchanging (x,y, z) that

| f—cord (P)|>]e—bord (P)|>]d—aord (P)|.

If C has local equations x = z = 0, then

o(C)=(f—cord(P) |,| d—a ord(P) |)

and a generic point of Cy has permissible parameters (z1,y, z1) where

r=x1,2=1x1(21 + @)
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with a # 0, and x1 = y = 0 are local equations of C;. Set 71 = x1(21 + oz)_a+rc.
w = (@M
v = PP + 71y (o + ) T
where A = (a + ¢, b), a +c =@\, b = b).
If 0(Cy) > 0, then Ak JAord(P) implies
o(C)=S( (d+ f)—(a+c)ord (P)|,| e—bord (P) |).
Similarily, if C' has local equations y = z = 0,
o(C)= (] f—cord(P) |,| e—bord(P)|)
and if o(C7) > 0, k Jord(P) implies
o(C1)=8(d—aord (P)|,| (e+ f) = (b+c¢) ord (P) |).
If C has local equations x = y = 0, then
o(C)=(e—bord(P)|,|d—aord(P)|)
and if o(C7) > 0, then
o(C1)=S5( f—cord(P) |,| (d+e)— (a+b)ord (P) |).

If one of f —c ord(P),e — b ord(P),d — a ord(P) is zero, then o(Cy) = —oc.
Case 1 Suppose that f—c ord (P) > 0,e—b ord (P) > 0,d—a ord (P) <0.
Then

o(®)=0(C)=(f—cord (P)|,|]d—aord (P)|)
and x = z = 0 are local equations of C.
0<(d—aord (P))+ (f—cord (P)) < f —cord (P)
implies 0(C7) = —o0.
Case 2 Suppose that f —c ord (P) >0,e—bord (P) <0,d—a ord (P) > 0.
Then
o(®)=0(C)=(|f—cord (P)|,[e—=bord (P)])
and y = z = 0 are local equations of C.
0<(e—bord (P))+ (f —cord (P)) < f—cord (P)
implies 0(C7) = —o0.
Case 3 Suppose that f—c ord (P) > 0,e—bord (P) <0,d—a ord (P) <0.
Then
o(®)=0(C)=(] f—cord (P)|,|] e—bord (P)|)
and y = z = 0 are local equations of C.
0<(e—bord (P)+ (f—cord (P)) < f—cord (P)
implies 0(C1) < o(C).
Case 4 Suppose that f—c ord (P) < 0,e—bord (P) > 0,d—a ord (P) > 0.
Then
() = o(C) = (| f —cord (P) |, e b oxd (P) |
and y = z = 0 are local equations of C.
0>(e—bord (P))+ (f —cord (P)) > f —cord (P)
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implies 0(C1) < o(C).
Case 5 Suppose that f —c ord (P) < 0,e—bord (P) >0,d—a ord (P) < 0.
Then
o(®)=0(C)=(] f—cord (P)|,|] e—bord (P)|)
and y = z = 0 are local equations of C.
0>(e—bord (P))+ (f —cord (P)) > f —cord (P)

implies 0(C7) = —o0.
Case 6 Suppose that f—c ord (P) <0,e—bord (P) <0,d—a ord (P) > 0.
Then
5(®) = o(C) = (| f—cord (P)|,| d—a ord (P) )
and x = z = 0 are local equations of C.
0>(d—aord (P))+ (f —cord (P)) > f —cord (P)

implies 0(C7) = —oc.

We conclude that if C; C 7#71(C) is a 2 curve such that m,Ox, is not invert-
ible along C, then o(Cy) < 7(P).

By Theorem 18.15, induction on the number of 2 curves C' C X such that
o(C) =57(P), and induction on 7(P), we achieve the conclusions of the Lemma.

O

Lemma 18.17. Suppose that ® : X — S s strongly prepared, q € S s such
that myOx is not invertible and the forms (186), (188) and (192) do not hold
at any point p € X where myOx p is not invertible.

Then there exists a sequence of blow-ups of nonsingular curves X; — X
which are not 2 curves such that the induced map ®1 : X7 — S is strongly
prepared, A(®1, E) < A(®1) = A(®) if E is an exceptional component of Ex,
for X1 — X, the forms (186), (188) and (192) do not hold at any point p € X
where myOx, ,, is not invertible, and if C' C Xy is a curve such that myOx, is
not invertible along C, then C is a 2 curve.

Proof. Suppose that C' is a curve such that m,Ox is not invertible along C' and
C is not a 2 curve. Suppose that p € C'. Then one of the following holds:
1. (185) holds at p, x = y = 0 are local equations of C at p.
2. (189) holdsatpandx:z:OWithg<kory:z:0with%<kare
local equations of C at p.
3. (190) holds at p, x = z = 0 or y = z = 0 are local equations of C at p.

At a generic point p € C' (185) holds. Define
QUC)=k—c>0.
Let
Q@) = max{ Q(C) | Cisnota?2 curve }

and m,Ox is not invertible along C.

Suppose that Q(C') = Q(®). Let 7 : X1 — X be the blow-up of C'. The forms
(186), (188) and (192) cannot hold at points of X;. By Theorem 18.15, we need
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only verify that Q(Cy) < Q(®) if C; is a curve in 771(C) such that m,Ox, is
not invertible along C7 and C is not a 2 curve. We then have n(C;) = C.

Let p; be a generic point of C1, p = w(p1). (185) holds at p since p is a
generic point of C. p; € 771(p) is a 1 point. Then p; has permissible parameters
(z1,y1,21) such that

T =21,y =21(y1 + ).

u =k
v :$i+1(y1+01)~

mqOx, p, is invertible if o # 0. If o = 0 and m;Ox, p, is not invertible, then
x1 = y1 = 0 are local equations of the curve C; C X; through p on which m,Ox,
is not invertible.

0<Q(Cy) =k —(c+1) <QC) = QD).

By induction on the number of curves C on X such that Q(C) = Q(®), we
achieve the conclusions of the Lemma. O

Lemma 18.18. Suppose that ® : X — S is strongly prepared, ¢ € S s such
that mqOx is not invertible, the forms (186), (188) and (192) do not hold at
any point p € X where mqyOx , 1s not invertible, and if C C X 1s a curve such
that mqOx 1s not invertible along C, then C' is a 2 curve.

Then there exists a sequence of blow-ups of 2 curves X1 — X such that the
induced map ®1 : X1 — S is strongly prepared, A(®1,F) < A(®1) = A(P) if E
is an exceptional component of Ex, for X1 — X and myOx, is invertible.

Proof. Suppose that C' C X is a 2 curve such that m,Ox is not invertible along
C. Suppose that p € C. Then (187), (193), (191), (194) or (195) hold at p. At
a generic point p € C' (187) or (191) holds.

If C is a 2 curve such that at a generic point of C' (187) holds, define

S(| ka—c|,| kb—d|) if ka — ¢, kb — d have opposite signs
w(C) = and m,Ox is not invertible along C
—00 otherwise

If C is a 2 curve such that at a generic point of C' (191) holds, define

—00 otherwise

W(C) = { S(a,b) if myOx is not invertible along C

mqOx is not invertible along C' if and only if w(C) > 0. Set
{ w(C) | Cis a2 curve such that }

w(®P) = max mqOx is not invertible along C'

Suppose that w(C) = @W(®). Let 7 : X3 — X be the blow-up of C. By
Theorem 18.15, we need only verify that w(C;) < @w(®) if C; Cc #71(C) is a
curve such that m,Ox, is not invertible along C';. We must have that C; is a 2
curve.

Suppose that C is a section over C. Let p; € C7 be a generic point. Then
p = 7(p1) is a generic point on C.
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Suppose that there exist permissible parameters (z,y, z) at p such that (187)
holds.

— (J}ayb)k
v =y’
with p p
c c
min{ —, -} < k < max{—, —}.
{3} Xt
After possibly interchanging = and y, we may assume that
w(C) = (lc—ak|,[ d—0bk]).
Assume that p; has permissible parameters (x1,y;, z) such that
r=o1,Y = T1Y1

and x1 = y; = 0 are local equations of C at p;.
u = (af TPy
v

_ ,.ct+d, d
=T Y

S(| (c+d)—(a+b)k |, |bk—d]|) if(c+d)—(a+b)k,d— bk
have opposite signs
w(Ch) = and myOx,is not invertible
along C
—00 otherwise

Suppose that ¢ —ak > 0 and d — bk < 0.
0<(c—ak)+ (d—0bk)<c—ak

implies w(Cy) < w(C).
Suppose that ¢ —ak < 0 and d — bk > 0.

0> (c—ak)+ (d—0bk)>c—ak

implies w(Cy) < w(C).
Assume that p; has permissible parameters (x1,y1, z) such that

r=T1Y1,Yy=U1

and x1 = y; = 0 are local equations of C at p;.

_ a, a+b\k
u = ()
v o=yt

([ S(J(c+d)—(a+bk|,|ak—c]|) if(c+d)— (a+b)k,c—ak
have opposite signs

w(Cy) = and m,Ox,is not invertible

along C

| —© otherwise

Suppose that ¢ —ak > 0 and d — bk < 0.
0<(c—ak)+ (d—0bk)<c—ak

implies w(Cy) = —oc.
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Suppose that ¢ — ak < 0 and d — bk > 0.
0> (c—ak)+ (d—0bk)>c—ak

implies w(Cy) = —oc.

Suppose that C1 is a section over C, p; € C is a generic point and p € w(p;)
is a generic point on C' such that p satisfies (191). Then a similar argument
shows that w(C;) < w(C).

Suppose that C; C 7~ 1(C) is an exceptional 2 curve. Suppose that p = 7(C1)
satisfies (193). Without loss of generality,

| f—ck|>|e—bk|>|d—ak|.

If C has local equations x = z = 0 then a generic point of C; has regular
parameters (x1,y, z1) such that

r=u1x1,2=1x1(21 + )
(with a # 0) and 27 = y = 0 are local equations of C;. Set 1 = x1(2; +oz)_aL+c.
— @y
oy )~

u
v

where A = (a +¢,b), a +c=a\, b= b\. w(C;) > 0 implies
w(Cy) =S(l ([d+ f) = (a+ )k || e = bk]).
Similarily, if C has local equations y = z = 0 then w(C7) > 0 implies
w(C) =5( (e+f) = (b+0)k|,[ d—ak]).
If C; has local equations z = y = 0 then w(C7) > 0 implies
W(C) = S(| f—ck|,| (d+e)— (a+bk]).

If one of d — ak, e — bk, f — ck is zero, then w(C7) = —o0.

The analysis of Cases 1 - 6 of Lemma 18.16 (with ord (P) changed to k and
o to w) shows that w(C7) < w(C).

A similar argument shows that w(C7) < w(C) if p = w(C) satisfies (194) or
(195).

We achieve the conclusions of the Lemma by Theorem 18.15, induction on
the number of 2 curves C' C X such that w(C) = @(®P), and by induction on
w(P). O

Theorem 18.19. Suppose that ® : X — S is strongly prepared with respect to
Dg. Then there exists a finite sequence of quadratic transforms m : S1 — S
and monoidal transforms centered at nonsingular curves mo : X7 — X such
that the induced morphism ®1 : X1 — Si s strongly prepared with respect to
Dg, = 7] *(Dg)red, and all points of X1 are good for ®,.

Proof. By Remark 18.9, A(®) = 0 if and only if all points of X are good.
Suppose that A(®) > 0 and E is a component of Ex such that C(®, E) = C(®).
A(®, FE) > 0 implies ®(F) is a point g.

Let m; : 1 — S be the blow-up of q. By Lemmas 18.16, 18.17, 18.18 there
exists a sequence of blow-ups of curves X; — X such that &; : X; — S is
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strongly prepared, C(®;) = C(®), A(®1, E) < A(®,) if E is exceptional for ®,
and 5 : X7 — 5] is a strongly prepared morphism.

By Theorem 18.14, C(®y, E) < C(®), where E is the strict transform of E
on Xl.

By induction on the number of components E of Ex such that C(®, E) =
C(®), and induction on C(®), we get the conclusions of the Theorem. O

Definition 18.20. Suppose that ® : X — Y 1is a dominant morphism of k-
varieties, (where k is a field of characteristic zero). ® is a monomial morphism if
for all p € X there exists an étale neighborhood U of p, uniformizing parameters
(1,...,2,) on U, regular parameters (y1,...,ym) in Oyaep), and a matriz
(aij) of nonnegative integers such that

- aiil e aln
Y1 = Ly L

— am1 a
fym_ xlm ...xnmn

Theorem 18.21. Suppose that ® : X — S is a dominant morphism from a 3
fold X to a surface S (over an algebraically closed field k of characteristic zero).
Then there exist sequences of blow-ups of nonsingular subvarieties X1 — X and
S1 — S such that the induced map ®1 : X1 — S1 is a monomial morphism.

Proof. This follows from Theorem 17.3, the fact that prepared implies strongly
prepared, Theorem 18.19 and Remark 18.6. ]



19. TOROIDALIZATION

Throughout this section we will assume that ® : X — S is strongly prepared
with respect to Dg, and all points of X are good.

Definition 19.1. ([24] and [6]) A normal variety X with a SNC divisor Ex on
X s called toroidal if for every point p € X there exists an affine toric variety
X, a point p' € X, and an isomorphism of k algebras

OX,p = OXU ,p’

such that the ideal of Ex corresponds to the ideal of X, — T (where T is the
torus in X, ). Such a pair (X,,p’) is called a local model at p € X.

A dominant morphism ® : X — Y of toroidal varieties with SNC' divisors
Dy, Ex on X, Y and ® 1 (Dy) C Ex is called toroidal at p, and we will say
that p is a toroidal point of ®, if with ¢ = ®(p), there exist local models (X,,p")
at p, (Yr,q') at q and a toric morphism ¥ : X, — Y, such that the following
diagram commutes

Ox, < Ox,p
P* 1 * 4
Oy, < Oy, g

®: X — Y is called toroidal (with respect to Dy and Ex ) if ® is toroidal at

all p e X.

Remark 19.2. 1. If one of the forms (177), (178) or (182) holds at p € X
then ¢ = ®(p) is a 2 point.
2. If ¢ = ®(p) is a 2 point, then (181) cannot hold at p, and if (180) or
(183) hold at p, we must have a # 0, since uv = 0 is a local equation of
Ex.

Lemma 19.3. Suppose that ® : X — S is a morphism from a nonsingular 3
fold X to a nonsingular surface S, Dg is a SNC divisor on S such that Ex =
®~1(Dg) is a SNC divisor on X. Then ® is a toroidal morphism if and only
if for all p € Ex there exist reqular parameters (x,y,z) in Oxp (u,v) in Ogp
such that one of the following forms hold:
1. uw=0 is a local equation for Dg.
(a) zy =0 is a local equation for Ex and
u = x%’
v o=z
(b) =0 is a local equation for Ex and
u =z
v o=y
2. wv =0 is a local equation for Dg.
(a) zyz =0 is a local equation for Ex and
T maybzc
v = atycs

S.D. Cutkosky: LNM 1786, pp. 224—231, 2002.
(© Springer-Verlag Berlin Heidelberg 2002
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a b c
mnk(d . f)—2.

(b) xy =0 is a local equation for Ex and

with

u = %P
v =2y’
with ad — bc # 0.
(¢) xy =0 is a local equation of Ex and
u = (.’,anb)k
v = a(z%®) + (2992
with a,b >0, k,t >0, 0+# « € k.
(d) x =0 is a local equation for Ex and
u =z
v =2y +a)
with 0 # a € k.

Proof. We will first determine the toroidal forms obtainable from a monomial
mapping A : A3 — A? defined by

T xayb €

v = adycst

a C
rank(d . f>—2.

First suppose that that no column of

a b ¢
(def)

is zero. Then A~!(D) = E, where xyz = 0 is an equation of E, uv = 0 is an
equation of D.

Suppose that p € A3 is a 2 point on y = z = 0. Then there exists 0 # 3 € k
and regular parameters (T, ¥, z) at p such that

with

S

u = (T +p8)"y’2
v = (T+B)% .

b ¢
Det(e f>7é0,

we can make a permissible change of parameters to get 2.(b).

Suppose that
b ¢
Det( e f ) = 0.

It
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There exist natural numbers b, ¢ such that b, ¢ > 0, (b,¢) = 1,

u = (T+ a)*(y’z°)*
v = (T+a)l(y’=°)".
After possibly interchanging u and v, we can assume that £ > 0 and ¢ > 0. If
t > 0 we get the form 2.(c). If ¢ =0, we get the form 1.(a).
Suppose that p € A3 is a 1 point on z = 0. Then there exist 0 # «a, 3 € k,

and regular parameters (7,7, z) at p such that

u = (T+a) 7+ B
v o=@ +a) G+ ).

After possibly interchanging v and v we may assume that ¢ > 0. If f > 0 we
get the form 2.(d). If f =0 we get the form 1.(b).
Now suppose that a column of

a b c
d e f
1S zero.

After possibly interchanging (z,y, z), we may assume that ¢ = f = 0. Then
A~Y(D) = E where zy = 0 is an equation of E, uv = 0 is an equation of D. We
get the forms 2.(b), 2.(d) or 1.(b).

Conversely, suppose that the forms 1. and 2. hold at all points of Ex and
p € Ex. By Lemma 18.3, there exists an étale neighborhood U of p and uni-
formizing parameters (z,y, z) on U such that a form 1. or 2. holds at p. Working
backwards through the above proof, we see that ® is toroidal at p. [

We will call a point p € X a non toroidal point if ® is not toroidal at p.

Lemma 19.4. The locus of non toroidal points is Zariski closed of pure codi-
mension 1 i X, and is a SNC diwvisor. The image of the non toroidal points in
S 15 a finite set of points.

Proof. Suppose that p € X is a non toroidal point. Then ¢ = ®(p) is a 1 point,
and thus one of the forms (176), (179), (180) with ¢t > 0, (181) or (183) with
c > 0 hold at p.

1. First suppose that p is of the form of (183). We have ¢ > 0, and all points
nearby on x = 0 are non toroidal.

2. Suppose that p has the form (179). ® is non toroidal on the line x = y = 0.

(a) Suppose that ¢ > 0. Consider the point with regular parameters

(2,3 + o, % + 3) with a # 0. Set = Z(§ + a)~=. Then
u =7z¢
v =T+ a) T =Ty +7)
which is non toroidal. Thus ® is non toroidal on the surface z = 0.

(b) Suppose that d > 0. Then a similar analysis shows that ® is non
toroidal on the surface y = 0.
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3.

Suppose that p has the form (181). A point on x = y = 0 with regular
parameters (x,y, Z+ () with # # 0 has the form of (179), and is thus not
toroidal.

(a) Suppose that a,c > 0. Consider the point with regular parameters

(x, 9+ a,Z+ [) with a #0. Set 2 =Z(§ + o) " a.

Qo

u =7x°
v =T+ a)TEE+B) =T ().
Thus ® is non toroidal on the surface z = 0.

(b) Suppose that b,d > 0. Then ® is non toroidal on y = 0.
Since a,b > 0 (by assumption) one of the cases (a) or (b) must hold.

. Suppose that p has the form (180). We have ¢ > 0. Consider a nearby

point with regular parameters (z,9 + @, + () with @ # 0. Set z =
T(y+a) .

U — Eam

v =72%a+B+2) =7"%E+ 7).

The non toroidal locus locally contains z = 0 (and y = 0).

. Suppose that p has the form (176). Since a,b,c > 0, after possibly

interchanging (x,y,z), we may assume that a,d > 0. Suppose that
(z,9+ a, Z+ ) are regular parameters at a nearby point (with o, 5 # 0).

Set # =T(j+a) (54 6) ¢
u =7z
v =T(GHa) T (E+ BT =T +7)
In a similar way, we see that nearby 2 points on z = 0 are non toroidal.

Thus the non toroidal locus locally contains = = 0.
O

Suppose that p € X is a 1 point such that ®(p) = ¢ is a 1 point. A form
(183) holds at p. ¢ — a is independent of permissible parameters (u,v) at ¢ and

(z,y,2

Define

) at p of the form of (183) (since u = 0 must be a local equation of Dg).

I(®,p) =c—a.

I(®,p) is locally constant. Thus if E is a component of Ex and pi, ps are two
1 points in E such that ®(p;) and ®(p3) are 1 points, then I(®,p1) = (P, p2).
We can thus define

1(®,E) = 1(®,p)

if p € F is a 1 point such that ®(p) is a 1 point. Let

Define

Bs = {q € S| q is the image of a non toroidal point by ®}.

[(®) = max{I(®,p) | p € ® ' (Bsg) is a 1 point}.

Remark 19.5. Ifp € @ Y(Bg) is a toroidal point then I(®,p) < 0.
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Lemma 19.6. Suppose that g € Bg. Let w:S1 — S be the blow-up of q. Let U
be the largest open set of X such that the rational map X — Sy is a morphism
®, : U — S1. Then @, is strongly prepared, and all points of U are good for ®.

Suppose that p € UN® L(q) is a 1 point. If I(®,p) < 0, then ®, is toroidal
at p. If I(®,p) > 0, then I(P1,p) < I[(P,p).

The locus of points where myOx is not invertible is a union of curves which
make SNCs with Bo(X). These points have one of the forms (187), (193), (185),
(190) or (189) of Lemma 18.12.

Proof. ®, is strongly prepared by Lemma 18.13. All points of U are good for
®,, as follows by the analysis in Lemma 18.12. The locus of points where m,Ox
is not invertible is a union of curves which make SNCs with By(X) by Theorem
18.15.

Suppose that p € X is such that m;Ox is not invertible at p. p is a good
point and ®(p) = ¢ a 1 point implies p has one of the forms (176), (179), (180),
(181) or (183). By Lemma 18.12, p must have one of the forms (187), (193),
(185), (190), or (189).

Suppose that p € ®71(¢) N U is a 1 point. Then

u = x
v =z%(a+y)

where u = 0 is a local equation of Dg at q, with either a < cor ¢ < a and « # 0.
Suppose that I(®,p) =c—a <0.
If ¢ < a,  # 0 and we have permissible parameters (u1,v1) at ¢3 = ®1(p)
such that
U =UuUyv1,v =01

so that ¢; is a 2 point. There exists regular parameters (7,7, z) in (”A)X,p and
0 # @ € k such that

u =T (a+7)

v =7I€

w =z (a+7)

1 =1z°
(Z,7,z) are thus permissible parameters for (vi,u;) at p, and p is a toroidal
point for ®;.

If ¢ = a,
(Y
Uy = uU,V1 = — — Q,
U

(u1,v1) are permissible parameters for ®; at ¢ = ®1(p), and
Uy = a

gle 8

so that p is a toroidal point for ®;.
Suppose that I(®,p) > 0. Then (uy,v1) are permissible parameters at q; =
®1(p), where

U=U1,V = Uyv1.
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q1 1s a 1 point.
a

U, =2
v =z a+y).
Thus I(®1,p) =c—2a < I[(P,p). O

Lemma 19.7. Suppose that C C X is a 2 curve such that ¢ = ®(C) is a 1
point, if p € C then p satisfies (187) or (193) and m,Ox is not invertible along
C. Letm: X; — X be the blow-up of C, & = ®oxn. Then &, : X; — 5
is strongly prepared, all points of X1 are good points for ®1, and if m;Ox, p,
is not invertible at a point p1 € w1(C), then py satisfies (187) or (193). If
p1 € m1(C) is a 1 point then I(®1,p1) < I(P).

Proof. Suppose that p € C satisfies (187). Then all points of 7~ (p) are strongly
prepared and are good points for ®;. Let p; € 7~!(p) be a 1 point. Ox, p, has
regular parameters (z1,¥1, 2) such that

r=x,y=21(y1 + @)

with o # 0.

uo= (@)t =

v =iy + o) =77 (@ +7)
By (187) ¢ — ak, d — bk have opposite signs.

I(®1,p1) = (c+d)—(a+b)k
= (¢ — ak) + (d — bk) < max{c — ak,d — bk}
< I(®).

If p satisfies (193), then all points of 7~1(p) are strongly prepared good points.
O

Lemma 19.8. Suppose that C C X is a curve such that g = ®(C) is a 1 point,
mqOx s not invertible along C, and C is not a 2 curve.

Let w: X1 — X be the blow-up of C, &1 = ®onw. Then &1 : X7 — S is
strongly prepared and all points of X1 are good points for ®1. If p1 € 7=1(C) is
a 1 point, then

I(®,p) < I(®1,p1) <0.

Proof. Suppose that p € C. p satisfies (185), (190) or (189). &, is strongly
prepared, and all points of X; are good points for ®;. A generic point p € C
satisfies (185), and z = y = 0 is a local equation of C' at p. Suppose that
p1 € 7 1(p) is a 1 point. Then p; has permissible parameters (x1,y,2) such
that

r=2T1,Y = ml(yl -|-Oé),

u =¥
v =2 (y +a).

I(®1,p1) = (c+ 1) — k <0 since ¢ < k by (185). O
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Theorem 19.9. Suppose that ® : X — S is strongly prepared and all points
p € X are good points for ®. Then there exists a sequence of quadratic transforms
S1 — S and monoidal transforms centered at nonsingular curves, X1 — X, such
that the induced map ®, : X1 — S1 is strongly prepared, all points of X1 are
good for ®1 and 1(P1) < 0.

Proof. Suppose that I(®) > 0. Suppose that E is a component of Ex such that
I(®,FE) = I(®). Then ®(FE) is a single 1 point q. Let m : S1 — S be the
blow-up of q.

By Lemmas 18.17, 19.6 and 19.8, there exists a sequence of blow-ups of curves
C' (which are not 2 curves) X; — X such that if ®; : X; — S is the induced
map, ®; is strongly prepared, all points of X; are good for ®;, if m;Ox, , is
not invertible then (187) or (193) holds at p, and all curves in X; along which
m,Ox, are not invertible are 2 curves. We further have that I(®1,E) < 0 if E
is exceptional for X; — X.

By Lemmas 18.18 and 19.7, there exists a sequence of blow-ups of 2 curves C,
X5 — X; such that if &5 : X5 — S is the induced map, P, is strongly prepared,
all points of X are good for @3, m,Ox, is invertible, and if E is exceptional for
X, — X, then I(®y, E) < I(®).

Let ® : X — S; be the induced map. By Lemma 19.6, ® is strongly prepared,
all points of X, are good for ®, I(®) < I(®), and if E is a component of Ex,
which contains a 1 point ¢ such that ®(p) € 7 *(¢), then I(®, E) < I(®).

The Theorem now follows by induction on the number of components E of
X such that I(®, F) = I(®), and induction on I(®P). O

Theorem 19.10. Suppose that ® : X — S is strongly prepared with respect to
Dgs, Ex = ®1(Dg)ea, all points p € X are good points for ® and I(®) < 0.
Then there exist sequences of quadratic transforms w1 : S1 — S and monoidal
transforms centered at nonsingular curves wo : X1 — X such that the induced
map ®1 : X1 — Sy is toroidal with respect to Dg, = 7 Y(Dg)req and Ex, =
7"-2_1(-EX)7“ed‘

Proof. Suppose that E is a component of EFx such that ® is not toroidal along
E. If p € E is a generic point, then at p we have an expression

u =z°
v =z%(a+y)

with ¢ > 0. Thus there exists a point g € S such that ®(F) = q. ¢ is necessarily
a 1 point.

Let w: S1 — S be the blow-up of q. By Lemmas 18.17 and 19.8, there exists
a sequence of blow-ups of nonsingular curves (which are not 2 curves) X; — X
such that if ®; : X; — S is the induced morphism, then ®; is strongly prepared,
all points of X; are good for &1, I(®1) < 0, the locus of points p; of X7 such
that m,Ox, p, is not invertible is a union of 2 curves, and if myOx, ,, is not
invertible, then p; satisfies (187) or (193).

Suppose that C is a 2 curve on X; such that m;Ox, is not invertible along
C. A generic point p of C satisfies (187). Let F; be the component of Ex,
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with local equation z = 0 at p, E» be the component of Ex, with local equation
y =20 at p.
I((I)l, El) =C— CLk}, I((I)l,EQ) =d — bk.

Since myOx, p is not invertible, either 0 < d — bk or 0 < ¢ — ak, a contradiction
since I(®1) < 0. Thus m,Ox, is invertible and ®; : X; — S induces a morphism
®: X; — S;. By Lemma 19.6, ® is strongly prepared, all points of X; are good
for ®, and I(®) < 0. Further, if p € X; is a 1 point such that p € ®;'(q), then
® is toroidal at p.

By induction on the number of components of Ex along which ® is not
toroidal, we achieve the conclusions of the Theorem. [

Theorem 19.11. Suppose that ® : X — S is a dominant morphism from a 3
fold X to a surface S (over an algebraically closed field k of characteristic 0)
and Dg is a reduced 1 cycle on S such that Ex = ® 1(Dg)yecq contains sing(X)
and sing(®). Then there exist sequences of blow-ups of nonsingular subvarieties
m : X1 — X and mo : S1 — S such that the induced morphism X1 — S1 is a
toroidal morphism with respect to 7T2_1(Ds)red and Wl_l(Ex)red.

Proof. This follows from Theorem 17.3, the fact that prepared implies strongly
prepared and Theorems 18.19, 19.9 and 19.10. [



20. GLOSSARY OF NOTATIONS AND DEFINITIONS

v(p), Definition 6.8.

v(p), Definition 6.8.

7(p), Definition 6.8.

S.(X), S.(X), After Definition 6.8.

Bs(X), B2(X), B3(X), Before Definition 6.17.
SNCs with By(X), Definition 6.17.

r small, Definition 8.3.

r big, Definition 8.3.

1 point, 2 point, 3 point, Definition 6.4 and before Definition 18.1.
1-resolved, Definition 9.6.

7(p), After Definition 9.6.

o(p), Before Lemma 9.9.

d(p), before Lemma 9.13.

Inv(p), Before Theorem 9.15.

A, (X), Definition 10.2.

A, (X), Definition 10.1.

Cy(X), Definition 14.1.

(E), Definition 15.5.

x-permissible parameters, After Definition 18.1.
vg(f), Before Definition 18.7.

A(®, p), Definition 18.7.

C(®,p), Definition 18.7.

A(®, E), After Definition 18.7.

C(®, E), After Definition 18.7.

A(®), Before Lemma 18.10.

C(®), Before Lemma 18.10.

I(®,p), I(®, E), I(P), Before Remark 19.5.
Bg, Before Remark 19.5.

SNC divisor, Definition 5.1.

Pi(x), After Definition 5.1.

bad point, Definition 18.5.

étale neighborhood, Definition 6.18.

good point, Definition 18.5.

monoidal transform, After Definition 5.1.

monomial mapping, Definition 18.20.

non toroidal point, Before Lemma 19.4.

permissible monoidal transform, Definition 10.4.
permissible parameters, Before Definition 6.4 and 6.4.
permissible parameters for C' at p, After Lemma 6.16.
prepared, Definition 6.5.

resolved, Definition 6.9.

strongly prepared, Definition 18.1.

toroidal mapping, 19.1.
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toroidal point, Definition 19.1.
weakly permissible monoidal transform, Definition 6.31.
weakly prepared, Definition 6.1.
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